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Preface 


This book grew out of lectures on Riemann surfaces which the author gave 
at the universities of Munich, Regensburg and Minster. Its aim is to give 
an introduction to this rich and beautiful subject, while presenting methods 
from the theory of complex manifolds which, in the special case of one 
complex variable, turn out to be particularly elementary and transparent. 

The book is divided into three chapters. In the first chapter we consider 
Riemann surfaces as covering spaces and develop a few basics from topology 
which are needed for this. Then we construct the Riemann surfaces which 
arise via analytic continuation of function germs. In particular this includes 
the Riemann surfaces of algebraic functions. As well we look more closely at 
analytic functions which display a special multi-valued behavior. Examples 
of this are the primitives of holomorphic 1-forms and the solutions of linear 
differential equations. 

The second chapter is devoted to compact Riemann surfaces. The main 
classical results, like the Riemann—Roch Theorem, Abel’s Theorem and the 
Jacobi inversion problem, are presented. Sheaf cohomology is an important 
technical tool. But only the first cohomology groups are used and these are 
comparatively easy to handle. The main theorems are all derived, following 
Serre, from the finite dimensionality of the first cohomology group with 
coefficients in the sheaf of holomorphic functions. And the proof of this is 
based on the fact that one can locally solve inhomogeneous Cauchy- 
Riemann equations and on Schwarz’ Lemma. 

In the third chapter we prove the Riemann Mapping Theorem for simply 
connected Riemann surfaces (or Uniformization Theorem) as well as the 
main theorems of Behnke-Stein for non-compact Riemann surfaces, i.e., the 
Runge Approximation Theorem and the Theorems of Mittag—Leffler and 
Weierstrass. This is done using Perron’s solution of the Dirichlet problem 


Vil 
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and Malgrange’s method of proof, based on Weyl’s Lemma, of the Runge 
Approximation Theorem. In this chapter we also complete the discussion of 
Stein’s Theorem, begun in Chapter 1, concerning the existence of holomor- 
phic functions with prescribed summands of automorphy and present 
RGhrl’s solution of the Riemann-Hilbert problem on non-compact Riemann 
surfaces. 

We have tried to keep the prerequisites to a bare minimum and to 
develop the necessary tools as we go along. However the reader is assumed 
to be familiar with what would generally be covered in one semester courses 
on one complex variable, on general topology and on algebra. Besides these 
basics, a few facts from differential topology and functional analysis have 
been used in Chapters 2 and 3 and these are gathered together in the 
appendix. Lebesgue integration is not needed, as only holomorphic or differ- 
entiable functions (resp. differential forms) are integrated. We have also 
avoided using, without proof, any theorems on the topology of surfaces. 

The material presented corresponds roughly to three semesters of lec- 
tures. However, Chapters 2 and 3 presuppose only parts of the preceding 
chapters. Thus, after §§1, 6 and 9 (the definitions of Riemann surfaces, 
sheaves and differential forms) the reader could go directly to Chapter 2. 
And from here, only §§12-14 are needed in Chapter 3 to be able to handle 
the main theorems on non-compact Riemann surfaces. 

The English edition includes exercises which have been added at the end 
of every section and some additional paragraphs in §§8, 17 and 29. As well, 
the terminology concerning coverings has been changed. Thanks are due to 
the many attentive readers of the German edition who helped to eliminate 
several errors; in particular to G. Elencwajg, who also proposed some of 
the exercises. Last but not least we would like to thank the translator, 
B. Gilligan, for his dedicated efforts. 


Minster O. FORSTER 
May, 1981 

Addendum to Fourth Corrected Printing 

For the second and fourth printing a number of misprints and errors have 
been corrected. I wish to thank B. Gilligan, B. Elsner and O. Hien for pre- 


paring lists of errata. 


April 1999 O. FORSTER 


CHAPTER 1 
Covering Spaces 


Riemann surfaces originated in complex analysis as a means of dealing with 
the problem of multi-valued functions. Such multi-valued functions occur 
because the analytic continuation of a given holomorphic function element 
along different paths leads in general to different branches of that function. It 
was the idea of Riemann to replace the domain of the function with a many 
sheeted covering of the complex plane. If the covering is constructed so that 
it has as many points lying over any given point in the plane as there are 
function elements at that point, then on this “ covering surface” the analytic 
function becomes single-valued. Now, forgetting the fact that these surfaces 
are “spread out” over the complex plane (or the Riemann sphere), we get 
the notion of an abstract Riemann surface and these may be considered as 
the natural domain of definition of analytic functions in one complex 
variable. 

We begin this chapter by discussing the general notion of a Riemann 
surface. Next we consider covering spaces, both from the topological and 
analytic points of view. Finally, the theory of covering spaces is applied to 
the problem of analytic continuation, to the construction of Riemann sur- 
faces of algebraic functions, to the integration of differential forms and to 
finding the solutions of linear differential equations. 


§1. The Definition of Riemann Surfaces 


In this section we define Riemann surfaces, holomorphic and meromorphic 
functions on them and also holomorphic maps between Riemann surfaces. 

Riemann surfaces are two-dimensional manifolds together with an addi- 
tional structure which we are about to define. As is well known, an 
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n-dimensional manifold is a Hausdorff topological space X such that every 
point a ¢ X has an open neighborhood which is homeomorphic to an open 
subset of R". 


1.1. Definition. Let X be a two-dimensional manifold. A complex chart on X 
is a homeomorphism g: UV of an open subset U c X onto an open 
subset V < C. Two complex charts g;: U; > V;, i = 1, 2 are said to be holo- 
morphically compatible if the map 


2° Qi: P(U, 0 Uz)> GU, 9 U2) 
is biholomorphic (see Fig. 1). 


Figure | 


A complex atlas on X is a system YU = {g;: U; > V,, i € 1} of charts which 
are holomorphically compatible and which cover X, ie., ();.,U; = X. 

Two complex atlases 2 and YI’ on X are called analytically equivalent if 
every chart of 2 is holomorphically compatible with every chart of QU’. 


1.2. Remarks 
(a) If p: U— V is a complex chart, U, is open in U and V, := g(U,), then 
p|U,— V, is a chart which is holomorphically compatible with 9: UV. 
(b) Since the composition of biholomorphic mappings is again biholo- 
morphic, one easily sees that the notion of analytic equivalence of complex 
atlases is an equivalence relation. 


1.3. Definition. By a complex structure on a two-dimensional manifold X we 
mean an equivalence class of analytically equivalent atlases on X. 


Thus a complex structure on X can be given by the choice of a complex 
atlas. Every complex structure Z on X contains a unique maximal atlas Q*. 
If I is an arbitrary atlas in ©, then 2* consists of all complex charts on X 
which are holomorphically compatible with every chart of QI. 
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1.4. Definition. A Riemann surface is a pair (X, £), where X is a connected 
two-dimensional manifold and = is a complex structure on X. 

One usually writes X instead of (X, Z) whenever it is clear which complex 
structure 2 is meant. Sometimes one also writes (X, 21) where Y is a re- 
presentative of &. 


Convention. If X is a Riemann surface, then by a chart on X we always 
mean a complex chart belonging to the maximal atlas of the complex struc- 
ture on X. 


Remark. Locally a Riemann surface X is nothing but an open set in the 
complex plane. For, if: U-+V <C isa chart on X, then ~ maps the open 
set U c X bijectively onto V. However, any given point of X is contained in 
many different charts and no one of these is distinguished from the others. 
For this reason we may only carry over to Riemann surfaces those notions 
from complex analysis in the plane which remain invariant under biholo- 
morphic mappings, i.e., those notions which do not depend on the choice of 
a particular chart. 


1.5. Examples of Riemann Surfaces 

(a) The Complex Plane C. Its complex structure is defined by the atlas 
whose only chart is the identity map C > C. 

(b) Domains. Suppose X is a Riemann surface and Y c X is a domain, 
i.e., a connected open subset. Then Y has a natural complex structure which 
makes it a Riemann surface. Namely, one takes as its atlas all those complex 
charts p: U > V on X, where U c Y. In particular, every domain Y c C isa 
Riemann surface. 

(c) The Riemann sphere P’. Let P!:=C u {00}, where oo is a symbol not 
contained in C. Introduce the following topology on P'. The open sets are 
the usual open sets U < C together with sets of the form V u {00}, where 
V c C is the complement of a compact set K < C. With this topology P! is a 
compact Hausdorff topological space, homeomorphic to the 2-sphere S?. Set 


U, :=P'\fok=C 
U,:=P'\{0} =C* u {oo}. 
Define maps 9;: U; > C, i = 1, 2, as follows. @, is the identity map and 


(jis 1/z for zeC* 
P2 0 forz= oo. 


Clearly these maps are homeomorphisms and thus P' is a two-dimensional 
manifold. Since U,; and U, are connected and have non-empty intersection, 
P' is also connected. 


4 1 Covering Spaces 


The complex structure on P? is now defined by the atlas consisting of the 
charts g;: U; >C, i= 1, 2. We must show that the two charts are holo- 
morphically compatible. But 9,(U, A U2) = @,(U,; a U,) = C* and 


02° @,;':C*3C*,  zrel/z, 
is biholomorphic. 


Remark. The notation P! comes from the fact that one may consider P! 
as the 1-dimensional projective space over the field of complex numbers. 


(d) Tori. Suppose w,, @2 € C are linearly independent over R. Define 
T= Zo, + Zw, = {no, + moz:n, me Z}. 


I is called the lattice spanned by w, and w, (Fig. 2). Two complex numbers 
z, 2’ € C are called equivalent mod I if z — z’ ¢ T. The set of all equivalence 
classes is denoted by C/I’. Let x: C > C/T be the canonical projection, ie., 
the map which associates to each point z € C its equivalence class mod T. 


Figure 2 


Introduce the following topology (the quotient topology) on C/I. A 
subset U < C/T is open precisely if ~'(U) < C is open. With this topology 
C/T is a Hausdorff topological space and the quotient map 2: C > C/T 1s 
continuous. Since C is connected, C/T is also connected. As well C/T is 
compact, for it is covered by the image under x of the compact 
parallelogram 

P= {h@, + po: A, we [0, 1]}. 


The map z is open, i.¢., the image of every open set V < C is open. To see this 
one has to show that V:=z7 !((V)) is open. But 


V= (+). 


wel 


Since every set w + V is open, so is V. 
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The complex structure on C/T is defined in the following way. Let V < C 
be an open set such that no two points in V are equivalent under I. Then 
U :=n(V) is open and x|V — U is a homeomorphism. Its inverse g: U + V 
is a complex chart on C/I. Let YU be the set of all charts obtained in this 
fashion. We have to show that any two charts g;: U; > V,, i= 1, 2, belong- 
ing to YW are holomorphically compatible. Consider the map 


W= 92° O12 O(U, 0 Uz) > (Uy 0 U2). 
For every z€@,(U;™ U2) one has x((z)) = g;1(z) = n(z) and thus 
w(z)—zeI. Since I is discrete and wy is continuous, this implies that 
w(z) — zis constant on every connected component of g,(U, © U2). Thus y 


is holomorphic. Similarly y~' is also holomorphic. 
Now let C/T have the complex structure defined by the complex atlas YU. 


Remark. Let S' = {z « C: |z| = 1} be the unit circle. The map which 
associates to the point of C/T represented by Aw, + pw, (4, we R), the 
point 


(ese, ett) Si x Ss), 


is a homeomorphism of C/T onto the torus S$! x S}, 


1.6. Definition. Let X be a Riemann surface and Y c X an open subset. A 
function f: Y > C is called holomorphic, if for every chart y: U > V on X the 
function 


few WU n YC 


is holomorphic in the usual sense on the open set W(U m Y)< C. The set of 
all functions holomorphic on Y will be denoted by @(Y). 


1.7. Remarks 

(a) The sum and product of holomorphic functions are again holomor- 
phic. Also constant functions are holomorphic. Thus ((Y) is a C-algebra. 

(b) Of course the condition in the definition does not have to be verified 
for all charts in a maximal atlas on X, just for any family of charts covering 
Y. Then it is automatically fulfilled for all other charts. 

(c) Every chart y: U > V on X is, in particular, a complex-valued func- 
tion on U. Trivially it is holomorphic. One also calls y a local coordinate or 
a uniformizing parameter and (U, y) a coordinate neighborhood of any point 
ae U. In this context one generally uses the letter z instead of w. 


1.8. Theorem (Riemann’s Removable Singularities Theorem). Let U be an 
open subset of a Riemann surface and let ae U. Suppose the function 
fe ©(U\{a}) is bounded in some neighborhood of a. Then f can be extended 
uniquely to a function f € G(U). 
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This follows directly from Riemann’s Removable Singularities Theorem 
in the complex plane. 
We now define holomorphic mappings between Riemann surfaces. 


1.9. Definition. Suppose X and Y are Riemann surfaces. A continuous map- 
ping f: X > Y is called holomorphic, if for every pair of charts y,: U, > V, 
on X and w,: U; > V, on Y with f(U,) < U;, the mapping 


Wr fori YoV, 


is holomorphic in the usual sense. 

A mapping f: X — Y is called biholomorphic if it is bijective and both 
f: X + Y and f~': ¥Y +X are holomorphic. Two Riemann surfaces X and 
Y are called isomorphic if there exists a biholomorphic mapping f: X > Y. 


1.10. Remarks 

(a) In the special case Y=C, holomorphic mappings f: X >C are 
clearly the same as holomorphic functions. 

(b) If X, Y and Z are Riemann surfaces and f: X > Y and g: Y > Z are 
holomorphic mappings, then the composition g:f: xX —>Z is also 
holomorphic. 

(c) A continuous mapping f: X — Y between two Riemann surfaces is 
holomorphic precisely if for every open set V c Y and every holomorphic 
function w € @(V), the “ pull-back” function w » f: f~'(V) > C is contained 
in @(f~*(V)). This follows directly from the definitions and the remarks 
(1.7.c) and (1.10.b). 

In this way a holomorphic mapping f: X > Y induces a mapping 


LOVES VY), FW = of 
One can easily check that f'* is a ring homomorphism. If g: Y > Z is another 
holomorphic mapping, W is open in Z, V:=g~‘(W) and U:=f~ !(V), then 
(g » f)*: C(W) > ©(U) is the composition of the mappings g*: @(W) > C(V) 
and f*: 6(V) > O(U), ie, (g SP =* 9%. 


1.11. Theorem (Identity Theorem). Suppose X and Y are Riemann surfaces 
and f,, f9: X > Y are two holomorphic mappings which coincide on a set 
A <X having a limit point a € X. Then f, and f, are identically equal. 


ProoF. Let G be the set of all points x e X having an open neighborhood W 
such that f,|W=f,|W. By definition G is open. We claim that G is also 
closed. For, suppose b is a boundary point of G. Then f,(b) = f,(b) since f, 
and f, are continuous. Choose charts gy: U> Von X and: U'> V’ on Y 
with b € U and f,(U) < U’. We may also assume that U is connected. The 
mappings 


Ger berep av aV Se 
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are holomorphic. Since U ~ G # @, the Identity Theorem for holomorphic 
functions on domains in C implies g, and g, are identically equal. Thus 
f;|U =f,|U. Hence b € G and thus G is closed. Now since X is connected 
either G = @ or G = X. But the first case is excluded since a € G (using the 
Identity Theorem in the plane again). Hence f, and f, coincide on all of X. 


0 


1.12. Definition. Let X be a Riemann surface and Y be an open subset of X. 
By a meromorphic function on Y we mean a holomorphic function f: Y’ > C, 
where Y’ c Y is an open subset, such that the following hold: 


(i) Y\Y’ contains only isolated points. 
(ii) For every point p € Y\Y' one has 
lim] f(x)| = 90. 
xp 
The points of ¥\Y’ are called the poles of f The set of all meromorphic 
functions on Y is denoted by .#(Y). 


1.13. Remarks 
(a) Let (U, z) be a coordinate neighborhood of a pole p of f with z(p) = 0. 
Then f may be expanded in a Laurent series 


a 
LS De 


verk 
in a neighborhood of p. 

(b) .@(Y) has the natural structure of a C-algebra. First of all the sum 
and the product of two meromorphic functions f, g ¢ -@(Y) are holomorphic 
functions at those points where both f and g are holomorphic. Then one 
holomorphically extends, using Riemann’s Removable Singularities 
Theorem, f+ g (resp. fg) across any singularities which are removable. 


1.14. Example. Suppose n > 1 and let 
F(z)= 2" +¢,2" 14---+6,, CKEC; 


be a polynomial. Then F defines a holomorphic mapping F: C > C. If one 
thinks of C as a subset of P’, then lim,.,,|F(z)| = 00. Thus Fe.#(P'). 


We now interpret meromorphic functions as holomorphic mappings into 
the Riemann sphere. 


1.15. Theorem. Suppose X is a Riemann surface and f ¢ M@(X). For each pole 
P of f, define f(p) = 00. Then f: X > P? is a holomorphic mapping. Conversely, 
iff: X — P' is a holomorphic mapping, then f is either identically equal to 00 or 
else f ~ (co) consists of isolated points and f: X\ f ~ (00) + C is a meromorphic 
function on X. 
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From now on we will identify a meromorphic function f €¢ .@(X ) with the 
corresponding holomorphic mapping f: X > P?. 


PROOF 

(a) Let fe .@(X) and let P be the set of poles of f Then f induces a 
mapping f: X -P! which is clearly continuous. Suppose g: U > V and 
wy: U' V' are charts on X and P' resp. with f(U) < U’. We have to show 
that 


gabe fe gt: VoV 
is holomorphic. Since fis holomorphic on X\P, it follows that g is holomor- 
phic on V\e(P). Hence by Riemann’s Removable Singularities Theorem, g is 
holomorphic on all of V. 
(b) The converse follows from the Identity Theorem (1.11). O 


1.16. Remark. From (1.11) and (1.15) it follows that the Identity Theorem 
also holds for meromorphic functions on a Riemann surface. Thus any 
function f ¢ .@(X) which is not identically zero has only isolated zeros. This 
implies that .@(X) is a field. 


EXERCISES ($1) 


1.1. (a) One point compactification of R". For n > 1 let oc be a symbol not belonging 
to R". Introduce the following topology on the set X =” u fool. A set 
Uc X is open, by definition, if one of the following two conditions is 
satisfied : 


(i) co ¢ U and U is open in R" with respect to the usual topology on R". 
(ii) co e Uand K = X\U is compact in R” with respect to the usual topology 
on R’. 


Show that X is a compact Hausdorff topological space. 
(b) Stereographic projection. Consider the unit n-sphere 


S" = {(Xq, 00, Xng DER xP te + x41 = VY 
and the stereographic projection 
a: 8" R" u {oo} 
given by 
(XissieeX,) if X41 #1 


| 20, iexgeg = Le 
Show that a is a homeomorphism of S” onto X. 


1.2. Suppose 


fe 2} € GLE, C) 
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1.3. 


1.4. 


1.5. 


Show that the linear fractional transformation 


_az+b 
~ez+d’ 


fz) 


which is holomorphic on {z eC: cz + d # 0}, can be extended to a meromorphic 
function on P? (also denoted by f). Show that f; P! — P! is biholomorphic, ie., f 
is an automorphism of P’. 


Identify P! with the unit sphere in R* using the stereographic projection 
a: S?+C vu {co} = PI 


defined in Ex. 1.1. Let SO(3) be the group of orthogonal 3 x 3-matrices having 
determinant |, ie., 


SO(3) = {A € GL(3, R): ATA =I, det A = 1}. 
For every A € SO(3), show that the map 


g°Aoo !:P'+P! 
is biholomorphic. 
[Hint: Use the fact that every matrix A € SO(3) may be written as a product 


A= A,°:: A,, where 
0 1 0 
(0 0 7 
1 0 0 


or else is a matrix of the form 
BO 
(0) 
with B € SO(2).] 


Let TP = Zw, + Zw, and I’ = Zw, + Zw’, be two lattices in C. Show that 
I = I” if and only if there exists a matrix A € SL(2, Z) := {A € GL(2, 2): 


det A= 1} such that 
2 M2 


(a) Let Tr, [’ <C be two lattices. Suppose « € C* such that af < I’. Show that 
the map C > C, z++az induces a holomorphic map 


C/T > C/T", 


which is biholomorphic if and only if of =I". 
(b) Show that every torus X = C/T is isomorphic to a torus of the form 


X(t)=C/(Z + Zr), 
where t € C satisfies Im(t) > 0. 
(c) Suppose : e€ SL(Q, Z) and Im(7) > O. Let 


, att+b 
=, 
ct+d 


Show that the tori X(t) and X(t‘) are isomorphic. 
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§2. Elementary Properties of Holomorphic Mappings 


In this section we note some of the elementary topological properties of 
holomorphic mappings between Riemann surfaces. Using these we show 
that one can easily derive some of the famous theorems of complex analysis, 
e.g., Liouville’s Theorem and the Fundamental Theorem of Algebra. 


2.1. Theorem (Local Behavior of Holomorphic Mappings). Suppose X and 
Y are Riemann surfaces and f: X — Y is a non-constant holomorphic mapping. 
Suppose ae X and b:=f{a). Then there exists an integer k > 1 and charts 
g: U>V on X and wy: U'-V' on Y with the following properties: 


(i) ae U, p(a) =0; be U', W(b) =0. 
(ii) f(U) c U’. 
(iii) The map F:=w-f- ot: VV’ is given by 


F(z)=z* forallze V. 


Proor. First we note that there exist charts g,:U,—>V, on X and 
y: U' > V’ on Y such that properties (i) and (ii) are satisfied if one replaces 
(U, gy) by (Uy, ¢,). Now it follows from the Identity Theorem that the 
function 


fr=wofe gp tinyoVvic€ 


is non-constant. Since f,(0) = 0, there is a k = 1 such that f,(z) =z‘g(z), 
where g is a holomorphic function on V, with g(0) # 0. Hence there exists a 
neighborhood of 0 and a holomorphic function A on this neighborhood such 
that h* = g. The correspondence z+ zh(z) defines a biholomorphic mapping 
a: V,— V of an open neighborhood V, < V, of zero onto an open neighbor- 
hood V of zero. Let U =~; '(V2). Now replace the chart @,: U, > V, by the 
chart g: UV where @=a-=q,. Then by construction the mapping 
F=yW-fo°@"' satisfies F(z) = z*. oO 


2.2. Remark. The number k in Theorem (2.1) can be characterized in the 
following way. For every neighborhood U, of a there exist neighborhoods 
U < Uy of aand W of b = f(a) such that the set f~ *(y) | U contains exactly 
k elements for every point ye W, y #b. One calls k the multiplicity with 
which the mapping f takes the value b at the point a or one just says that f 
has multiplicity k at the point a. 


2.3. Example. Let f(z) = z* + c, 2"! +--+ + ¢, be a polynomial of degree k. 
Then f can be considered as a holomorphic mapping f: P! + P! where 
fc) = oo (cf. §1). Using a chart about oo, one can easily check that oo is 
taken with multiplicity k. 
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2.4. Corollary. Let X and Y be Riemann surfaces and let f: X + Y be a 
non-constant holomorphic mapping. Then fis open, i.e., the image of every open 
set under f is open. 


Proor. It follows directly from Theorem (2.1) that if U is a neighborhood of 
a point a e X then f{U) is a neighborhood of the point f(a). This implies fis 
open. O 


2.5. Corollary. Let X and Y be Riemann surfaces and let f: X > Y be an 
injective holomorphic mapping. Then f is a biholomorphic mapping of X onto 


AX). 


Proor. Since f is injective, in the local description of f given by Theorem 
(2.1), one always has k = 1. Hence the inverse mapping f~': f(X)—> X is 
holomorphic. O 


2.6. Corollary (Maximum Principle). Suppose X is a Riemann surface and 
ff: X >C is a non-constant holomorphic function. Then the absolute value of f 
does not attain its maximum. 


Proor. Suppose that there were a point a € X such that 
R= | f(a)| = sup{| f(x)|: x € X}. 
Then 
AX) cK ={z eC: |z| < R}. 
Since f(X) is open, it lies in the interior of K. This contradicts the assumption 


that f(a) € 6K. fl 


2.7. Theorem. Suppose X and Y are Riemann surfaces. Suppose X is compact 
and f: X > Y is a non-constant holomorphic mapping. Then Y is compact and f 
is surjective. 


Proor. By (2.4) f(X) is open. Since X is compact, f(X) is compact and thus 
closed. Since the only subsets of a connected topological space which are 
both open and closed are the empty set and the whole space, it follows that 
A(X) = Y. Thus fis surjective and Y compact. oO 


2.8. Corollary. Every holomorphic function on a compact Riemann surface is 
constant. 


This follows from Theorem (2.7) since C is not compact. 


2.9. Corollary. Every meromorphic function f on P' is rational, i.e., can be 
written as the quotient of two polynomials. 
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Proor. The function f has only finitely many poles. For if it did have 
infinitely many poles then they would have a limit point and by the Identity 
Theorem f would be identically equal to co. We may assume the point oo is 
not a pole of f; Otherwise consider 1/f instead of {| Now suppose aj, ..., 
a, € € are the poles of f and 


Jaa ky 
is the principal part of fat the pole a,, for v = 1, ..., n. Then the function 
g =f — (hy +--+ + h,) is holomorphic on P’ and thus a constant by Corol- 
lary (2.8). From this it follows that fis rational. oO 


2.10. Liouville’s Theorem. Every bounded holomorphic function f: C > C is 
constant. 


Proor. By Riemann’s Removable Singularities Theorem (2.8) fcan be analy- 
tically continued to a holomorphic mapping f: P’ > C. By Corollary (2.8) f 
is constant. O 


2.11. The Fundamental Theorem of Algebra. Let n > 1 and let 
Az)= arte to +c 


be a polynomial with coefficients c, € C. Then there exists at least one point 
aeéC such that fla) = 0. 


Proor. The polynomial f may be considered as a holomorphic mapping 
f: P! > P', where f(oo) = 00. By Theorem (2.7) this mapping is surjective 
and thus 0 € f(C). O 


2.12. Doubly Periodic Functions. Suppose w,, @, € C are linearly indepen- 
dent over R and [:= Zw, + Za), is the lattice spanned by them. A mero- 
morphic function f: C > P? is called doubly periodic with respect to I, if 


fiz) =flz +) for every zeC andow eT. 


Clearly, for this to hold it suffices that f(z) = f(z + @,) = f(z + @2) for every 
ze. Let x:C >C/T be the canonical map. Then the doubly periodic 
function f induces a function F: C/T > P' such that f= F © x. It follows 
directly from the definition of the complex structure on C/I that F is a 
meromorphic function on C/T. Conversely, for any meromorphic function 
F:C/Y > P!, the composition f = F - x: C > P? is a meromorphic function 
which is doubly periodic with respect to . Thus the meromorphic functions 
on the torus C/T are in one-to-one correspondence with the meromorphic 
functions on C, doubly periodic with respect to [. Hence from Theorem (2.7) 
we have: 
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2.13. Theorem. Every doubly periodic holomorphic function f:C >C is 
constant. Every non-constant doubly periodic meromorphic function f: C > P! 
attains every value ce P?. 


EXERCISES (§2) 
2.1. Let P< C be a lattice. The Weierstrass §9-function with respect to I is defined 
by 


1 1 1 
Hel) - Pa * oes (( aa wy 7 a} 


(a) Prove that 9; is a doubly periodic meromorphic function with respect to T 
which has poles at the points of I. [Hint: First consider the derivative 


eus)= “25, gop 


(b) Let fe .@(C) be a doubly periodic function with respect to P which has its 
poles at the points of T and which has the following Laurent expansion 
about the origin 


f(z) = y cz", where c_2 = 1,¢_, =¢o =0. 
k=—2 
Prove that f= §;. 


2.2. Suppose X is a Riemann surface and /: X > C is a non-constant holomorphic 
function. Show that Re(f) does not attain its maximum. 


2.3. Suppose f: C + C is a holomorphic function, whose real part is bounded from 
above. Then f is constant. 


2.4. Suppose f: X > Y is a non-constant holomorphic map and 
SOY OX), fo) = Qos 
Show that {* is a ring monomorphism. 


2.5. Suppose pi, ..., Pp, are points on the compact Riemann surface X and 
X= X\{py, ..., pz}. Suppose 
LX 3C 


is a non-constant holomorphic function. Show that the image of f comes arbi- 
trarily close to every ce C. 


§3. Homotopy of Curves. The Fundamental Group 


In this section we present some of the topological results connected with the 
notion of homotopy of curves. 

By a curve in a topological space X we mean a continuous mapping 
u: I+ X, where 1:=[0, 1] < R is the unit interval. The point a:=u(0) is 
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called the initial point and b := u(1) the end point of u. One also says that u is 
a curve from a to 5 or that the curve u joins a to b. 

Let us recall that a topological space X is called arcwise connected or 
pathwise connected if any two points a, b € X can be joined by a curve. An 
arcwise connected space is also connected, i.e., there does not exist a decom- 
position X = U, u U, where U, and U, are non-empty disjoint open sets. 
A topological space is called locally arcwise connected if every point has a 
neighborhood basis of arewise connected sets. In particular this is always the 
case for manifolds. A connected, locally arcwise connected space X is 
(globally) arcwise connected. For one can easily show that the set of all 
points x e€ X which can be joined with a given point a € X is both open and 
closed. 


3.1. Definition. Suppose X is a topological space and a, b e X. Two curves u, 
v: 1+ X from a to b are called homotopic, denoted u ~ v, if there exists a 
continuous mapping 4:7 x I X with the following properties: 


A(t, 0) = u(t) for every t € I, 
(ii) A(t, 1) = v(t) for every t € I, 
A(0, s)=aand A(1, s) = b for every se J. 


Remark. If one sets u,(t) = A(t, s), then every u, is a curve from a to b and 
Up =u, Uy = v. The family of curves (u,)o -, <1 1S said to be a deformation of 
the curve u into the curve v or a homotopy from u to », cf. Fig. 3. 


Figure 3 


3.2. Theorem. Suppose X is a topological space and a,b € X. Then the notion 
of homotopy is an equwalence relation on the set of all curves from a to b. 


Proor. Reflexitivity and symmetry are clear. As to the transitivity, suppose 
u, v, w: 1+ X are three curves from a to b with u ~ v and v ~ w. We must 


3 Homotopy of Curves. The Fundamental Group 15 
show that u~w. By assumption there exist continuous mappings 4, 


B: I x IX such that for every t, s e J the following hold: 
A(t, 0) = u(t), 


Define C: I x I> X by 


1 
Ct Pen cas 2s) for : <S <5, 
| B(t, 2s—1) forg;<s<l. 
Then C is continuous and is a homotopy from u to w. O 


3.3. Lemma. Suppose u: [> X is a curve in the topological space X and 
g: 1-1 is a continuous mapping such that p(0) = 0 and ¢(1) = 1. Then the 
curves u and u = @ are homotopic. 


Proor. Define A: I x I> X by 
A(t, s)=u((1 — s)t + se(t)). 
Then A is continuous and 
A(t, 0)= u(t), — A(t, 1) = (w © et) 
A(0, s) = u(0) A(1, s) = u(1) 


for every t, s € J. Thus u and u <- ~ are homotopic. im) 


3.4. Definition. Suppose a, b and c are three points in a topological space X, 
u: I X is a curve from a to b and v:] > X is a curve from b to ¢. 


(i) The product curve u- v: 14 X from a to c is defined by 


(u- 2N(0)= 


u(2t) forO<t<4, 
v2t—1) fors<t<1. 


(ii) The inverse curve u~: I > X from a to b is defined by 
u-(t)=u(1—t) for everyte /. 


The product curve u- v first traces the points of the curve u and then those of 
the curve v but at twice the speed. The inverse curve u~ passes along the 
same points as u but in the opposite direction. 

One can easily check that ifu,,u,: 1 + X are homotopic curves from a to 
b and v,, v.: 1 X are homotopic curves from b to c, then u, * vy ~ Uz ° v2 
and u; ~ uy). 
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3.5. Definition. Suppose X is a topological space and a € X. By the constant 
curve at a is meant the constant mapping uy: I > X, ie., u(t) = a for every 
tel, 


3.6. Theorem. Suppose X is a topological space and a, b, c € X. Suppose u, v, 
w: I + X are curves in X such that 


u(0)=a, u(1)=b=v(0), v(l)=c=w(0) wil)=d. 


Further let ug be the constant curve at a, Up the constant curve at b. Then the 
following homotopies exist: 


(i) Wp: u~uU~ UU, 
(ii) usu ~ Ug, 
(iii) (u-v)-w~u-(v-w). 


PROOF 
(i) By the definition of the product of curves 


(up - u)(t) = uo(2t)=u(0) forO0<t<4, 


u(2t — 1) for5<t<1. 
Thus uy -u =u w, where y: I > I is the parameter transformation defined 
by W(t) = 0 for0 <1 <4, W(t) = 2t — 1 for } <t < 1. Thus it follows from 
Lemma (3.3) that uo: u ~ u. Similarly u- vg ~ u. 
(ii) By definition 


_ u(2t) for0<t<4, 
eo u(2— 2t) fort <t<1. 
Now define A: 1 x I> X by 
= 1 
Ales) _ jet s)) for0<t<4, 


\u(2 —2)(1—s)) ford<t<1. 


Then A is a homotopy from u-u™ to the point curve ug. 
(iii) One can easily check that 


(u-v):-w=(u-(v-w))oy, 
where ¥: I > I is the parameter transformation given by: 


(a) (0) = 0, WG) = 2, ¥G) = 4 ¥(1)=1 


(b) w is affine linear on each of the intervals [0, 4], [4, 4], [, 1]. 


Hence the result follows from Lemma (3.3). Oo 


Remark. Analogous to (iii) is the following fact. If u,,..., u, are curves in 
X such that the initial point of each u,,, equals the end point of u,, then 
bracketing the product u,:u,‘-‘'::u, in various ways corresponds to 
taking various parameter transformations yw: I > I such that w(0) = 0 and 
w{1) = 1. In particular all such bracketings are homotopic. 
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3.7. Definition. A curve u: I > X ina topological space X is called closed if 
u(0) = u(1). A closed curve u: I > X with initial and end point a is said to be 
null-homotopic if it is homotopic to the constant curve at a. 


3.8. Theorem and Definition. Suppose X is a topological space anda € X isa 
point. The set 2,(X, a) of homotopy classes of closed curves in X with initial 
and end point a forms a group under the operation induced by the product of 
curves. This group is called the fundamental group of X with base point a. 


Notation. For any closed curve u denote by cl(u) its homotopy class. Thus 
the group operation in 7,(X, a) is by definition cl(u) cl(v) = cl(u - v). 
Proor. The fact that the group operation is well-defined follows from the 
remark at the end of Definition (3.4). Theorem (3.6) implies that the opera- 


tion is associative and the class of null homotopic curves is the identity 
element. Inverses satisfy 


cl(u) | =cl(u ). Oo 


3.9. Dependence on the Base Point. Suppose X is a topological space and a, 
b € X are points which are joined by a curve w. Then a mapping 


fi 11(X, a) > 2,(X, b) 
can be defined as follows: 


Atcl(u)) =cl(w~ - u- w). 
One easily sees that this mapping is an isomorphism. Thus for an arcwise 
connected space X the fundamental group is essentially independent of the 
base point and we often just write 2,(X) instead of 2,(X, a). Note however 
that the isomorphism z,(X, a) > 2,(X, b) depends in general on the curve w 


joining a to b used in its construction. If w, is another curve from a to b and 
ti: 1(X, a) > 2,(X, 5) is defined by 


Si(el(u)) =el(wy + u- wy), 
then the automorphism 
Fe=fy!- fi m(X, a) > 71,(X, a) 
satisfies F(cl(u)) = cl(wy -w7 -u-w- wy), ie, 
1 


F(a)=y-a-y ! for every « € 2,(X, a), 


where y» denotes the homotopy class of the closed curve w,:w . Thus if 
m,(X, a) is abelian, then this shows that 2,(X, a) and 7,(X, b) are canon- 
ically isomorphic. 


3.10. Definition. An arcwise connected topological space X is called simply 
connected if 2,(X) =0. 
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Remark, Although the group operation in 7,(X) is written multiplica- 
tively, one writes 7,(X) = 0 if z,(X) only contains the identity. 


3.11. Theorem. Suppose X is an arcwise connected, simply connected topologi- 
cal space and a, b © X. Then any two curves u, v:1— X froma to b are 
homotopic. 


Proor. Let uo (resp. v9) be the constant curve at a (resp. b). Now 7,(X, 5) 
=0 implies v -u~ vo and thus v:(v -u)~v-vo. But v-(v -u)~ 
(v- vc): u~ ug: u~uand v- vo ~ v by Theorem (3.6), ie, u ~ v. O 


3.12. Examples 

(a) A subset X < R" is called star-shaped with respect to a point a € X if 
for every point x € X the straight line segment 4a + (1 — A)x,0 <A <1, is 
contained in X. Every star-shaped subset X < R" is simply connected. For 
suppose u: | + X is a closed curve with initial and end point a (with a as 
above). Then 


A:IxI>X, ~~ A(t, s)=sa+ (1 — s)u(t) 


is a homotopy from u to the point curve at a. Thus 2,(X, a) = 0. In particu- 
lar, the complex plane C and every disk in C are simply connected. As well 
C\R, and C\R_ are simply connected, where R, (resp. R_) denotes the 
positive (resp. negative) real axis. 

(b) The Riemann sphere P’ is also simply connected. One can see this as 
follows. Let U, = P'\{oo} and U,:=P'\{0}. Since U, and U, are homeo- 
morphic to C, they are simply connected. Now suppose u: I + P? is any 
closed curve starting and ending at 0. Since J is compact and u is continuous, 
one can find finitely many, not necessarily closed, curves uj,..., 
Urn+1. 1 P! with the following properties: 


(i) The product 
DiS Uy Ug Mans 


is, up to a parameter transformation, equal to the curve wu and thus is 
homotopic to u. 

(ii) The curves u,,,, k = 0, ..., n, lie entirely in U,, and the curves u,, 
k= 1,...,n, lie entirely in U,. The initial and end points of the u., are 
different from oo. Now by Theorem (3.11) one can find curves u2,, homoto- 
pic to u>,, lying entirely in U, \{oo}. Then 

v’ =Uy° uy Pg ree: Us, a4 
is homotopic to v and thus to u as well and lies in U,. Since 2,(U,) = 0, v’ is 
null homotopic. Thus u is null homotopic too. 


3.13. Definition. Suppose X is a topological space and u, v: I + X are two 
closed curves in X, which do not necessarily have the same initial point. 


3 Homotopy of Curves. The Fundamental Group 19 


Then the curves u and v are called free homotopic as closed curves, if there 
exists a continuous mapping A: I x I > X with the following properties: 


(i) A(t, 0) = u(t) for every t € I, 
(ii) A(t, 1) = v(t) for every t € I, 
(iii) A(O, s) = A(1, s) for every s eI. 


Remark. If one sets u,(t):= A(t, s), then each u, is a closed curve in X and 
Uy = u,u, = v. The family of curves u,, 0 < s < 1, gives a deformation of the 
curve u into the curve v. Let w(t):=A(0, t), 0 <t< 1. Then w is a curve 
which joins a :=u(0) = u(1) to b = v(0) = v(1). Note that for each s the point 
w(s) is the initial and end point of the curve u,. It is easy to see (cf. Fig. 4) 
that u is homotopic, while keeping the initial and end point a fixed, to the 
curve W'v'Ww . 


Figure 4 


3.14. Theorem. A pathwise connected topological space X is simply connected 
if and only if any two closed curves in X are free homotopic as closed curves. 
The proof is simple and is left to the reader. 


3.15. Functorial Behavior. Suppose f: X — Y is a continuous mapping be- 
tween the topological spaces X and Y. If u: 1X is a curve in X, then 
fou: IT— Yisacurve in Y. Ifu,u’: 1 + X are homotopic, then f > u, f° u’ are 
also homotopic. Hence f induces a mapping 


Sui TH(X, a) > 7,(Y, fla)) 


of the fundamental groups. This mapping is a group homomorphism, since 
fo(u:v)=(feu): (fv). If g: YZ is another continuous mapping, 
then (9 of )4 = °Se- 


EXERCISES (§3) 


3.1. (a) Suppose X is a manifold and U,, U, < X are two open, connected and 
simply connected subsets such that U, m U2 is connected. Show that 
U, u U; is simply connected. 
(b) Using (a) show that S” for n > 2 is simply connected. 


3.2. Suppose X and Y are arcwise connected topological spaces. Prove 
my(X x Y) = 7,(X) x 2,(Y). 
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3.3. Let (X, a) and (Y, b) be topological spaces with base points a ¢ X andbe Y. Let 
fg: X = Y be two continuous maps with f(a) = g(a) = b. Then fand g are called 
homotopic if there exists a continuous map 


F:X x [0,1]+Y 


such that F(x, 0) = f(x) and F(x, 1) = g(x) for every x € X and F(a, t) = b for 
every t € [0, 1]. Consider the induced maps 


Tes Gx: m4(X, a) 7,(Y, b). 


Show that f, = g, if fand g are homotopic. 


$4. Branched and Unbranched Coverings 


Non-constant holomorphic maps between Riemann surfaces are covering 
maps, possibly having branch points. For this reason we now gather 
together the most important ideas and results from the theory of covering 
spaces. 


4.1. Definition. Suppose X and Y are topological spaces and p: Y > X isa 
continuous map. For x € X, the set p~'(x) is called the fiber of p over x. If 
yep ‘(x), then one says that the point y lies over x. If p: YX and 
gq: Z—X are continuous maps, then a map f: YZ is called fiber- 
preserving if p = q » f. This means that any point y € Y, lying over the point 
x € X, is mapped to a point which also lies over x. 

A subset A of a topological space is called discrete if every point a € A has 
a neighborhood V such that V > A = {a}. A mapping p: Y — X, between 
topological spaces X and Y, is said to be discrete if the fiber p~ '(x) of every 
point x € X is a discrete subset of Y. 


4.2. Theorem. Suppose X and Y are Riemann surfaces and p: Y > xX is a 
non-constant holomorphic map. Then p is open and discrete. 


Proor. By (2.4) the map p is open. If the fiber of some point a € X were not 
discrete, then, by the Identity Theorem (1.11), p would be identically equal to 
a. CO 


If p: Y > X is anon-constant holomorphic map, then we will say that Y is 
a domain over X. 

A holomorphic (resp. meromorphic) function f: Y > C (resp. f: Y > P’) 
may also be considered as a multi-valued holomorphic (meromorphic) func- 
tion on X. If xe X and p” '(x) = {y;:j € J}, then the f(y;), j € J, are the 
different values of this multi-valued function at the point x. Of course it 
might turn out that p ‘(x) is a single point or is empty. 
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As an example, suppose Y = C, X = C* and p = exp: C > C*. Then the 
identity mapping id: C +C corresponds to the multi-valued logarithm on 
C*. For, the set exp” '(b), where b € C*, consists of exactly the various 
values of the logarithm of b. The following diagram illustrates this. 

id 


Cc ——— 
A 


exp * log 
C * 


4.3 Definition. Suppose X and Y are Riemann surfaces and p: Y— X is a 
non-constant holomorphic map. A point ye Y is called a branch point or 
ramification point of p, if there is no neighborhood V of y such that p|Vis 
injective. The map p is called an unbranched holomorphic map if it has no 
branch points. 


4.4. Theorem. Suppose X and Y are Riemann surfaces. A non-constant holo- 
morphic map p: Y > X has no branch points if and only if p is a local homeo- 
morphism, i.e., every point y € Y has an open neighborhood V which is mapped 
homeomorphically by p onto an open set U in X. 


ProoF. Suppose p: Y + X has no branch points and y ¢€ Y is arbitrary. Since 
y is not a branch point, there exists an open neighborhood V of y such that 
p|V is injective. Since p is continuous and open, p maps the set V homeo- 
morphically onto the open set U := p(V). 

Conversely, assume p: Y + X is a local homeomorphism. Then for any 
ye Y there exists an open neighborhood V of y which is mapped homeo- 
morphically by p onto an open set in X. In particular, p|V is injective 
and y is not a branch point of p. O 


4.5. Examples 

(a) Suppose k is a natural number >2 and let p,: C > C€ be the mapping 
defined by p,(z):=z*. Then 0 € C is a branch point of p, and the mapping 
p,|C* > C is unbranched. 

(b) Suppose p: Y— X is a non-constant holomorphic map, y € Y and 
x= p(y). Then y is a branch point of p precisely if the mapping p takes the 
value x at the point y with multiplicity > 2, cf. (2.2). By Theorem (2.1) the 
local behavior of p near y is just the same as the local behavior of 
the mapping p, in example (a) near the origin. 

(c) The mapping exp: C > C* is an unbranched holomorphic map. For 
exp is injective on every subset V < C which does not contain two points 
differing by an integral multiple of 2zi. 

(d) Suppose [' < C is a lattice and 2: C + C/T is the canonical quotient 
mapping, cf. (1.5.d). Then z is unbranched. 
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4.6. Theorem. Suppose X is a Riemann surface, Y is a Hausdorff topological 
space and p: Y > X is alocal homeomorphism. Then there is a unique complex 
structure on Y such that p is holomorphic. 


Remark. By (2.5) it follows that p is even locally biholomorphic. 


Proor. Suppose ~,: U,; > V <C is a chart of the complex structure of X 
such that there exists an open subset Uc Y with p|U— U, a homeo- 
morphism. Then g:=@, » p: UV is a complex chart on Y. Let Y be the 
set of all complex charts on Y obtained in this way. It is easy to see that the 
charts of 21 cover Y and are holomorphically compatible with one another. 
Now let Y have the complex structure defined by %. Then the projection p is 
locally biholomorphic and so, in particular, is a holomorphic mapping. 
Uniqueness may be proved as follows. Suppose YI’ is another complex 
atlas on Y such that the mapping p: (Y, 2’) > X is holomorphic and thus 
locally biholomorphic. Then the identity mapping (Y, Y)— (Y, W’) is 
locally biholomorphic and thus is a biholomorphic mapping. Hence Yt and 
YW’ define the same complex structure. C 


4.7. The Lifting of Mappings. Suppose X, Yand Z are topological spaces and 
p: Y>X and f: ZX are continuous maps. Then by a lifting of f with 
respect to pis meant a continuous mapping g: Z > Y such that f= p< g, 1.e., 
the following diagram commutes. 


Y 


az 


4.8. Theorem (Uniqueness of Lifting). Suppose X and Y are Hausdorff spaces 
and p: Y + X is a local homeomorphism. Suppose Z is a connected topological 
space and f: Z + X is a continuous mapping. If g,, 92: Z — Y are two liftings 
of f and g,(2o) = g2(Zo) for some point zy € Z then g, = g2. 


Proor. Let T:={z € Z: g,(z) = g2(z)}. The set T is closed, since it is the 
preimage of the diagonal Ac Y x Y under the mapping (91, g2): Z> 
Y x Y. We claim that T is also open. Let z € T and let g,(z) = g2(z) =y. 
Since p is a local homeomorphism, there exists a neighborhood V of y which 
is mapped by p homeomorphically onto a neighborhood U of p(y) = f(z). 
Since g, and g, are both continuous, there is a neighborhood W of z with 
g(W) < V. Now let g: U > V be the inverse of p| V > U and note that ¢ is 
continuous. Because p - g; =f, one has g;|W = y - (f |W) fori = 1, 2. Thus 
g, |W = g2|W and W c T. Hence T is open. Since Z is connected and T is 
non-empty, T = Z and thus g, = g2. oO 
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4.9. Theorem. Suppose X, Y and Z are Riemann surfaces, p: ¥Y + X is an 
unbranched holomorphic map and f: Z— X is any holomorphic map. Then 
every lifting g: Z > Y of f is holomorphic. 


Proor. Suppose c € Z is an arbitrary point and let b -=g(c) and a= p(b) = 
f(c). There exist open neighborhoods V of b and U ofa such that p| V > U is 
biholomorphic. Suppose g: U — V is the inverse map. Since g is continuous, 
there is an open neighborhood W of c such that g(W) c V. But f=p-g 
implies g| W = 9 « (f | W) and thus g is holomorphic at the pointe. © 


Consequence. Suppose X, Y and Z are Riemann surfaces and p: Y > X 
and gq: Z— X are unbranched holomorphic maps. Then every continuous 
fiber-preserving map f: Y > Z is holomorphic. For f is a lifting of p with 
respect to q. 

Lifting of Curves. Suppose X and Y are Hausdorff spaces and p: Y > X is 
a local homeomorphism. We are particularly interested in the lifting of 
curves u: [0, 1] > X. By Theorem (4.8) a lifting @: [0, 1] > Y of u, if it exists 
at all, is uniquely determined once the lifting of the initial point is specified. 

In the following we again let J :=[0, 1]. 


4.10. Theorem (Lifting of Homotopic Curves). Suppose X and Y are Haus- 
dorff spaces and p: Y > X is a local homeomorphism. Suppose a, b € X and 
a@eY is a point such that p(a) =a. Further suppose a continuous mapping 
A: I x I>X is given such that A(0, s) = a and A(1, s) = b for every s € I. Set 


u,(t) = A(t, s). 
If every curve u, can be lifted to a curve ti, with initial point G, then tig and ti, 
have the same end point and are homotopic. 


Proor. Define a mapping 4: / x I> Y by A(t, s)=4i,(t). 


Claim (a) There exists ¢) > 0 such that A is continuous on [0, eo[ x I. 


Proof. There are neighborhoods V of @ and U of a such that p|V > U isa 
homeomorphism. Let g: U > V be the inverse map. Since A(0 x I) = {a} 
and A is continuous, there exists ¢) > 0 such that A([0, e9] x I) < U. Be- 
cause of the uniqueness of the lifting of curves, one has 

it,{[0, 60] = p © u,|[0, 69] for every se I. 


Thus A = yg - Aon [0, 9] x J and this implies A is continuous on [0, go[ x I. 


Claim (b) The mapping 4 is continuous on all of I x I. 


Proof. Suppose to the contrary that there is a point (tg,0) € I x I at which A 
is not continuous. Let t be the infinum of all those t such that 4 is not 
continuous at (¢, 7). By (a) t > €9. Let x = A(t, o) and y:= A(t, o) = i2,(t). 
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There are neighborhoods V of y and U of x such that p| V > U is a homeo- 
morphism. Let gy: U > V be the inverse. Since A is continuous, there exists 
é > 0 such that A(I,(t) x I,(o)) < U, where 


I(é)={tel: |t-—€ 
In particular u,(I,(t)) < U and thus 
u,|1.(t) = p © u,|1-(t). 
Choose t, € I,(t) with t; < t. Then 
A(t, G) = ti,(ty) Ee V~. 


< eh. 


Since A is continuous at (t,, a), there exists 6 > 0, 6 < ¢, such that 
A(t), 8)=U,(t;)e€ V for every s €1;(a). 
Because of the uniqueness of liftings it now follows that for every s € I,(c) 
t|1,(t) = p > us|,(t). 


Thus A = g> Aon I,(t) x 1;(c). But this contradicts the definition of (z, 0). 
Thus 4 is continuous on I x I. 

Since A = p> A and A({1} x I) = {b}, it follows that A({1} x 1) < p~'(b). 
Since p~'(b) is discrete and {1} x I is connected, A({1} x I) consists of a 
single point. This implies that the curves i) and ii, have the same end point 
and, by means of A, they are homotopic. O 


Covering Maps. We would now like to give a condition which will ensure 
that the lifting of curves is always possible. 


4.11. Definition. Suppose X and Y are topological spaces. A mapping 
p: YX is called a covering map if the following holds. 

Every point x e X has an open neighborhood U such that its preimage 
p *(U) can be represented as 


where the V,, j € J, are disjoint open subsets of Y, and all the mappings 
p|V, > U are homeomorphisms. In particular, p is a local homeomorphism. 


4.12. Examples 

(a) Let D = {z eC: |z| < 1} be the unit disk in the complex plane and let 
p: DC be the canonical injection. Then p is a local homeomorphism, but 
not a covering map. For, no point a e C with |a| = 1 has a neighborhood U 
with the property required in the definition. 

(b) Let k be a natural number >2 and let 


Pei C*® 3 C*, zee zk 
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Then p, is a covering map. For, suppose a € C* is arbitrary and choose 
b € C* with p,(b) = a. Since p, is a local homeomorphism, there are open 
neighborhoods Vy of b and U of a such that p, | Vo > U isa homeomorphism. 
Then 


Pe (U)=VY VOW Us Vat th, 


where is a kth primitive root of unity, say w = exp(2zi/k). It is clear that 
the sets V,:= wV>y, j=0,...,k—1, are pairwise disjoint and each 
p,|V,; > U is a homeomorphism. 

(c) The mapping exp: C > C* is a covering map. 


PROOF. Suppose a € C* and be C withexp(b) = a. Since exp is a local homeo- 
morphism, there exist open neighborhoods Vo of b and U of a such that 
exp|V) > U is a homeomorphism. Then 
exp '(U)= ()V,, where V,=2ain + VY. 
neZ 
Clearly the V, are pairwise disjoint and each map exp|V,—>U is a 
homeomorphism. 


(d) Suppose P< C is a lattice and z: C + C/T is the canonical quotient 
mapping. In the same way as in example (c) one can show that z is a 
covering map. 


4.13. Definition. A continuous map p: Y > X is said to have the curve lifting 
property if the following condition holds. For every curve u: [0, 1] X and 
every point yo € Y with p(yo) = u(0) there exists a lifting @: [0, 1] > Y of u 
such that (0) = yo. 


4.14, Theorem. Every covering map p: Y > X of topological spaces X and Y 
has the curve lifting property. 


PROOF. Suppose u: [0, 1] > X isa curve and yo € Y with p(y) = u(0). Because 
of the compactness of [0, 1] there exists a partition 


0O=t) <ty<--- <t,=1 
and open sets U, < X, k = 1, ..., n, with the following properties: 


(i) u([t.— 1. te) < Use, 

(ii) p-*(U,) = [zeae Vij 
where the V,; < Y are open sets such that p| V,; > U, are homeomorphisms. 
Now we shall prove by induction on k = 0, 1, ..., n the existence of a lifting 
ui|[0, t,] > X with 2(0) = yo. For k = 0 this is trivial. So suppose k > 1 and 
i|(0, t,.;]>~X is already constructed and let Ui(t,—1) ="y,_- 1. Since 
P(Ve-1) = u(t,-1)€ U,, there exists jeJ, such that y,-,€V,;. Let 
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gy: U, > V,; be the inverse of the homeomorphism p|V,; > U,. Then if we 
set 


| [tei GJ = © (Ul [ta te) 


we obtain a continuous extension of the lifting @ to the interval [0, 4]. 0 


4.15. Remark. Suppose X and Y are Hausdorff spaces, p: Y > X is a cover- 
ing map and x, € X, yo € Y are points with p(yo) = Xo. Then by (4.14) and 
(4.8) for every curve u:[0, 1] > X with u(0) = xo there exists exactly one 
lifting a: [0,1] Y such that #0) = yo. When the curve u is closed, the 
lifting &@ need not be closed. An example of this is the following. Let 
X=Y=(C-*, 


p.C*3C*, zeez?, 


and Xo = yp = 1. Define the curve wu: [0, 1] > C* by u(t) = e**". Then u has 
initial and end point 1 and is thus closed. But ii(t):=e*" defines a lifting 
a: [0, 1] + C* of u with respect to p which has initial point 1 and end point 
—1. 

However from Theorem (4.10) it follows that every lifting of a closed 
null-homotopic curve is again closed and null-homotopic. 


4.16. Theorem. Suppose X and Y are Hausdorff spaces with X pathwise con- 
nected and p: Y — X is a covering map. Then for any two points xq, X,; € X 
the sets p~\(x9) and p~'(x,) have the same cardinality. In particular, if Y is 
non-empty, then p is surjective. 


The cardinality of p~ +(x) for x € X is called the number of sheets of the 
covering and may be either finite or infinite. 


Proor. Construct a mapping g: p '(x9)—> p *(x,) in the following way. 
Choose a curve u: [0, 1] > X joining Xo to x,. If y € p™ *(xo) is an arbitrary 
point, then there exists precisely one lifting a: [0, 1]— Y of u such that 
a(0) = y. Set p(y) =a(1) € p” '(x,). The uniqueness of liftings then implies 
that the mapping just constructed is bijective. | 


Remark. In general the bijective mapping constructed in the proof 
depends on the choice of the curve u. Thus in general there is no well-defined 
way to enumerate globally the “sheets” of a covering. 


4.17. Theorem. Suppose X and Y are Hausdorff spaces and p: YX is a 
covering map. Further, suppose Z is a simply connected, pathwise connected 
and locally pathwise connected topological space and f: Z + X is a continuous 
mapping. Then for every choice of points zy € Z and yo € Y with f(Zo) = P(Vo) 
there exists precisely one lifting f: Z— Y such that flzo) = yo- 
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Remark. In the following proof the only properties of the mapping p that 
are used are that it is a local homeomorphism and has the curve lifting 


property. 


Proor. Define the mapping f: Z > Y in the following way. Suppose z € Z is 
an arbitrary point and u: I > Z is a curve from zy to z. Then v:=f>uisa 
curve in X with initial point f(z.) and end point f{z). Let 6: I > Y be the 
unique lifting of v which has initial point yy. Then set f(z):=i(1). This 
definition is independent of the choice of curve u from Zp to z. For, suppose 
u, is another curve from zy to z. Then u, is homotopic to u. Thus v, =f « uy 
and v = f > u are also homotopic. By Theorem (4.10) the liftings ¢, of v, and 
é of v with 6,(0) = #(0) = yo have the same end point. Hence f(z) is well- 
defined. Also by construction f= p < f. 

All that remains to be proved is that the mapping f: Z > Y is continuous. 
Let z € Z, y = f(z) and suppose V is a neighborhood of y. We must show that 
there exists a neighborhood W of z such that f(W) < V. Since p is a local 
homeomorphism, we may assume, possibly by shrinking V, that there is a 
neighborhood U of p(y) = f(z) such that p| V > U isa homeomorphism. Let 
g: UV be its inverse. Since f is continuous and Z is locally pathwise 
connected, there exists a pathwise connected neighborhood W of z such that 
KW) cu. 

Now we claim that f{W) c V. To see this suppose that the curves u, v and 
i are defined as above. Let z’ « W be an arbitrary point and let uv’ be a curve 
from z to z’ which lies entirely in W. Then the curve v’ :=f « uw’ lies entirely in 
U and 0’ :=@ © v' is a lifting of v’ with initial point y. Hence the product 6: # 
is a lifting of v- v' = fo (u- u’) with initial point y). Thus 


fe’) = (@- ®Y) = He V. O 


4.18. Example (The Logarithm of a Function). Suppose X is a simply con- 
nected Riemann surface and f: X — C* is a nowhere vanishing holomorphic 
function on X. We would like to find the logarithm of f, i.e., find a holo- 
morphic function F: X > C such that exp(F) =f: But this just means that F 
is a lifting of f with respect to the covering exp: C > C%*, ie., 


exp 


X — C* 


If x)» € X and c € C is any solution of the equation e° = f(xo), then by 
Theorem (4.17) there exists a lifting F: X +C of the required kind with 
F(xo) = ¢. By Theorem (4.9), F is holomorphic. Also any other solution of 
the problem differs from F by an additive constant 2zin, n € Z. 
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As a special case suppose X is a simply connected domain in C* and 
j: X > C* is the canonical injection, i.e., j(z) = z. Then every lifting of j with 
respect to exp is nothing more than a branch of the function log on X. 
Analogously one can construct various roots of a nowhere vanishing holo- 
morphic function f: X + C* on any simply connected Riemann surface X. 
To do this one uses the covering in Example (4.12.b). 


4.19. Theorem. Suppose X is a manifold, Y is a Hausdorff space and p: Y > X 
is a local homeomorphism with the curve lifting property. Then p is a covering 
map. 


PRooF. Suppose xp € X is an arbitrary point and y,,j € J, are the preimages 
of x» with respect to p. Take U to be an open neighborhood of x9 which is 
homeomorphic to a ball and let f: U > X be the canonical injection. From 
the remark in Theorem (4.17) it follows that for every j € J there is a lifting 
fi; U>Y of f such that f(x) = yj. Let Vj=f(U). Now one can easily 
convince oneself that 
PU 
jeJ 
that the V; are pairwise disjoint open sets and that every mapping p |VioU 
is a homeomorphism. 


4.20. Proper Mappings. Recall that a locally compact topological space is a 
Hausdorff space such that every point has a compact neighborhood. A 
continuous mapping f: X > Y between two locally compact spaces is called 
proper if the preimage of every compact set is compact. For example this is 
always so if X is compact. A proper mapping is closed, 1.e., the image of 
every closed set is closed. This follows from the fact that in a locally compact 
space a subset is closed precisely if its intersection with every compact set is 
compact. 


4.21. Lemma. Suppose X and Y are locally compact spaces and p: Y > X isa 
proper, discrete map. Then the following hold: 


(a) For every point x € X the set p~ (x) is finite. 
(b) If x € X and V is a neighborhood of p~ *(x), then there exists a neigh- 
borhood U of x with p~'(U) c V. 


PROOF 

(a) This follows from the fact that p~ '(x) is a compact discrete subset of 
Y. 

(b) We may assume that V is open and thus Y\V is closed. Then 
p(Y\V)=:A is also closed and x ¢ A. Thus U = X\A is an open neighbor- 
hood of x such that p"*(U) c V. Oo 
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4.22. Theorem. Suppose X and Y are locally compact spaces and p: Y > X is 
a proper local homeomorphism. Then p is a covering map. 


Proor. Suppose x ¢ X is arbitrary and let p” ‘(x)= {yy, ..., y,}, where 
y; # y; for i #j. Since p is a local homeomorphism, for every j = 1, ..., n 
there exists an open neighborhood W, of y; and an open neighborhood U,; of 
x, such that p|W,— U, is a homeomorphism. We may assume that the W;, 
are pairwise disjoint. Now W, U --: U W, isa neighborhood of p~ '(x). Thus 
by (4.21.b) there exists an open neighborhood Uc U, n°-- 4 U,, of x with 
p (U)cW, U-+: U W,. If we let V;= W, m p~*(U), then the V; are dis- 
joint open sets with 


p(U)y=YWunud, 


and all the mappings p|V; > U, j = 1, ..., n are homeomorphisms. O 


4.23. Proper Holomorphic Mappings. Suppose X and Y are Riemann sur- 
faces and f: X > Y is a proper, non-constant, holomorphic mapping. It fol- 
lows from Theorem (2.1) that the set A of branch points of fis closed and 
discrete. Since f is proper, B:=f{A) is also closed and discrete. One calls B 
the set of critical values of f. 

Let Y’:= Y\B and X’:=X\f~'(B) < X\A. Then f |X’ Y’ is a proper 
unbranched holomorphic covering and by (4.22), (4.16) and (4.21.a) it has a 
well-defined finite number of sheets n. This means that every value c € Y’ is 
taken exactly n times. In order to be able to extend this statement to the 
critical values b € B as well, we have to consider the multiplicities. 

For x e X denote by v(f, x) the multiplicity, in the sense of (2.2), with 
which f takes the values f(x) at the point x. Then we will say that f takes the 
value c € Y, counting multiplicities, m times on X, if 


m= \Y v(f, x). 


xe p~1(c) 


4.24. Theorem. Suppose X and Y are Riemann surfaces and f: X > Y is a 
proper non-constant holomorphic map. Then there exists a natural number n 
such that f takes every value c € Y, counting multiplicities, n times. 


Proor. Using the same notation as in (4.23) let n be the number of sheets of 
the unbranched covering f|X’— Y’. Suppose b € B is a critical value, 
f(b) = {x1,...,x-} and kj := v(f,x;). By (2.1) and (2.2) there exist 
disjoint neighborhoods U; of x; and V; of 6 such that for every c € V;\{b} 
the set f-'(c) 9 U; consists of exactly k; points (j = 1,...,r). By Lemma 
(4.21.b) we can find a neighborhood Vc V,4.--. AV, of 6 such that 
f'(V)cU,u--»UU,. Then for every point ce VAY’ we have 
that f = (c) consists of ki +----+ k, points. On the other hand, for ce Y’ the 
cardinality of p~ '(c) is equal to n. Thusn =k, +°-'+k,. Oo 
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Remark. A proper non-constant holomorphic map will be called an n- 
sheeted holomorphic covering map, where n is the integer found in the 
previous Theorem. Note that holomorphic covering maps are allowed to 
have branch points. If we wish to emphasize that there are none, then we will 
specifically say that the map is unbranched. If we speak of a topological 
covering map or if there is no complex structure, then we mean a covering 
map in the sense of (4.11). 


4.25. Corollary. On any compact Riemann surface X every non-constant 
meromorphic function f: X + P} has as many zeros as poles, where each is 
counted according to multiplicities. 


Proor. The mapping f: X > P' is proper. oO 


4.26. Corollary. Any polynomial of nth degree 
flz) =z" + a,2""* +--+ +a, €C[z] 


has, counting multiplicities, exactly n zero. 


Proor. By (2.3) we may consider f as a holomorphic mapping f: P' > P? 
which, counting multiplicities, takes the value oo exactly n times. O 


EXERCISES (§4) 
4.1. Let X¥ =C\{41}, ¥:=C\{(x/2) + ka, k © Z}. Show that 
sin: YX 
is a topological covering map. Consider the following curves in X. 
u: [0, 1] + X, u(t) = 1 - e7" 
v:[0, 1] > X, v(t) = —-14 7, 


Let w,:[0, 1] > Y be the lifting of u- v with w,(0) = 0 and w,: [0, 1] Y be the 
lifting of v - u with w2(0) = 0. Show that 


w,(1) = 22 
w2(1) = —22, 
Conclude that 2,(X) is not abelian. 


4.2. Let X and Y be arewise connected Hausdorff topological spaces and f: Y + X 
be a covering map. Show that the induced map 


fai HAY) > 1(X) 


is injective. 
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4.3. Let X and Y be Hausdorff spaces and p: Y > X be a covering map. Let Z be a 
connected, locally arcwise connected topological space and f: Z -» X a contin- 
uous map. Let ce Z, a*=f(c) and b € Y such that p(b) =a. Prove that there 
exists a lifting f: Z — Y of f with f(c) = b if and only if f.2)(Z,c) < p,m (Y,6). 


4.4. (a) Show that 
tan:C > P! 


is a local homeomorphism. 
(b) Show that tan(C) = P'\{+i} and 


tan: C > P'\{+i} 


is a covering map. 
(c) Let X =C\{it: t e R, |£| > 1}. Show that for every k € Z there exists a 
unique holomorphic function arctan,: X > C with 


tan - arctan, = id, 
and 
arctan,(0) = k 
(the kth branch of arctan). 


4.5. Determine the ramification points of the map 


fC +P, fle) =5(2 # :): 


Zz 


§5. The Universal Covering and Covering 
Transformations 


Amongst all the covering spaces of a manifold X, there is one which deserves 
to be called the “largest,” namely, the universal covering. All other covering 
spaces can be obtained from this one as quotients, and what happens to the 
universal covering when it is acted on by the group of “covering trans- 
formations” is closely related to the fundamental group of X. An investiga- 
tion of these ideas is the focus of attention in this section. 


5.1. Definition. Suppose X and Y are connected topological spaces and 
p: Y +X isa covering map. p: Y > X is called the universal covering of X if 
it satisfies the following universal property. For every covering map 
q: Z— X, with Z connected, and every choice of points yo € Y, 2) € Z with 
P(¥o) = 4(Zo) there exists exactly one continuous fiber-preserving mapping 
f: ¥ > Z such that flyo) = Zo. 

A connected topological space X has up to isomorphism at most one 
universal covering. For, with the above notation, suppose gq: Z > X is alsoa 
universal covering. Then there exists a fiber-preserving continuous mapping 
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g:Z—Y such that g(z9)= yo. The compositions g:f: Y—> Y and 
fog: Z—>Z are continuous fiber-preserving mappings such that 
g °fl¥c) = Yo and f > g(zo) = 29. Because of the universality condition there 
can exist only one continuous fiber-preserving mapping in each case which 
satisfies these conditions. Thus g > f= idy and f° g = id,. Hence /f: Y > Zis 
a fiber-preserving homeomorphism. 


5.2. Theorem. Suppose X and Y are connected manifolds, Y is simply con- 
nected and p: Y > X is a covering map. Then p is the universal covering of X. 


Proor. This follows directly from the definition and Theorem (4.17). 


5.3. Theorem. Suppose X is a connected manifold. Then there exists a con- 
nected, simply connected manifold X and a covering map p: X > X. 


By Theorem (5.2) X > X is the universal covering of X. 


Proor. Pick a point x, e¢ X. For x € X let m(xo, x) denote the set of 
homotopy classes of curves having initial point xg and end point x. Let 


X:={(x,a):xeX, aE n(x9, x)}. 


Define the mapping p: X > X by p(x, «):= x. We will now define a topology 
on X so that X¥ becomes a connected, simply connected Hausdorff manifold 
and p: X ~ X is a covering map. 

Suppose (x, «) ¢ X¥ and U c X is an open, connected, simply connected 
neighborhood of x. Define a subset [U, «] < X as follows: [U, «] consists of 
all points (y, 8) X such that ye U and B =cl(u- v), where u is a curve 
from x9 to x such that « =cl(u) and v is a curve from x to y which lies 
completely in U. (Since U is simply connected, f is independent of the choice 
of the curve v.) Now let 8 be the system of all such sets [U, a]. 


Claim (a) B is the basis for a topology on X. 


Proof 

(i) Clearly every point of ¥ lies in at least one [U,]. 

(ii) Suppose (z, y) € [U, a] > [V, B]. Then z e U 4 V and there exists an 
open, connected and simply connected neighborhood Wc Un V of z. 
Then, as one can easily check, 


(z, y)e [W, vy] < [U, a] 9 [V, B}: 
From (i) and (ii) the claim follows. 
Claim (b) The mapping p: X > X is a local homeomorphism and in 


particular is continuous. This follows from the fact that for every [U, «] « B 
the mapping p|[U, «] > U is a homeomorphism. 


Claim (c) X is Hausdorff. 
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It suffices to show that any two points (x, «), (x, 8) ¢ X, where « # B, have 
disjoint neighborhoods. Suppose U c X is an open, connected, simply con- 
nected neighborhood of x. Then [U, a] 1[U, B] = @. Otherwise there 
would be an element (y, y) in the intersection. Suppose w is a curve in U 
from x to y and a=cl(u), 6 =cl(v). Then by definition y = cl(u- w) = 
cl(v - w). Thus cl(u) = cl(v). But this contradicts the assumption that a # p. 


Claim (d) X is connected and p: X > X has the curve lifting property 
and thus by (4.19) is a covering map. Suppose u: [0, 1] > X is a curve with 
initial point x9. For se [0, 1] let u,: [0, 1] > X be the curve defined by 
u,(t) = u(st). (The curve u, runs along the points of the curve u correspond- 
ing to parameter values t ¢ [0, s].) Further suppose v is a closed curve with 
initial and end point x9. Then the mapping 


a: [0,1]>X, — tr (u(t), cl(v- u,)) 


is continuous and is a lifting of u with &(0) = (xo, cl(v)). This follows directly 
from the definition of the topology on X. Finally, suppose w: [0, 1] > X isa 
curve with arbitrary initial point x, :=w(0), « € z(xo, x,) and v is a curve 
from x to x, with cl(v) = «. Then it is easy to see that the lifting of u:=v - w 
with u(0) = (xo, €), where ¢ is the homotopy class of the constant curve at 
Xo, gives rise to a lifting of w with #(0) = (x,, «). 


Claim (e) X is simply connected. 

Let w: [0, 1] + X be a closed curve with initial and end point (xg, ¢). Then 
u:=p > wisa closed curve in X with u(0) = xo. Now let a: [0, 1] > X be the 
lifting of u, which exists by claim (d), where v is chosen to be the constant 
curve at Xo. Because of the uniqueness of liftings, @ = w. Thus a(1) = 
(xo, cl(u)) = (xo, €) and hence u is null-homotopic. By Theorem (4.10) w is 
also null-homotopic and thus X is simply connected. 

This completes the proof of Theorem (5.3). O 


Remark. In particular, one can construct the universal covering of any 
Riemann surface and by (4.6) this universal covering is, in a natural way, a 
Riemann surface as weil. 


5.4. Definition. Suppose X and Y are topological spaces and p: Y> X isa 
covering map. By a covering transformation or deck transformation of this 
covering we mean a fiber-preserving homeomorphism f: Y > Y. With opera- 
tion the composition of mappings, the set of all covering transformation of 
p: YX forms a group which we denote by Deck(Y/X). If there is any 


chance of confusion, then we will write Deck(Y 4 ) instead of Deck(Y/X). 


5.5. Definition. Suppose X and Y are connected Hausdorff spaces and 
p: Y +X isa covering map. The covering is called Galois (the terms normal 
and regular are also in common usage) if for every pair of points yo, y, € Y 
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with p(yo) = p(y) there exists a covering transformation f: Y > Y such that 
Ao) = ¥1- 


Remark. By Theorem (4.8) there exists at most one covering trans- 
formation f: Y > Y with f(yo) = 1, for fis a lifting of p: YX. 


Example. The mapping p: C* > C*, z+ z*, is a covering map. It is Galois 
since for any z,, 2, € C* with p(z,) = p(z2), one has z, = wz, where w isa 
kth root of unity and the mapping z+> wz is a covering transformation. 

There is a connection between Galois coverings and Galois field exten- 
sions, cf. (8.12). 


5.6. Theorem. Suppose X is a connected manifold and p: X > X is its univer- 
sal covering. Then p is Galois and Deck(X /X ) is isomorphic to the fundamental 
group 1,(X). 


PROOF 

(a) Suppose yy, y, € X with p(yo) = p(y,). By the definition of the 
universal covering there exists a continuous fiber-preserving mapping 
f: & +X with f(yo) = y,. We have to show that fis a homeomorphism. This 
can be seen as follows. As above there exists a continuous fiber-preserving 
mapping g: X > X with g(y,) = yo. But then f> g and g © fare continuous 
fiber-preserving mappings of X into itself such that f> g(y,)=y, and 
9° f(¥o) = Yo. Again from the definition of the universal covering it follows 
that f» g and g~ f are both the identity map of X. Thus f is a homeo- 
morphism and hence a covering transformation. This shows the covering 
X + X is Galois. 

(b) Suppose x9 € X and yo € X is a point with p(yo) = Xo. Define a 
mapping 

®: Deck(X/X) > 71,(X, Xo) 


as follows: Suppose ¢ € Deck(X/X) and v is a curve in X with initial point 
Yo and end point o(yo). (The homotopy class of v is uniquely determined 
since X is simply connected.) The curve p © v in X has initial and end point 
Xo. Let O(c) be the homotopy class of p » v. 


(i) ® is a group homomorphism. Suppose a, t € Deck(X/X) and v (resp. 
w) is a curve in X with initial point yp and end point a(yo) (resp. t(yo)). Then 
o°w is a curve with initial point o(y 9) and end point ot(yo). Also 
p> (o°w)=pow. The product curve v- (c © w) has initial point yo and 
end point ot(yo). Thus 


(ot) = al(p - (v- (o> w)) = al(p = v)ellp = (o » w)) 
= el(p - v)el(p « w) = O(o)®(z), 


(ii) ® is injective. 
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Suppose o € Deck(X/X) and v is a curve in X from yo to a(yo). Assume 
O(c) =«¢, ie. p> v is null-homotopic. Since v is a lifting of p » »v, it follows 
from (4.10) that the end point o(y 9) of v is the same as the initial point yo. 
This implies o = id,. 

(iii) ® is surjective. 

Suppose a € 2,(X, x.) and wis a curve representing «. Let v be a lifting of u 
to X with initial point yo and suppose the end point of v is y,;. Then there 
exists o € Deck(X/X) such that o(yo) = y1. From the definition of ® one has 
@(c) = «. This completes the proof. oO 


5.7. Examples 

(a) exp: C >C* is the universal covering of C*, since C is simply con- 
nected. For ne Z let t,: C >C be translation by 2zin. Then exp(z,(z)) = 
exp(z + 2xin)=exp(z) for every zeC and thus t, is a covering 
transformation. If @ is any covering transformation, then exp(o(0)) = 
exp(0) = 1 and thus there exists n € Z such that o(0) = 2zin. Since 1,(0) = 
2nin as well, o =t,,. Thus 


Deck(C —— C*) = {t,: 1 € Z}. 
Since the last group is isomorphic to Z, 


n,(C*) = Z. 
(b) Let 
H = {z €C: Re(z) < 0} 
be the left half plane and 
D* = {zeC:0< |z| <1}. 


Then exp: H — D* is the universal covering of the punctured unit disk. As in 
Example (a) one can show that the group of covering transformations con- 
sists of all translations by integral multiples of 2mi and that 2,(D*) = Z. 

(c) Suppose T = Zy, + Zy is a lattice in C. Then the canonical quotient 
mapping C >C/T is the universal covering of the torus C/T. For ye T 
denote by t,:C >C translation by y. Analogous to Example (a) one can 
show that Deck(C > C/T) = {t,: y ¢ T}. Thus 


m(C/T)= T= Zx Z. 
Consequence. There does not exist any meromorphic function on C doubly- 
periodic with respect to T which mod T has a single pole of first order. 


Proor. Such a function would define a holomorphic mapping f: C/T > P? 
which takes the value oo only once. By (4.24) and (2.5) f would be biholo- 
morphic and in particular 7,(C/T) = 2,(P') = 0, a contradiction! O 
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Remark. Later (18.3) we will give necessary and sufficient conditions for 
the existence of a doubly periodic meromorphic function with prescribed 
principal parts. However it is worth noting that one can make the above 
observation using only topological reasons. 


5.8. Definition. Suppose X and Y are topological spaces, p: Y > X is a cover- 
ing map and G is a subgroup of Deck(Y/X). Two points y, y’ € Y are called 
equivalent modulo G, if there exists ¢ € G such that o(y) = y’. Clearly this 
really is an equivalence relation on Y. 


5.9. Theorem. Suppose X and Y are connected manifolds, q: Y ~ X is a cover- 
ing map and p: X > X is the universal covering. Let f: X — Y be a continuous 
fiber-preserving mapping, which by the definition of the universal covering 
exists. Then f is a covering map and there exists a subgroup G < Deck(X/X) 
such that two points x, x' € X are mapped onto the same point by f precisely if 
they are equivalent modulo G. Moreover G = 7,(Y). 


Proor. First we will show that fis a local homeomorphism. Suppose x € X, 
p(x) =:s and f(x) =: y. Since p is a local homeomorphism, there exist open 
neighborhoods W, of x and U, of s, such that p|W, > U, is a homeo- 
morphism. Since q is a covering map, there exists an open connected neigh- 
borhood U of s contained in U, and pairwise disjoint open sets V,, i ¢ I, 
such that gq” '(U) = |) V, and q| V¥; > Uis a homeomorphism for every i € J. 
Let V be the particular V, containing the point y and let W:=p-'(U) n W,. 
Then ye f(W)<q ‘(U) and since f(W) is connected, it follows that 
f(W) = V. Since p| W— U and q|V > U are homeomorphisms, f | W = V is 
also a homeomorphism. Thus fis a local homeomorphism. 

In order to prove that fis a covering map, consider a curve v in Y with 
initial point yy and a point xy € X with f(xy) = yo. We have to show that the 
curve v can be lifted to X with initial point xp. Since p: XY > X is a covering 
map the curve q © v in X may be lifted to a curve u in X with initial point xo. 
Then the curves f > u and v in Y are both liftings of the curve qg > v and have 
the same initial point yy. Thus they coincide. But this means that u is the 
desired lifting of v. Thus f is a covering map by Theorem (4.19). 

Let G := Deck(X/Y). This is a subgroup of Deck(X/X). Since X is simply 
connected, f: X > Y is the universal covering of Y and so is Galois. Hence 
G = 7,(Y) and f(x) = f(x’) precisely if there exists o € G such that o({x) =x’. 
This completes the proof of Theorem (5.9). gO 


We will now use Theorem (5.9) to determine all the covering spaces of the 
punctured unit disk D* = {z € C:0 < |z| <1}. 


5.10. Theorem. Suppose X is a Riemann surface and f: X > D* is an un- 
branched holomorphic covering map. Then one of the following holds: 
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(i) If the covering has an infinite number of sheets, then there exists a 
biholomorphic mapping p: X > H of X onto the left half plane such that 


diagram (1) is commutative. 
Xu 2 4 
\ /* (1) 
D* 


(ii) If the covering is k-sheeted (k < oo), then there exists a biholomorphic 
mapping ~: X — D* such that diagram (2) is commutative, where p,: D* > D* 
is the mapping z+ z*. 


X —* D* 
A = 


Thus every covering map of D* is either isomorphic to the covering given 
by the logarithm or else by the kth root. 


Proor. Since exp: H > D* is the universal covering, there exists a holo- 
morphic mapping w: H > X such that exp =f» w. Let G < Deck(H/D*) be 
the corresponding subgroup. 


(i) If G consists only of the identity, then y: H — X is a biholomorphic 
map. Then the mapping g: X — H, which we are looking for, is the inverse 
mapping of w. 

(ii) Now 

Deck(H/D*) = {t,: n  Z}, 


where 1,: H — H denotes the translation z+ z + 2zin. Thus for every sub- 
group G < Deck(H/D*) which is not the identity, there exists a natural 
number k > 1 so that 

G={ty: ne Z}. 


Let g: H — D* be the covering map defined by g(z) = exp(z/k). Then g(z) = 
g(z’) precisely if z and z’ are equivalent modulo G. Hence there exists a 
bijective mapping g: X > D* such that the diagram 


H 
/< 
X—*+— D* 
is commutative. Since y and g are locally biholomorphic, g is biholo- 


morphic. It is now easy to check that diagram (2) is commutative and the 
Theorem is proved. O 
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5.11. Theorem. Suppose X is a Riemann surface, D is the unit disk and 
f: X > D is a proper non-constant holomorphic map which is unbranched over 
D* = D\{0}. Then there exists a natural number k > 1 and a biholomorphic 
mapping ~: X > D such that the diagram 


x 


aa D 
v. ° 
D 


Proor. Let X*:=f~'(D*). Then f |X*— D* is an unbranched proper 
holomorphic covering map. By the previous Theorem there is a commuta- 
tive diagram 


is commutative, where p,(z) = z*. 


X* 


QP D* 
\ | 
* 


D 


for some biholomorphic mapping gy: X* > D*. We claim that f ~ (0) con- 
sists of only one point. To the contrary suppose f~'(0) consists of n points 
b,, ..., b, where n > 2. Then there exist disjoint open neighborhoods V, of b; 
and a disk D(r) = {ze C: |z| <r},0<r <1, such that 


IUD) oY vee uh. (**) 


Let D*(r) = D(r)\{0}. Since f~ 1(D*(r)) is homeomorphic to p, '(D*(r)) = 
D*(«/r), it is connected. Since every point b; is an accumulation point of 
f '(D*(r)), f~(D(r)) is also connected. But this contradicts (**). Thus 
f~*() consists of a single point b e X. Hence by defining g(b):=0 one can 
continue the mapping o: X* > D* to a biholomorphic mapping g: X > D 
which makes the diagram (*) commutative. | 


EXERCISES (§5) 
5.1. Let X =C\f+1}, and Y=C\{(a/2) + km: k © Z} (cf. Ex. 4.1.). Prove that 
Deck(Y —“"+ X) consists of the following transformations 


(i) fi(z) = 2 + 2kn, keZ 
(ii) gx(z) = —z + (2k + 1)z, keZ. 


Calculate the products f, 2° fis fe > Gt. 91° Ses Geo Gt- 
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5.2: 


5.3. 


5.4. 


59: 


5.6. 


5.7. 


Let X be a connected manifold and p: X + X be its universal covering. Let 
G < Deck(¥/X) be a subgroup, Y:=X/G be the quotient of X by the equi- 
valence relation defined in 5.8 and gq: Y > X be the map induced by p. Show that 
q is a covering map which is Galois if and only if G is a normal subgroup of 
Deck(X/X). In the latter case 


Deck(Y/X) = Deck(X/X)/G. 
Determine the covering transformations of 
tan: C > P'\{i, —i} 
(cf. Ex. 4.4). 
Let I, I’ < C be lattices and 
fc/r+c/l’ 
a non-constant holomorphic map with (0) = 0. Show that there exists a unique 


a € C* such that oT <T’ and the following diagram is commutative 
F 
Ca > € 

Cris er 
where F(z) = az and z and 7’ are the canonical projections. Prove that fis an 
unbranched covering map and 

Deck(C/T —“> C/I’) = Tal. 

Let X -=C\{2, —2}, Y:=C\{+1, +2}, and let p: YX be the map 

p(z) =z? — 32. 


Prove that p is an unbranched 3-sheeted holomorphic covering map. Calculate 
Deck(¥/X) and show that the covering Y > X is not Galois. 

[Hint: Use the fact that every biholomorphic map f: Y — Y extends to an auto- 
morphism of P?.] 


Let X =C\{0, 1}, Y'=C\{0, +i +i,/2} and let p: Y + X be the map 
plz) = (2? + 1). 
Prove that p is an unbranched 4-sheeted covering map, which is not Galois and 
that 
Deck(Y/X) = {id, ¢}, 
where g(z) := —z. 


Suppose X and Y are connected Hausdorff spaces. Show that every 2-sheeted 
covering map p: Y > X is Galois. 
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$6. Sheaves 


In complex analysis one frequently has to deal with functions which have 
various domains of definition. The notion of a sheaf gives a suitable formal 
setting to handle this situation. 


6.1. Definition. Suppose X is a topological space and T is the system of open 
sets in X. A presheaf of abelian groups on X is a pair (¥, p) consisting of 


(i) a family F = (F(U))y. x of abelian groups, 
(ii) a family p = (p¥)u, ye x.y ey Of group homomorphisms 


pt: F(U)> F(V), where V is open in U, 
with the following properties: 
pu =idgw, for every U eZ, 


py pb=p for WoVcU. 


Remark. Generally one just writes ¥ instead of (¥, p). The homo- 
morphisms py are called restriction homomorphisms. Instead of p}(f) for 
fe FA(U) one writes just f |V. Analogous to presheaves of abelian groups 
one can also define presheaves of vector spaces, rings, sets, etc. 


6.2. Example. Suppose X is an arbitrary topological space. For any open 
subset U< X let @(U) be the vector space of all continuous functions 
f: U>C. For V c U let pf: €(U) > @(V) be the usual restriction mapping. 
Then (@, p) is a presheaf of vector spaces on X. 


6.3. Definition. A presheaf ¥ on a topological space X is called a sheaf if for 
every open set U < X and every family of open subsets U; < U, i € I, such 
that U = |);., U; the following conditions, which we will call the Sheaf 
Axioms, are satisfied: 


(I) If f g ¢ #(U) are elements such that f | U; = g|U; for every ie I, 
then f= g. 
(II) Given elements f; ¢ ¥(U;), i € I, such that 
f,|U, 0 U;=f,[U; 0 U; for alli,j eT, 


then there exists an fe A(U) such that f | U; =f; for every ie I. 


Remark. The element f} whose existence is assured by (II), is by (I) 
uniquely determined. 

Applying (I) and (II) to the case U = @ = |). g U; implies ¥(@) con- 
sists of exactly one element. 


6 Sheaves 41 


6.4. Examples 

(a) For every topological space X the presheaf @ defined in (6.2) is a 
sheaf. Both Sheaf Axioms (I) and (II) are trivially fulfilled. 

(b) Suppose X is a Riemann surface and ((U) is the ring of holomorphic 
functions defined on the open set U c X. Taking the usual restriction map- 
ping @(U) > @(V) for V < U one gets the sheaf @ of holomorphic functions 
on X. The sheaf .% of meromorphic functions on X is defined analogously. 

(c) For an open subset U of a Riemann surface X let @*(U) be the 
multiplicative group of all holomorphic maps f: U > C*. With the usual 
restriction maps (0* is a sheaf of (multiplicative) abelian groups. The sheaf 
M* is defined analogously: For any open set U < X,.@*(U) consists of all 
meromorphic functions f € .@(U) which do not vanish identically on any 
connected component of U. 

(d) Suppose X is an arbitrary topological space and G is an abelian 
group. Define a presheaf Y on X as follows: For any non-empty open subset 
Uc X let (U):=G and let Y(@):=0. As for the restriction mappings, let 
py = id, if V # @ and let p¥, be the zero homomorphism. If G contains at 
least two distinct elements g,, g, and if X has two disjoint non-empty open 
subsets U,, U3, then Y is not a sheaf. This is because Sheaf Axion (II) does 
not hold. For, since U; 1 U,=@, one has g,|U, 0 U,=0= 
g2|U, o U; but there isno fe G(U, U U2) =G such that f|U, = g, and 
f | U2 = 92. 

(e) One can easily modify the previous example to obtain a sheaf. For 
any open set U, let YU) be the abelian group of all locally constant map- 
pings g: U-+G. Then if U is a non-empty connected open set, one has 
G(U) =G. For Vc U let &(U) > HV) be the usual restriction. Then J is a 
sheaf on X which is called the sheaf of locally constant functions with values 
in G. Often it is just denoted by G. 


6.5. The Stalk of a Presheaf. Suppose F is a presheaf of sets on a topological 
space X and ae X is a point. On the disjoint union 

\ FU), 

UZ3a 
where the union is taken over all the open neighborhoods U of a, introduce 
an equivalence relation > as follows: Two elements f ¢ #(U) and g ¢ F(V) 
are related f > g precisely if there exists an open set Wwithae WCUNV 
such that f |W =g|W. One can easily check that this really is an equi- 
valence relation. The set ¥, of all equivalence classes, the so-called inductive 
limit of F(U), is given by 


and is called the stalk of ¥ at the point a. If F is a presheaf of abelian groups 
(resp. vector spaces, rings), then the stalk #, with the operation defined on 
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the equivalence classes by means of the operation defined on representatives, 
is also an abelian group (resp. vector space, ring). 
For any open neighborhood U of a, let 


Pq: F(U)> F, 


be the mapping which assigns to each element f ¢ F(U) its equivalence class 
modulo y. One calls p,(f) the germ of f at a. As an example consider the 
sheaf @ of holomorphic functions on a domain X < C. Leta e X. Agermof 
a holomorphic function @ € ©, is represented by a holomorphic function in an 
open neighborhood of a and thus has a Taylor series expansion )°” 5 
c,(z — a)’ with a positive radius of convergence. Two holomorphic functions 
on neighborhoods of a determine the same germ at a precisely if they have 
the same Taylor series expansion about a. Thus there is an isomorphism 
between the stalk @, and the ring C{z — a} of all convergent power series in 
z — a with complex coefficients. In an analogous way, the ring .#, of germs 
of meromorphic functions at a is isomorphic to the ring of all convergent 


Laurent series 


which have finite principal parts. 
For any germ of a function g ¢€ @, the value of the function, g(a) € C, is 
well-defined, i.e., is independent of the choice of representative. 


6.6. Lemma. Suppose ¥ is a sheaf of abelian groups on the topological space 
X and U < X is an open subset. Then an element f ¢ F(U) is zero precisely if 
all germs p,(f) © ¥,, x € U, vanish. 


This follows directly from Sheaf Axiom (I). 


6.7. The Topological Space Associated to a Presheaf. Suppose X is a topolo- 
gical space and ¥ is a presheaf on X. Let 


FI UF. 


xeX 


be the disjoint union of all the stalks. Denote by 
p: |F| +X 


the mapping which assigns to each element g € ¥,, the point x. Now intro- 
duce a topology on || as follows: For any open subset U < X and an 
element fe A(U), let 


[U, f] ={p.(f): xe US |F|. 
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6.8. Theorem. The system B of all sets [U, f], where U is open in X and 
fe A(U), is a basis for a topology on | ¥|. The projection p: |¥| > X isa 
local homeomorphism. 


PROOF 
(a) To see that 8 forms a basis for a topology on |.¥ |, one has to verify 
the following two conditions: 


(i) Every element y € |¥| is contained in at least one [U, f]. This is 
trivial. 

(ii) If pe [U, f] > [V, g], then there exists a [W, h] © B such that ge 
[W, h] <[U, f] O[V, g]. For suppose p(g) =x. Then xe Ur V and 
y =p,(f) = p,(g). Hence there exists an open neighborhood Wc U n V 
of x such that f| W = g|W=:h. This implies g « [W, h] <[U,f] 1 [V, g]. 


(b) Now we will show that p: |4|—X is a local homeomorphism. 
Suppose g € || and p(p) = x. There exists a [U, f]e B with ge [U, f]. 
Then [U, f] is an open neighborhood of ¢g and U is an open neighborhood of 
x. The mapping p|[U, f]— U is bijective and also continuous and open as 
one sees immediately from the definition. Thus p: | ¥|— X is a local 
homeomorphism. O 


6.9. Definition. A presheaf ¥ on a topological space X is said to satisfy the 
Identity Theorem if the following holds. If Y<X is a domain and f 
g € A(Y) are elements whose germs p,(f) and p,(g) coincide at a point 
ac Y, then f= g. 

For example, this condition is satisfied by the sheaf @ (resp. .#) of holo- 
morphic (resp. meromorphic) functions on a Riemann surface X. 


6.10. Theorem. Suppose X is a locally connected Hausdorff space and ¥ is a 
presheaf on X which satisfies the Identity Theorem. Then the topological space 
| F | is Hausdorff. 


PROOF. Suppose ~1, ~2 € |.F| andy, # pz. We have to find disjoint neigh- 
borhoods of g, and 93. 


Case 1. Suppose p(~,) =x # y ‘= p(2). Since X is Hausdorff, there exist 
disjoint neighborhoods U and V of x and y respectively. Then p~ '(U) and 
os Rae : F 
p”‘(V) are disjoint neighborhoods of gy, and @,, respectively. 


Case 2. Suppose p(~,) = p(~,) =:x. Suppose the germs 9; € ¥, are re- 
presented by elements f; ¢ #(U;,), where the U; are open neighborhoods of x, 
i= 1, 2, Let Uc U, m U, be a connected open neighborhood of x. Then 
[U, f,|U] are open neighborhoods of g;. Now suppose there exists wy ¢ 
[U, f,|U] > [U, fx U]. Let p(y) = y. Then y = p,(f,) = p,(f2). From the 
Identity Theorem it follows that f,|U = f,|U, thus g, = g2. Contradiction! 
Hence [U, f, | U] and [U, f,| U] are disjoint. O 
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EXERCISES (§6) 


6.1. Suppose X is a Riemann surface. For U < X open, let @(U) be the vector space 
of all bounded holomorphic functions f: U > C. For V c U let @(U) > A(V) be 
the usual restriction map. Show that # is a presheaf which satisfies sheaf axiom 
(I) but not sheaf axiom (II). 


6.2. Suppose X is a Riemann surface. For U c X open, let 
F(U) =C*(U)/exp (UV). 


Show that ¥ with the usual restriction maps is a presheaf which does not satisfy 
sheaf axiom (I). 


6.3. Suppose ¥ is a presheaf on the topological space X and p: | #| > X is the 
associated covering space. For U c X open, let #(U) be the space of all sections 
of p over U, i.e., the space of all continuous maps 


f.U>|F 


with p > f= idy. Prove the following: 


(a) ¥ together with the natural restriction maps is a sheaf, 
(b) There is a natural isomorphism of the stalks 


~ FS 
F,.3%F,, foreveryxe X. 


§7. Analytic Continuation 


Next we consider the construction of Riemann surfaces which arise from the 
analytic continuation of germs of functions. 


7.1. Definition. Suppose X is a Riemann surface, u: [0,1] X isa curve and 
a:=u(0), b:=u(1). The holomorphic function germ w € (, is said to result 
from the analytic continuation along the curve u of the holomorphic function 
germ  ¢€ ©, if the following holds. There exists a family 9, € Cy), t € [0, 1] 
of function germs with @) = g and ¢, = w with the property that for every 
t €[0, 1] there exists a neighborhood T < [0, 1] of t, an open set Uc X 
with u(T) c U and a function f € @(U) such that 


Pun(S) = @, for every te T. 


Here p,(f) is the germ of f at the point u(t). Because of the compactness of 
[0, 1] this condition is equivalent to the following (see Fig. 5). There exist a 
partition 0 = ty <t; <-*-<t,-, <t, =1 of the interval [0, 1], domains 
U,;< X with u([t;-,, t,])c U; and holomorphic functions f, ¢ @(U;) for 
i=1,..., such that: 


(i) ¢ is the germ of f, at the point a and w is the germ off, at the point b. 
(ii) f|VY=fie1|Y for i=1,...,n— 1, where V; denotes the connected 
component of U; 7 U;,, containing the point u(t;). 
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Figure 5 


If one carries out the construction given in (6.7) for the sheaf © of holo- 
morphic functions, then one gets a map p: |@| > X. The next Lemma 
shows that one can interpret analytic continuation along a curve by means 
of this map. 


7.2. Lemma. Suppose X is a Riemann surface and u: [0,1] > X is a curve in X 
with u(0) =: and u(1) =:b. Then a function germ  € (, is the analytic contin- 
uation of a function germ p € ©, along u precisely if there exists a lifting 
ui: [0, 1] > |@| of the curve u such that u(0) = ¢ and ti(1) = w. 


PROOF 

(a) Suppose w e€ @, is the analytic continuation of g € @, along u. Let 
9: € Cy for te [0,1] be the family of function germs as given in the 
Definition (7.1). It follows directly from the definition of the topology of 
|@| that the correspondence t+, represents a continuous mapping 
u:[0, 1] > |@|. Thus a is a lifting of u with u(0) = go = g and u(1) = g, =p. 

(b) Suppose there is a lifting 4: [0, 1] > © of u with 4(0) = g and a(1) = y. 
For te [0, 1], let g, = a(t). Then 9, € Oy and Mo = 9%, g, = W. Lett © [0, 1] 
and suppose [U,f] < |@| is an open neighborhood of fi(r). Then there exists 
a neighborhood T [0,1] of t such that u(T)<[U,f]. This implies 
u(T) < U and 9, = a(t) = pu (f) for every t € T. But this means that yp is 
the analytic continuation of @ along u. oO 


Because of the uniqueness of liftings (Theorem 4.8) it follows from the 
lemma that if the analytic continuation of a function germ exists, then it is 
uniquely determined. Another consequence of the lemma is the Monodromy 
Theorem. 


7.3. Monodromy Theorem. Suppose X is a Riemann surface and uo, 
u,: [0, 1] > X are homotopic curves from a to b. Suppose u,,0 <s <1, is a 
deformation of ug into u, and w € ©, is a function germ which admits an 
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analytic continuation along every curve u,. Then the analytic continuations of 
@ along ug and u, yield the same function germ we C,. 


Proor. Apply Theorem (4.10) to the local homeomorphism |(@| > X, 
noting that |@| is Hausdorff by Theorem (6.10). gO 


74. Corollary. Suppose X is a simply connected Riemann surface, ae X and 
gy € ©, is a function germ which admits an analytic continuation along every 
curve starting at a. Then there exists a globally defined holomorphic function 
fe ©(X) such that p,(f) = 9. 


Remark, Because of the Identity Theorem, f is uniquely determined. 


ProoF. For any x € X let w,.€ (@, be the function germ which results from the 
analytical continuation of g along any curve from a to x. Since X is simply 
connected, wy, is independent of which curve is chosen. Set f(x):=w,(x). 
Then fis a holomorphic function on X such that p,(f) = ¢. el 


7.5. In general, even if the analytic continuation of some function germ is 
possible along two curves with the same initial and end points, then the 
resulting germs at the end point may be different. Thus if we consider all the 
germs arising by analytic continuation from the given function germ we get a 
multi-valued function. Our next task is to look at this situation and to make 
the details precise. 

Suppose X and Y are Riemann surfaces and (, and (y are the sheaves of 
holomorphic functions on them. Suppose p: Y > X is an unbranched holo- 
morphic map. Since p is locally biholomorphic, for each y € Y it induces an 
isomorphism p*: @y. py + Cy, y. Let 


0 C 
Py: Cy, ye X, ply) 


be the inverse of p*. 


7.6. Definition. Suppose X is a Riemann surface, a ¢ X isapointandgeO, 
is a function germ. A quadrupel (Y, p, f; b) is called an analytic continuation 
of ¢ if: 


(i) Y is a Riemann surface and p: Y > X is an unbranched holomorphic 
map. 
(ii) fis a holomorphic function on Y. 
(iii) b is a point of Y such that p(b) = a and 


Pxlpro(f)) = 9. 


An analytic continuation (Y, p, f, b) of @ is said to be maximal if it has the 
following universal property. If (Z, q, g, c) is any other analytic continuation 
of g, then there exists a fiber-preserving holomorphic mapping F: Z — Y 
such that F(c) = b and F*(f) =g. 
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A maximal analytic continuation is unique up to isomorphism. Namely, 
using the above notation, if(Y, p,f,b) and (Z, q, g, c) are two maximal analytic 
continuations of g, then there exists a fiber-preserving holomorphic map- 
ping G: Y > Z such that G(b) = c and G*(g) = f. The composition F » Gisa 
fiber-preserving holomorphic mapping of Y onto itself which leaves the 
point b fixed. Hence by Theorem (4.8) one has F ° G = idy. Similarly 
G > F = id, and thus G: Y > Z is biholomorphic. 


7.7. Lemma. Suppose X is a Riemann surface,a eX, @ € ©, and (Y, p,f, b) is 
an analytic continuation of g. Then if v: [0, 1] > Y is a curve with v(0) = b and 
v(1) =: y, then the function germ = p,(p,(f)) € © poy is an analytic continua- 
tion of ~ along the curve u:=p © v. 


ProoF. For t € [0, 1] let 9, =p,(Pun(S)) € Cpe = Cue: Then Go = — and 
1 = Pal fy) = W. Suppose ty € [0, 1]. Since p: YX is a local homeo- 
morphism, there exist open neighborhoods V < Y and Uc X of v(ty) and 
P(v(to)) = u(to) resp. such that p| V > U is biholomorphic. Let qg: U > V be 
the inverse mapping and let g =q*(f | V) € ©(U). Then p,(p,(1)) = Ppm(g) 
for every 7 ¢ V. There exists a neighborhood T of to in [0, 1] such that 
v(T) < V, ie., u(T) < U. For every t ¢ T 


Pun(9) =; PalPun(S)) = ®,- 
This proves that w is an analytic continuation of g along u. O 


7.8. Theorem. Suppose X is a Riemann surface, ae X and o € ©, is a holo- 
morphic function germ at the point a. Then there exists a maximal analytic 
continuation (Y, p, f, b) of o. 


Proor. Let Y be the connected component of |@| containing ¢. Let p also 
denote the restriction of the mapping p: |@| > X to Y. Then p: Y> X isa 
local homeomorphism. By Theorem (4.6) there is a complex structure on Y 
so that it becomes a Riemann surface and the mapping p: Y > X is holo- 
morphic. Now define a holomorphic function f: YC as follows. By 
definition every 7 € Y is a function germ at the point p(n). Set f(y) =n(p(n)). 
One easily sees that f is holomorphic and p,(p,(f)) = for every n € Y. 
Thus if one lets b =, then (Y, p, f, b) is an analytic continuation of 9. 
Now we will show that (Y, p, f, b) is a maximal analytic continuation of g. 
Suppose (Z, qg, g, c) is another analytic continuation of g. Define the map 
F: Z— Y as follows. Suppose € € Z and q(¢) =: x. By Lemma (7.7) the func- 
tion germ q,(p,(g)) € ©, arises by analytic continuation along a curve from a 
to x from the function germ g. By Lemma (7.2) Y consists of all function 
germs which are obtained by the analytic continuation of g along curves. 
Hence there exists exactly one 9 € Y such that q,(p,(g)) = n. Let F(¢) = n. It 
is easy to check that F: Z — Y is a fiber-preserving holomorphic map such 
that F(c) = b and F*(f) = g. Oo 
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Remark. The analytic continuation of meromorphic function germs can 
be handled by using the techniques employed in this section for holo- 
morphic function germs. One just looks at the map |.4@| —> X. So far we 
have disregarded branch points but in the next section we will also consider 
these for the special case of algebraic functions. 


EXERCISES (§7) 


7.1. Suppose X and Y are Riemann surfaces, p: Y > X is a holomorphic (un- 
branched) covering map and f: Y +C is a holomorphic function. Let be Y, 
a:=p(b) and g =p,(p.(f)) € a. Prove that (Y, p, f, b) is a maximal analytic 
continuation of ¢ if and only if the following condition is satisfied: For any two 
distinct points b,, b2 € p” ‘(a) the germs ¢, =p,(p»,(f)) and @2 '=p,(ps,(f)) 
are different. 

7.2. Suppose X is a Riemann surface and ae X. Suppose gy € @, admits an analytic 
continuation along every curve in X which starts at a. Let (Y, p, f, b) be the 
maximal analytic continuation of g. Prove that p: Y + X is a covering map. 


§8. Algebraic Functions 


One of the first examples of a multi-valued function which one encounters in 
complex analysis is the square root w = f. z. This is a particular case of an 
algebraic function, i.e., a function w = w(z) which satisfies an algebraic equa- 
tion w" + a,(z)w" '+---+a,(z)=0, where the coefficients a, are given 
meromorphic functions of z. In this section we present the construction of 
the Riemann surfaces of algebraic functions. It turns out that they are proper 
coverings such that the number of sheets equals the degree of the algebraic 
equation. 


8.1. The Elementary Symmetric Functions. Suppose X and Y are Riemann 
surfaces, x: Y — X is an n-sheeted unbranched holomorphic covering map 
and f is a meromorphic function on Y. Every point x ¢ X has an open 
neighborhood U such that 2~1(U) is the disjoint union of open sets 
V,,..., V, and m: V, > U is biholomorphic for v = 1, ..., n. Let t,: UV, 
be the inverse mapping of z| V, > U and let f, -=1* f=f > t,. Suppose T is 
an indeterminate and consider 


EPs) a Pe Gg Pen ce 
vel 


Then the c, are meromorphic functions in U and 


= (—1)'s(fi Subs 


where s, denotes the vth elementary symmetric function in n variables. If one 
carries out this same construction in a neighborhood U’ of another point 
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x’ e X, then one gets the same functions c,, ..., c,. Thus these functions 
piece together to give global meromorphic functions c,,..., c, € @(X), 
which we call the elementary symmetric functions of f with respect to the 
covering Y> X. 


8.2. Theorem. Suppose X and Y are Riemann surfaces and xn: Y + X is an 
n-sheeted branched holomorphic covering map. Suppose A < X is a closed 
discrete subset which contains all the critical values of x and let B = n~ '(A). 
Suppose f is a holomorphic (resp. meromorphic) function on Y\B and 
Cy, 0-25 Cy € O(X\A) (resp. € M(X\A)) are the elementary symmetric functions 
of f. Then f may be continued holomorphically (resp. meromorphically) to Y 
precisely if all the c, may be continued holomorphically (resp. mero- 
morphically) to X. 


The Theorem ensures that the elementary symmetric functions of a func- 
tion f e .@(Y) are also defined when the map Y — X isa branched holomor- 
phic covering. 


Proor. Suppose a € A and by, ..., b,, are the preimages of a. Suppose (U, z) is 
a relatively compact coordinate neighborhood of a with z(a)=0 and 
Um A= {a}. Then V:=n7'(U) is a relatively compact neighborhood of 
each of the b,. 

1. First consider the case fe ©(Y\B). 


(a) Assume f may be continued holomorphically to all the points b,,. 
Then fis bounded on V\{h,, ..., b,,}. This implies that all the c, are bounded 
on U\{a}. By Riemann’s Removable Singularities Theorem they may all be 
continued holomorphically to a. 

(b) Suppose all the c, may be continued holomorphically to a. Then all 
the c, are bounded on U\{a}. But this implies fis bounded on V\{b,, ..., b,,\, 
for, if y © V\{by, ..., Bn} and x = x(y), then 


f(y + cr(x) f(y)" 1 +--+ + ey (x) = 0. 


Again Riemann’s Removable Singularities Theorem implies that f may be 
continued holomorphically to every point b,,. 


2. Now suppose fe .@(Y\B). 


(a) Assume f may be continued meromorphically to all points b,. The 
function g:=2*z € O(V) vanishes at all the points b,. Thus o*f may be 
continued holomorphically to all the points b, if k is sufficiently large. The 
elementary symmetric functions of g*f are z*’c, and by the first part of the 
proof they may be continued holomorphically to a. Thus all the c, may be 
continued meromorphically to a. 

(b) Suppose all the c, may be continued meromorphically to a. Using the 
above notation one has: For k sufficiently large all the z*’c, admit holo- 
morphic continuations to a. Thus of admits a holomorphic continuation to 
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all the points b,. This implies that f may be continued meromorphically to 
all of the points b,,. O 


For later use note that the proof does not use the fact that Y is connected. 
Thus the Theorem also holds in the case that Y is a disjoint union of finitely 
many Riemann surfaces. 

If x: YX is a non-constant holomorphic map between Riemann sur- 
faces X and Y, then for any meromorphic function f on X the function 
n*f:=f > m is a meromorphic function on Y. Thus there is a map 


n*: M(X) > MY) 


which is a monomorphism of fields. 


8.3. Theorem. Suppose X and Y are Riemann surfaces and n: Y > X is a 
branched holomorphic n-sheeted covering map. If fe.M(Y) and 
Cys .s15 Cy € M(X) are the elementary symmetric functions of f, then 


SO + (wey) FP! + + (w*e,~1) f + 1%, = 0. 


The monomorphism n*: M(X)—> M(Y) is an algebraic field extension of 
degree = n. Moreover, if there exist an f © M(Y) and an x € X with preimages 
Vis +s Yn © Y such that the values fly,) for v = 1, ..., n are all distinct, then 
the field extension n*: .(X)— .M(Y) has degree n. 


Remark. We will see later (cf. (14.13) and (26.6)) that the last statement of 
the Theorem is always fulfilled. 


Proor. The existence of the equation 
Fe + DV (ete) fr =0 
v=l 


follows directly from the definition of the elementary symmetric functions 
of f. 

Let L:=.@(Y) and K =x*.4@(X) c L. Then every fe L is algebraic over 
K and the minimal polynomial of f over K has degree <n. Suppose fy € Lis 
an element for which the degree ny of its minimal polynomial is maximal. 
We claim L = K(fo). Choose an arbitrary element f¢ L and consider the 
field K(fo, f). By the Theorem of the Primitive Element there exists g € L 
such that K(fo, f) = K(g). By the definition of no one has dimy K(g) < no. 
On the other hand, 


dim, K(fo,f) = dimg K(fo) = no- 


Thus K(fo) = K(fo, f) and fe K(fo). 
Finally if the degree of the minimal polynomial of f over K were equal to 
m <n, then f would be able to take at most m different values over every 


point x e X. oO 
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8.4. Theorem. Suppose X is a Riemann surface, A < X is a closed discrete 
subset and let X'= X\A. Suppose Y’ is another Riemann surface and 
nm’: Y’ + X’ is a proper unbranched holomorphic covering. Then m' extends to a 
branched covering of X, i.e., there exists a Riemann surface Y, a proper holo- 
morphic mapping m: Y > X and a fiber-preserving biholomorphic mapping 


gy: Y\n~'(A)> YY’. 


Proor. For every a € A choose a coordinate neighborhood (U,, z,) on X 
with the following properties: z,(a) = 0, z,(U,) is the unit disk in C and 
U,0 U,=@2 if a#a’. Let U*¥ = U,\{a}. Since 2’: Y’> X’ is proper, 
n—\(U*X) consists of a finite number of connected components V%,, 
v=1,..., n(a). For every v the mapping 2’|V%,— UX is an unbranched 
covering. Let its covering number be k,,. By Theorem (5.10) there exist 
biholomorphic mappings ¢,,: V*, > D* of V%, onto the punctured unit disk 
D* = D\{0} such that the diagram 


ta 
yD 


fot. 


ae, 
U* —=+ D* 


is commutative, where 7,,(¢) = ¢*. 
Now choose “ideal points” p,,, a € A, v=1, ..., n(a), ie., pairwise 
distinct elements of some set disjoint from Y’. Then on 


Y:=Y' u {p,,:a€ A,v=1,..., n(a)} 


there exists precisely one topology with the following property. If W,, i € I is 
a neighborhood basis of a, then 


{Pat V(t (WJ a VE) tel, 


is a neighborhood basis of p,, and on Y’ it induces the given topology. This 
makes Y into a Hausdorff space. Define z: Y > X by x(y) = m'(y) for y € Y’ 
and n(p,,) = a. Then, as one easily checks, 1 is proper. 

In order to make Y into a Riemann surface, add to the charts of the 
complex structure of Y’ the following charts. Let V,, = Vx, U {p,,} and let 


Say: Vay + D 


be the continuation of the mapping ¢,,: V*, > D* described above which is 
obtained by defining ¢,,(p,,) =0. Since the last mapping is biholomorphic 
with respect to the complex structure of Y’, the new charts C,,: V,, > D are 
holomorphically compatible with the charts of the complex structure of Y’. 
The mapping z: Y > X is holomorphic. Since Y\x~1(A) = Y’ by construc- 
tion, we may choose g: Y\x '(A) > Y’ to be the identity mapping. This then 
shows the existence of a continuation of the covering 1’: Y’ > X’. O 
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The following Theorem shows that the continuation of the covering, 
whose existence was just proven, is uniquely determined up to isomorphism. 


8.5. Theorem. Suppose X, Y and Z are Riemann surfaces and n: Y > X, 
t: ZX are proper holomorphic covering maps. Let A< X be a closed 
discrete subset and let X':= X\A, Y' =n71(X’)and Z’ :=1~ '(X’). Then every 
fiber-preserving biholomorphic mapping a’: Y' > Z' can be extended to a fiber- 
preserving biholomorphic mapping a: Y > Z. In particular every covering 
transformation a’ € Deck(Y'/X’) can be extended to a covering transformation 
o € Deck(Y/X). 


PRooF. Suppose ae A and (U, z) is a coordinate neighborhood of a such that 
z(a)=0 and z(U) is the unit disk. Let U* = U\{a}. Moreover we may 
assume that U is so small that x and 7 are unbranched over U*. Let 
V,, ..., V, (resp. W,, ..., W,,) be the connected components of 2 '(U) (resp. 
t~*(U)). Then V¥:= V,\x~ '(a) (resp. W* == W, \r~‘(a)) are the connected 
components of 2” '(U*) (resp. t- '(U*)). 

Since o’|x~ '(U*) >t *(U*) is biholomorphic, n = m and one may re- 
number so that o’(V*) = W*. Since x|V*-— U* is a finite sheeted un- 
branched covering, V, ~ 27 '(a) (resp. W, ~ t~*(a)) consists by Theorem 
(5.11) of exactly one point b, (resp. c,). Hence o’| x7 1(U*) + t~ 1(U*) can be 
continued to a bijective mapping x '(U)— 7 +(U) which assigns to b, the 
point c,. Since z|V,— U and t|W,-— U are proper, the continuation is a 
homeomorphism and by Riemann’s Removable Singularities Theorem it is 
biholomorphic as well. (The Removable Singularities Theorem applies since 
V, and W, are isomorphic to the unit disk by Theorem (5.11).) If one now 
applies this construction to every exceptional point a € A, then one gets the 
desired continuation o: Y > Z. O 


Theorem (8.5) makes the following definition meaningful (cf. Definition 
5.5). 


8.6. Definition. Suppose X and Y are Riemann surfaces and x: Y> X isa 

branched holomorphic covering. Let A < X be the set of critical values of 2 

and let X’:=X\A and Y’:=x~'(X’). Then the covering Y > X is called 

Galois if the covering Y’ > X’ is Galois. 

8.7. Lemma. Suppose c,;, ..., c, are holomorphic functions on the disk 
D(R)={zeC: |z|<R}, = R>O. 


Suppose Wy € C is a simple zero of the polynomial 


T" + c,(0)T"" 1 +--+ + ¢,(0) € C[T]. 
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Then there exist anr,0 <r < R,and a function ~ holomorphic on the disk D(r) 
such that ~(0) = Wo and 


go" +c,9" 1} +-:-+ 0, =00n Dir). 


Proor. For z € D(R) and we C let 
F(z, w) = w" + ¢,(z)w"™) +--+ + ¢,(z). 


There exists an ¢ > 0 such that the function wr F(0, w) has a unique zero wy 
in the disk {we C: |w — wo| < e}. Now because of the continuity of F there 
exists an r with 0 <r < R such that in the set 


{(z, w)e C?: |z| <r, |w— wo| =e} 

the function F has no zeros. For fixed z € D(r) the integral 
1 + F(z, w) OF 
= — F —d 

ng) 2ni | F(z, w) aM, 7 


gives the number of zeros of the function wr F(z, w) in the disk with radius 
é and center wy. Since n(0) = 1 and n depends continuously on z, one has 
n(z) = 1 for every z € D(r). By the Residue Theorem the zero of w F(z, w) 
in the disk | w — wo| < € is equal to 


|w- wol=e 


1; F(z, w) 
02) => | - F(z, w) 


|w- wo] =e 
Since the integral depends holomorphically on z, the function z+> y(z) is 
holomorphic on D(r) and F(z, g(z)) = 0 for every z € D(r). O 
8.8. Corollary. Let (@, be the ring of holomorphic function germs at a point x of 
a Riemann surface and let 
PSH "4-6, Tae eg eer), 
Suppose that the polynomial 
p(T):=T" + ¢,(x)T™ 1 +--+ + ¢,(x) € C[T] 


has n distinct zeros W;, ..., W,. Then there exist elements @,, ..., Py € ©, such 
that p(x) = w, and 


P(r)= [I(T - 9) 


8.9. Theorem. Suppose X is a Riemann surface and 
P(T)=T?+¢e,T™ 1 4+--°+¢,€ W(X)[T] 


is an irreducible polynomial of degree n. Then there exist a Riemann surface Y, 
a branched holomorphic n-sheeted covering x: Y —- X and a meromorphic 
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function F <¢ M(Y) such that (x*P)(F) = 0. The triple (Y, x, F) is uniquely 
determined in the following sense. If (Z, t, G) has the corresponding properties, 
then there exists exactly one fiber-preserving biholomorphic mapping o: Z > Y 
such that G = o*F. 


To simplify the terminology (Y, z, F) is called the algebraic function defined 
by the polynomial P(T). 


Remark. The classical case is when X is the Riemann sphere P!. Then by 
(2.9) the coefficients c, of the polynomial P(T) are rational functions in one 
variable. Since P! is compact and x: Y > P! is proper, Y is also compact. 


Proor. Let A € .@(X) be the discriminant of the polynomial P(T). (A is a 
certain polynomial in the coefficients of P.) The discriminant can not vanish 
identically, for otherwise P would be reducible. There exists a closed discrete 
subset A < X such that at every point x e X':= X\A all the functions cy, ..., 
c, are holomorphic and A(x) # 0. Then for every x € X’ the polynomial 


p(T) = T" + ey(x)T’ 1 +--+ +.¢,(x) € C[T] 


has n distinct zeros. Now we will use the topological space |@| > X asso- 
ciated to the sheaf ©, cf. (6.7). Let Y’ < |@| be the set of all the function 
germs pe@,, x € xX’, which satisfy the equation P(~)=0 and let 
nm’: Y’— X" be the canonical projection. By Corollary (8.8) for every point 
x € X’ there exist an open neighborhood U c X’ and holomorphic func- 
tions f,, ..., f, € @(U) such that 


P(T) = I(r) on U. 


Then x’ *(U) = | J"-, [U,f,]. The [U, f,] are disjoint and 7’ |[U,f,.] > Uisa 
homeomorphism. This shows that Y’ > X’ is a covering map. The connected 
components of Y’ are Riemann surfaces which also admit covering maps 
over X’. Let f: Y’ + C be defined by f(@) = ¢(z'(¢)). Then f is holomorphic 
and by construction 


Fy + er(a'(y)) FQ)" 1 +0 +e, (x'(y)) = 0 


for every ye Y’. By Theorem (8.4) the covering 2’: Y’ > X’ may be continued 
to a proper holomorphic covering 2: Y + X, where we identify Y’ with 
m~ 1(X’). By Theorem (8.2) f may be extended to a meromorphic function 
F € M(Y), for which 


(x*P)(F) = F" + (n*c,)F"" 1 +--+ + 2*c, =0. 


Now we will show that Y is connected and thus a Riemann surface. Suppose 
this is not the case. Then Y has finitely many connected components 
Y,,..., Y, and 2| Y, > X is a proper holomorphic n,-sheeted covering, where 
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=n; = n. Using the elementary symmetric functions of F| Y, one gets poly- 
nomials P,(T) €¢ .@(X)[T] of degree n; such that 


P(T) = P,(T)P2(T) -- P.(T). 
But this contradicts the assumption that P(T) is irreducible. 


Uniqueness. Suppose (Z, t, G) is another algebraic function defined by the 
polynomial P(T). Let B < Z be the union of the poles of G and the branch 
points of t and let A’ :=7(B). Let 


xX’ = X'\A’, y” = 77 1x"), Z" i= 7 1X"). 


Define a fiber-preserving mapping o”: Z” > Y” in the following way. Let 
ze Z",1(z)=x and g € @, be the function germ ¢— = 1, G,. Then P(g) = 0. 
By the construction of Y’ one sees that gy is a point of Y’ over x and thus 
gy é€ Y”. Set o”(z) = . From the definition it follows directly that o” is con- 
tinuous. Since o” is fiber-preserving, o” is thus holomorphic. Moreover, o” is 
proper since z| Y” > X” is continuous and t|Z” > X” is proper. Hence o” is 
surjective. Because Y” > X” and Z” — X” have the same number of sheets, 
ao”: Z" + Y" is biholomorphic. Also from the definition of o” one gets 
G|Z" = (o")*(F| Y”). By Theorem (8.5) o” can be extended to a fiber- 
preserving biholomorphic mapping o: Z— Y for which one then has 
G = o*F. The mapping ca is in fact uniquely determined by the property 
G=o*F. For, otherwise there would exist a covering transformation 
a: YY different from the identity such that «*F = F. But this is not 
possible since F assumes distinct values on the fiber z~ '(x) over every point 
xe x’. O 


8.10. Example. Suppose f(z) = (z — a,) ‘+: (z — @,) is a polynomial with 
distinct roots a,, ..., a4, € C. Consider f as a meromorphic function on the 
Riemann sphere P!. The polynomial P(T) = T? —/f is irreducible over 
MP1) and defines an algebraic function which is usually denoted by ,/f(z). 
Its Riemann surface 2: Y  P! may be described using the above construc- 
tion as follows. Let 


A:={ay, ..., Ay} U {@}, 


X’:=P1\A and Y’:=27'(X’). Then a: Y’— X’ is an unbranched holo- 
morphic two-sheeted covering. This implies that every function germ 9 € @,, 
where x € X’, such that m” = fcan be analytically continued along every curve 
lying in X’. Now consider the covering over neighborhoods of the excep- 
tional points. 

(a) For each j € {1, ..., n} choose r; > 0 sufficiently small that no other 
point of A lies in the disk 


Uj; ={z eC: |z—a,| <rj}. 
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Since the function g(z) = [ [x+; (2 — ax) has no zeros in U, and U;, is simply 
connected, there ae a holomorphic function h: U; > c such that h? =g. 
Thus 


F(z) = (2 = a)h(e)? 


on U,. Suppose 0< p<r,;, @ € Rand let € =a, + pe’. By Lemma (8.7) 
there exists a function germ ¢. € @. such that gy? =f and 


= \/pe'?7h(C) 
If one continues this function germ along the closed curve ¢ =a, + pe’, 
0<@<2zx, then one obtains the negative of the original germ. Let 
U* =U, \{a;} and V*:=2~'(UF). Then 2: V* + U* is a connected two- 
sheeted covering as in Theorem (5.10.ii) with k = 2. For otherwise 
nm: V* + U# would split into two single-sheeted coverings and the analytic 
continuation of the function germ , along the curve ¢ =a; + pe’, 
0 < @ < 2z, would lead back to the same function germ. Hence the Riemann 
surface Y has exactly one point over the point a;. 
(b) Suppose r > max{|a,],..., |a,|} and let 


U*:={zeEC: |z| >r}. 


Then U := U* u {oo} is a neighborhood of 00, which is isomorphic to a disk, 
and which contains no other points of A. On U one can write f = z"F, where 
F is a holomorphic function having no zeros in U. Now we distinguish two 
cases: 


) n odd. Then there exists a meromorphic function h on U such that 
f(z) = zh(z)’. 

) n even. Then there exists a meromorphic function h on U such that 
f(z) = Alzy. 

Let V*:=77 1(U*). Now one shows, the same as above, that in case (i) 
nm: V* + U* is a connected two-sheeted covering and thus Y has precisely 
one point over oo, But in case (ii) 7: V* + U* splits into two single-sheeted 
coverings and thus when n is even Y has two points over oo. 


8.11. If X and Y are Riemann surfaces and x: Y > X is a branched holo- 
morphic covering map, then Deck(Y/X) has a representation into the auto- 
morphism group of the field .#@(Y) defined in the following way. For 
o € Deck(Y/X) let of =f o~'. Clearly the correspondence fro af is an 
automorphism of .4(Y). The mapping 


Deck(Y/X) > Aut(.“(Y)) 
is a group homomorphism. For suppose o, t ¢ Deck(Y/X). Then for every 
fe MY) 
(or) f=fe(otyt=fott-o '=a(fct *)=a(rf). 
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Trivially every such automorphism f+ of leaves invariant the functions of 
the subfield x*.47(X) < .@(Y) and thus is an element of the Galois group 
Aut(.4(Y)/1*.4(X)). 


8.12. Theorem. Suppose X is a Riemann surface, K ‘=.M(X) is the field of 
meromorphic functions on X and P(T) € K[T] is an irreducible monic poly- 
nomial of degree n. Let (Y, x, F) be the algebraic function defined by P(T) and 
L=.4(Y). By means of the monomorphism n*: K > L consider K as a 
subfield of L. Then L: K is a field extension of degree n and L =~ K[T]/(P(T)). 
Every covering transformation a: Y — Y of Y over X induces an automorphism 
froof:=f-a~' of L leaving K fixed and the mapping 


Deck(Y/X) > Aut(L/K) 


which is so defined, is a group isomorphism. The covering Y - X is Galois 
precisely if the field extension L: K is Galois. 


ProoF. The fact that L: K is a field extension of degree n follows from the last 
statement of Theorem (8.3). Since P(F)=0, there is a homomorphism 
K[T]/(P(T)) — L. Since both these fields are of degree n over K, this is an 
isomorphism. 

The mapping Deck(¥/X)— Aut(L/K) is injective, because oF + F for 
any covering transformation o which is not the identity. This mapping is 
also surjective. For, suppose « € Aut(L/K). Then (Y, 2, «F) is also an alge- 
braic function defined by the polynomial P(T). Thus by the uniqueness 
statement of Theorem (8.9) there exists a covering transformation 
t € Deck(Y/X) such that «F = t*F. If o:=17~', then 


oF =Foo t=Fot=t*F =aF. 


Since L is generated by F over K, the automorphism f+ of of L coincides 
with a. 

The last statement of the Theorem follows from the fact that Y is Galois 
over X (resp. L is Galois over K) precisely when Deck(Y¥/X) (resp. 
Aut(L/K)) contains n elements. O 


8.13. Puiseux Expansions. Denote by C{{z}! the field of all Laurent series 
with finite principal part 


@(z)= Vez, keZ ce, 
yak 


converging in some punctured disk {0 < |z| <r}, where r > 0 may depend 
on the element y. Then C{{z}} is isomorphic to the stalk .# of the sheaf ./% 
of meromorphic functions in the complex plane and is the quotient field of 
C{z}. 

Consider an irreducible polynomial 


F(z, w) = w" + ay(z)w""! +--+ +.a,(z) € C{{z}w] 
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of degree n over the field C{{z}}. For some r > 0, all the coefficients a, are 
meromorphic functions on 
D(r)={z eC: |z| <r}, 


and thus F may also be considered as an element of .#(D(r))[w]. It is clear 
that F is also irreducible over the field .#(D(r)). Now suppose that r has 
been chosen so small that for every a € D(r)\0 the polynomial 

F(a, w) e C[w] 


has no multiple roots. Let (Y, x, f) be the algebraic function defined by 
F(z, w) € -@(D(r))[w] in the sense of Theorem 8.9. Then 2: Y > D(r) is an n- 
sheeted proper holomorphic map which is ramified only over the origin. By 
Theorem (5.11) there exists an isomorphism 
a:D(p)> ¥, p= s/r, 

such that 

n(a(C)) = €" for every € € D(p). 
Since F(z, f) = 0, it follows that 

F(é", o(f)) =0, where g:=f> a. 


This proves the following Theorem. 


8.14. Theorem (Puiseux). Let 
F(z, w) = w” + a,(z)w""! + --- + a,(z) € C{{z}[w] 


be an irreducible polynomial of degree n over the field C{{z}}. Then there exists 
a Laurent series 


<2) 


PE)= Yet e CUE} 


vek 


such that 


F(é", p(f)) =9 


as an element of C{{C}. 


Remarks 

(1) If all of the coefficients a, are holomorphic, ie, a, C{z}, then 
gy € C{C} as well. This follows from the fact that in this case the function f 
considered in (8.13) is holomorphic on Y. 

(2) Another way of expressing the assertion of the Theorem is to say that 
the equation 


F(z, w) =0 
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can be solved by a Puiseux series 


w = o(2/z) = peer. 


(3) We can interpret the Theorem of Puiseux in the following algebraic 
way. By means of the map 


Cizh}>ClG, zee, 


C{{C}} becomes an extension field of C{{z}} of degree n. A basis of C{{C}} over 
C{{z}\ is given by 1, ¢,...,¢"~ '. The series p(¢) is a root of F in this extension 
field. Let ¢ be a primitive nth root of unity, e.g. ¢ = e?™". Then for k = 0, 
1,..., 1 — 1 we have («*C)" = (” and hence 


F(e", ple) = 0. 


Thus ¢(e*f) € C{{C}\ is also a root of the polynomial F. It is easy to see that 
the series g(e*f), k =0, 1, ..., 2 — 1, are distinct. Thus C{{¢}} is a splitting 
field of the polynomial F e€ C{{z}}[w]. 


EXERCISES (§8) 


8.1. Suppose X and Y are compact Riemann surfaces such that .@(X) and .#(Y) are 
isomorphic as C-algebras. Prove that X and Y are isomorphic. 
[Hint: Represent X and Y as the Riemann surfaces of algebraic functions defined 
by one and the same irreducible polynomial P e¢ .#(P')[T]. Also use the fact 
(proved in Corollary (14.13)) that on a compact Riemann surface the mero- 
morphic functions separate points.] 


8.2. Let X and Y be compact Riemann surfaces, a), ..., a, € X, by, ..., bm € Y and 
X':=X\{ay,..., an}, Y= Y\{by,..., ba}. Show that every isomorphism 
f. X’ > Y' extends to an isomorphism f: X > Y. 

8.3. Let F(z, w)=w? — z3wt ze C{{zifw). 
(a) Show that F is irreducible over C{{z}}. 
(b) Determine the Puiseux expansion 


fe a) 
w= Yoe2? 
v=0 


of the algebraic function defined by F(z, w) = 0. 


§9. Differential Forms 


In this section we introduce the notion of differential forms on Riemann 
surfaces. It is important to consider not only holomorphic and meromorphic 
forms but also forms which are only differentiable in the real sense. 
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9.1. Suppose U is an open subset of C. We identify C with R? by writing 
z= x + iy, where x and y are the standard real coordinates on R?. Denote 
by &(U) the C-algebra of all those functions f: UC which are infinitely 
differentiable with respect to the real coordinates x and y. Besides the partial 
derivatives (d/6x) and (@/éy), we also consider the differential operators 


-=5(¢ ra = =3( gee 
éz 2\éx dy?’ dF 2\ax " ay 
As is well-known, the Cauchy-Riemann equations say that the vector space 


@(U) of holomorphic functions on U is the kernel of the mapping 
(a/6z): €(U) > &(U). 


9.2. By means of the complex charts one can define the notion of differen- 
tiable function on any Riemann surface X. For any open subset Y c X, let 
&(Y) consist of all functions f: YC such that for every chart 
z:U>+VcC onX with U c ¥Y there exists a functionfe &(V) withf | U = 
fez. Clearly the function f is uniquely determined by f, for f= f > w, where 
yw: V > U is the inverse of z: U-> V. 

Together with the natural restriction mappings one gets the sheaf & of 
differentiable functions on the Riemann surface X. In the following differen- 
tiable will always mean infinitely differentiable. 

If (U, z), where z = x + iy, is a coordinate neighborhood on X, then the 
differential operators 


6 6 @ @ 
can be defined in the obvious way. 

Suppose a is a point in X. Then the stalk &, consists of all the germs of 
differentiable functions at the point a. Denote by m, < &, the vector sub- 
space of all function germs which vanish at a and by m2 c m, the vector 
subspace of those function germs which vanish to second order. A function 
germ @ € m, is said to vanish to second order if it can be represented by a 
function f such that, with respect to a coordinate neighborhood (U, z 
= x + iy) of a, one has 


S (a= (a) =0. 


This definition is independent of the choice of the local coordinate z. 


9.3. Definition. The quotient vector space 


TH ra 
* an? 
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is called the cotangent space of X at the point a. If U is an open neighbor- 
hood of a and f ¢ &(U), then the differential d, f ¢ T,) of fat ais the element 


d, f= (f—f(a))mod mi. 


Note that the function f — f(a) vanishes at the point a and thus represents an 
element of m,. By definition its equivalence class modulo m2 is d, f. 


9.4. Theorem. Suppose X is a Riemann surface, a € X and (U, z)is a coordin- 
ate neighborhood of a, where z = x + iy is the decomposition of z into its real 
and imaginary parts. Then the elements d,x and d,y form a basis of the 
cotangent space T\). As well (d,z, d,Z) is a basis of TY”. If fis a function which 
is differentiable in a neighborhood of a, then 


PROOF 

(a) First we will show that d,x and d,y span T{). Let t ¢ T{? and sup- 
pose ~ € m, is a representative of t. Expanding ¢ in a Taylor series about a 
yields 


p = €4(x — x(a)) + c2{y — y(a)) + 
where c,, c, € C and we m2. Taking equivalence classes modulo n12, we get 
t=c,d,x +c, dy. 


(b) Now we claim d,x and d,y are linearly independent. For, c, d,x + 
C2 d, y = 0 implies 
c1(x — x(a)) + ¢2(y — y(a)) € m2. 


Then taking partial derivatives with respect to x and y, one hasc, = c, = 0. 
(c) Suppose f is differentiable in a neighborhood of a. Then 


fsa) =F (ax — xa) + F (ay = wa) +4 


where g vanishes at a to second order. Thus 


0 
df= (a) dx + F(a) day 


Similarly, one can prove the corresponding results for (d,z, d,2). O 
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9.5. Cotangent Vectors of Type (1, 0) and (0, 1). Suppose (U, z) and (U’, z’) 
are two coordinate neighborhoods of a « X. Then 


and 


This implies d,z’ = c d,z and d,z’ = Gd,Z. 

Thus the one-dimensional vector subspaces of T{), which are spanned by 
d,z and d,2, are independent of the choice of local coordinate (U, z) about a. 
Introduce the following notation: 


ThO=C€ dz,  TS=C€ di. 


By construction TT?’ = T}:° ® T?:. The elements of T!-° (resp. T°: ') are 
called cotangent vectors of type (1, 0) (resp. (0, 1)). 
If fis differentiable in a neighborhood of a, define d, fand dj f by 


d,f=d, f+ df d, fe T)°, a, fet, 
Then 


ee pe @ 
a‘ = Lad. ang =O 
9.6. Definition. Suppose Y is an open subset of the Riemann surface X. By a 
differential form of degree one, or simply a 1-form, on Y we mean a mapping 
a aca 
acy 

with w(a) € TY for every ae Y. If w(a) € T}° (resp. w(a) ¢ T?’*) for every 
ae Y, then w is said to be of type (1, 0) (resp. of type (0, 1)). 


9.7. Examples 
(a) Suppose fe &(Y). Then the mappings df, d’f, d"f, which are defined by 


(df\la)=df,  (dfa)di fe  (a’f\la)=ai fs 
for every a € Y, are 1-forms. Clearly a function fis holomorphic precisely if 
d'f=0. 
(b) Suppose w is a 1-form on Y and f: YC is a function. Then the 
mapping fw defined by (fw)(a) =f (a)a(a) is also a 1-form on Y. 


Remark. If (U, z) isa complex chart with z = x + iy, then every 1-form on 
U may be written 


o=fdx+gdy=odz+w dz, 
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where the functions f g, g, ¥: UC are not necessarily continuous in 
general. 


9.8. Definition. Suppose Y is an open subset of a Riemann surface X. A 
1-form @ on Y is called differentiable (resp. holomorphic) if, with respect to 
every chart (U, z), @ may be written 


w=fdz+gdzonUn Y, wherefige&(Un Y), 
resp. 


w=fdzonUn Y, where fe O(U o Y). 


Notation. For any open subset U of a Riemann surface X we will denote 
by &(U) the vector space of differentiable 1-forms on U, by &*: °(U) (resp. 
&°:1(U)) the subspace of &(U) of differential forms of type (1, 0) (resp. 
(0, 1)) and by Q(U) the vector space of holomorphic 1-forms. Together with 
the natural restriction mappings &"), &1:°, €° } and Q are sheaves of vector 
spaces over X. 


9.9. The Residue. Suppose Y is an open subset of a Riemann surface, a e Y 
and w is a holomorphic 1-form on Y\{a}. Let (U, z) be a coordinate neigh- 
borhood of a such that U c Y and z(a) = 0. Then on U\{a} one may write 
w = f dz, where fe O(U\{a}). Let 


be the Laurent series expansion of f about a with respect to the coordinate z. 
If c, = 0 for every n < 0, then w may be holomorphically continued to all of 
Y. In this case a is called a removable singularity of w. If there exists k < 0 
such that c, #0 and c, = 0 for every n < k, then w has a pole of kth order at 
a. If there are infinitely many n <0 with c, #0, then @ has an essential 
singularity at a. 

The coefficient c_, is called the residue of w at a and is denoted by 


c_, = Res,(a). 
The next lemma shows that this definition makes sense. 
Lemma. The residue is independent of the choice of chart (U, z). 
Proor. Suppose V is an open neighborhood of a. 


Claim (a) If g is holomorphic on V\{a}, then the residue of dg at a equals 
zero and is thus independent of the choice of chart. 
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Proor. Let (U, z) be any coordinate neighborhood of a with z(a) = 0 and 
suppose 


is the Laurent series expansion of g about a. Then 
is 6) 
dg = ( > ney] dz 


and thus the coefficient of z~! dz is zero. 


Claim (b) If g is a holomorphic function on V which has a zero of first 
order at a, then Res,(g~ ' dg) = 1 and is thus independent of the choice of 
chart. 


Proor. Suppose (U, z) is a chart at a with z(a) = 0. Then @ = zh, where h is 
holomorphic at a and does not vanish there. Thus dg = h dz + z dh and 


dp hdz+zdh dz oh 


7) zh Zz ho 


Since h(a) # 0, the differential form h~! dh is holomorphic at a and thus has 
residue zero. This implies 


Res,() = Res,(“] =1. 
() 4 


Now using (a) and (b) one can easily finish the proof. With respect to a 
chart (U, z) with z(a) = 0 let w =f dz, where 


f= ¥ e,2" 
n=- 0 
Let 
ban’ as 
— Cn n+. Ch nt+1 
= tatty YR pnt 
2 a pee, 


Then w = dg + c_,z~' dz. From (a) and (b) one has Res,(w) = c_,, which 
is independent of the chart. O 


9.10. Meromorphic Differential Forms. A 1-form w on an open subset Y of a 
Riemann surface is said to be a meromorphic differential form on Y if there 
exists an open subset Y’ < Y such that the following hold: 


(i) w is a holomorphic 1-form on Y’, 
(ii) Y\Y’ consists of only isolated points, 
(iii) w has a pole at every point ae Y\¥’. 
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Let .@\)(¥) denote the set of all meromorphic 1-forms on Y. With the natural 
algebraic operations and the usual restriction mappings .#'” is a sheaf of 
vector spaces over X. The meromorphic 1-forms on X are also called abelian 
differentials. As well an abelian differential is said to be of the first kind if it is 
holomorphic everywhere, of the second kind if its residue is zero at every one 
of its poles and of the third kind otherwise. 


9.11. The Exterior Product. In order to be able to define differential forms of 
degree two, we have to recall some properties of the exterior product of a 
vector space with itself. Let V be a vector space over C. Then A?V is the 
vector space over C whose elements are finite sums of elements of the form 
Vy A Vz for vy, v2 € V. One has the following rules 


(vy + Lg) A v3 = 0, Az + 0, A0;5 
(Av,) A v2 = A(vy A v2) 
DyAV, = PZ ADV, 


for v1, v2, v3E Vand Ae C. If (e, ..., e,) is a basis of V, then the elements 
e;Ae;, for i<j, form a basis of A?V. In fact these properties completely 
characterize A7V, 

Now we will apply this to the cotangent space T‘!) of a Riemann surface 
X at a point a. Set 


T?) — APT), 
Let (U, z) be a coordinate neighborhood of a, where z = x + iy. Then, it 


follows from what was just said, that d,x Ad, y is a basis of T°’. Another 
basis is d,zAd,z = —2i d,x ad, y. Thus T) has dimension one. 


9.12. Definition. Suppose Y is an open subset of a Riemann surface X.A 
2-form on Y is a mapping 


o:Y> U) FY), 


aeyY 


where w(a) € T?) for every ae Y. The form w is called differentiable on Y if, 
with respect to every complex chart (U, z) on X, it can be written 


w=fdzadz withfe &(U a Y), 
where w = f dz \ dz means that w(a) = f(a) d,zAd,2 for everyae Un Y. 
Denote by &?)(Y) the vector space of all differentiable 2-forms on Y. 
Examples If @,, w, € &(Y) are 1-forms, then one can define a 2-form 
@,A@ € &(Y) by letting 
(@, A @2)(a) =a, (a) A@w,(a) 


for every a € Y. For f € &(Y) and w € &?(Y) one gets a new 2-form 
fo € &(Y) by defining (fw)(a) = f (a)w(a) for every ae Y. 


66 1 Covering Spaces 


9.13. Exterior Differentiation of Forms. We now define derivations d, d’, 
da’: €°(U) + €°(U), where U is an open subset of a Riemann surface. 
Locally a differentiable 1-form may be written as a finite sum 


O= MA dg, 


where the f, and g, are differentiable functions, e.g., o =f, dz + f, dz where 
z is a local coordinate. Set 


=) af. 0 dg... 
= dfn gy. 
d’'a=V d'f, A dgy. 


Now one has to show that this definition is independent of the representa- 
tion o =) f, dg,. We will do this for the operator d, the other cases being 
similar. 

Suppose w = >} f, dg, = ¥. f; dg;. Choose a particular coordinate neigh- 
borhood (U, z), where z= x + iy. One has to show that ) df, Adg, = 
> df, a dg;. Because 


0 0 
dg, = - dx +37 Ze po 
with a corresponding expression for dg;, one has by assumption 


PADI, LAP =I. 


Taking appropriate partial derivatives with respect to x and y and sub- 
tracting yields 


5 (28am Shen) _ (heey _ He 
Oy 0x Ox ay : 
On the other hand 


Y df, dg, => ee -S] dx a dy, 


with a corresponding formula for )° df,Adg;. The result follows 
immediately. 


9.14. Elementary Properties. Suppose U is an open subset of a Riemann 
surface, fe &(U) and w € &(U). Then 


(i) ddf = d'd'f = d'd"f =0. 
(ii) dw = d'w + d"a, 
(iii) d( fo) = dfn w + f dw with similar rules for d’ and d". 


These rules are straightforward consequences of the definitions; e.g., 
ddf = d(1- df) = di ndf=0. 
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From (i) and (ii) one gets 
d'da"f= —d'd'f, 
since 0 = (d’ + d"\(d' + a’) f=d'd'f+ d'df. 
With respect to a local chart (U, z), where z = x + iy, one has 
arr _ 1fef af 
yng — d ey pan Ae aan d ; 
da'f ao ag az Zz sil ges +S] x Ady 


Hence a differentiable function f, defined on an open subset of a Riemann 
surface, is called harmonic if d'd’f = 0. 


9.15. Definition. Suppose Y is an open subset of a Riemann surface. A differ- 
entiable 1-form w € &"(Y) is called closed if dw = 0 and exact if there exists 
fe &(Y) such that w = df. 


Remark. Because ddf = 0, every exact form is closed. However the con- 
verse is not true in general. We shall look at this question in more detail in 
the next section. 


9.16. Theorem. Suppose Y is an open subset of a Riemann surface. Then the 
following hold: 


(a) Every holomorphic 1-form w € Q(Y) is closed. 
(b) Every closed 1-form w € &'°(Y) is holomorphic. 


Proor. Suppose w is a differentiable 1-form of type (1, 0). With respect to a 
coordinate neighborhood (U, z) one may write w = f dz for some differen- 
tiable function f- Then 


_ ee ae ee ae 
dw = dfndz= (2 dz +54] Adz= — az dz ndz. 
Thus dw = 0 is equivalent to (0f/6z) = 0 and the results follow. oO 


Consequence. If u is a harmonic function, then d’u is a holomorphic 
1-form. For, dd'u = d’d'u = 0. 


9.17. The Pull-Back of Differential Forms. Suppose F: X > Y is a holo- 
morphic mapping between two Riemann surfaces, For every open set 
Uc Y the map F induces a homomorphism 


F*: &(U)>6(F-(U)), —-F*(f) =fo F. 


Generalizing this one can define corresponding mappings for differential 
forms 


F*: €®(U) + 6®(F-(U)), k= 1,2. 
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(Using the same symbol F* should cause no confusion.) Locally a 1-form 
(resp. 2-form) may be written as a finite sum } f; dg; (resp.  f; dg; A dh,), 
where the functions f;, g;, h; are differentiable. Set 


PADS aa,) = ¥ (F*f) d(F*g,), 


F*+(Y. Fda, dh) = (Ff) alta) ale*h) 
It is easy to check that these definitions are independent of the local re- 
presentations chosen and hence piece together to give unique global vector 
space homomorphisms F*: 6“(U)>6“(F~'(U)). For fe é(U) and 
w € &"(U) one has 


(i) F*(df)=d(F*f),  F*(dw) = d(F*o), 
(ii) F*(d'f) = d'(F*f), F*(d'w) = d'(F*o), 
with corresponding formulas for d@’. 


Consequence. If fe &(U) is harmonic, then F*f =f. Fe &(F~'(U)) is also 
harmonic. For, d’d"(F*f) = d'(F*d"f) = F*(d'd"f) = 0. 


EXERCISES (§9) 


9.1. Suppose p:=exp: C > C* is the universal covering of C* and w is the holo- 
morphic 1-form dz/z on C*. Find p*w. 


9.2. Prove that the holomorphic |-form 


dz 
1+27° 
which is defined on C\{+i}, can be extended to a holomorphic 1-form w on 
P'\{+i}. Let 
p=tan:C > Pl\t+i} 
(cf. Ex. 4.4) and find p*w. 


9.3. Suppose p: YX is a holomorphic mapping of Riemann surfaces, ae X, 
b € p™'(a) and k is the multiplicity of p at b. Given any holomorphic 1-form w 
on X \{a' show that 

Res,(p*w) = k Res,(w). 


§10. The Integration of Differential Forms 


Differential 1-forms can be integrated along curves. If the form is closed, 
then the integral only depends on the homotopy class of the curve. Thus on 
any simply connected surface X the indefinite integral of a closed 1-form, 
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where the integration takes place along a curve with fixed initial point and 
variable end point, is a well-defined function on X. In general the integration 
of closed forms yields multi-valued functions. But these functions display a 
very special kind of multi-valued behavior. This will be looked at more 
closely in this section. As well we consider the integration of 2-forms. This 
will be useful in transforming line integrals into surface integrals and will 
also be needed to prove the Residue Theorem. 


A. Differential 1-Forms 


10.1. Suppose X is a Riemann surface and we€ &“)(X). Further suppose that 
a piece-wise continuously differentiable curve in X is given. This means there 
is a continuous mapping 


c:[0, 1]> x 
for which there exists a partition 
0O=tfh<t,<''<t,=1 


of the interval [0, 1] and charts (U,, 2), 2 = + iy,, k= 1,..., n, such 
that c([t,-1, tJ) < U, and the functions 


SS meme [ty—1, t,] > R, Meee. [te—1, t,] > R 


have continuous first order derivatives. The integral of w along the curve c is 
defined in the following way. On U, one may write w as w = f, dx, + g, dy,. 
where the functions f,, g, are differentiable. Set 


foo Sf (fet HD + gu(ef HO) a 
dt d 


c k=1 “te-1 t 


One can easily check that this definition is independent of the choice of 
partition and charts. 


10.2. Theorem. Suppose X is a Riemann surface, c: [0, 1] > X is a piece-wise 
continuously differentiable curve and F — &(X). Then 


[ aF = F(c(1)) ~ F(c(0)). 


Proor. Choose a partition 0 = to < t; <--:<t, = 1 and charts (U,, z,) as 
above. On U, one has 
OF OF 


dF = — — dy,. 
ax, Bee ie Vr 
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25 | (;, Flee) dt 


K=1 “th-1 


= ¥ (Flett,)) ~ Ple(,-1))) = Fle(1)) ~ F(c(0) 0 


10.3. Definition. Suppose X is a Riemann surface and w € &)(X). A func- 
tion F e &(X) is called a primitive of w if dF =a. 

By (9.15) any differential form which has a primitive is necessarily closed. 
But the primitive of a differential form is not unique. If F is a primitive of w 
and c eC, then F + c is also a primitive of w. Conversely any two primitives 
differ by a constant. For, if dF = 0, it follows, for example using Theorem 
(10.2), that F is a constant. 

Using Theorem (10.2) one can easily compute any line integral of a 
differential form if one knows one of its primitives. And it also follows from 
the Theorem that the integral of an exact differential form along a curve 
depends only on the initial and end points of the curve. 


10.4. The Local Existence of Primitives. Suppose U:={z eC: |z| <r', 
where r > 0, is an open disk about zero in C and w € &")(U). The differen- 
tial form w may be written 


w=fdx+gdy, f.geé&(U), 


where x, y are the usual real coordinates on R? = C. Assume that « is closed, 
ie., dw = 0. Since 
é 
dw = dfadx + dgandy = (:° — ‘| dx a dy, 
6x éy 
this is equivalent to (0g/éx) = (df/Cy). We will prove that w has a primitive F 
which is given by the integral 


1 


F(x, y)= [| (f(tx, tye + gtx, ty)y) dt, for (x, y) € U. 


0 


One sees directly that F is infinitely differentiable. One has only to verify 
that dF = a, i.e., (@F /0x) = f and (6F/éy) = g. Differentiating under the 
integral sign, we get 


F(x, y) [af 
ef (2 


(tx, ty)tx + se (tx, ty)ty + f (tx, a) dt. 
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Since 


6g _ of d = of of 
ae ay and ht S (tx, ty) = ay (tx, ty)x + ay ty)y, 


one then has 


Cg F (tx, ty) + f (tx, 0} dt 


-[ 


Similarly, (@F/éy) = g. This proves that dF = w. 
In the special case that w is holomorphic, the proof of the existence of a 
primitive on the disk U is much easier. Namely, in this case one has 


w =f dz with fe O(U). 


£ f (tx, ty)) dt =f (x, y). 


Let 


n=0 
be the Taylor series expansion of f Then defining 


oo: ~2C 
F = nN ogntl 
(2) me n+1 5 
gives us a function F € ©(U) such that dF = . 
Globally a primitive of a closed differential form exists in general only as 
a multi-valued function. This is made precise in the next theorem. 


10.5. Theorem. Suppose X is a Riemann surface and w € &\({X) is a closed 
differential form. Then there exist a covering map p: X > X with X connected, 
and a primitive F € &(X) of the differential form p*w. 


Proor. Let ¥ be the sheaf of primitives of w. This is defined as follows. For 
an open set Uc X let A(U) consist of all functions fe &(U) such that 
df=qa on U. The sheaf ¥ satisfies the Identity Theorem (cf. Definition 
(6.9)), since any two elements f,, f. ¢ #(U), where U is a domain in X, differ 
by a constant. Consider the associated space p: |¥#|— X. By Theorem 
(6.10) the space |.¥ | is Hausdorff. Now we will show that p: |¥| > X isa 
covering map. For every point a € X there exist by (10.4) a connected open 
neighborhood U and a primitive fe F(U) of w. Thenf + c, for c € C, are all 
the primitives of @ on U. Hence 


p'(U)= U[U. f+ ¢}. 


cec 
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The sets [U, f+c] are pairwise disjoint and all the mappings 
p|[U. f +c] U are homeomorphisms. This proves that p: |¥|— X is a 
covering map. Let X c |#| be a connected component. Then p|X — X is 
also a covering map. Since X is a set of function germs, a function F: X > C 
is defined in a natural way by F(~) :=@(p(@)). It then follows directly from 
the definitions that F is a primitive of p*w. 


10.6. Corollary. Suppose X is a Riemann surface, x: X + X its universal 
covering and w € &"(X) a closed differential form. Then there exists a primi- 


tive fe &(X) of n*a. 


Proor. Let p: X +X be the covering map construction in (10.5) and let 
F € &(X) be a primitive of p*w. Since 7: X > X is the universal covering, 
there exists a holomorphic fiber-preserving mapping 1: X¥ +X. Let 


fi=t*F € &(X). Then fis a primitive of t*(p*w) = 2*a. oO 


10.7. Corollary. On a simply connected Riemann surface X every closed differ- 
ential form w ¢ &(X) has a primitive F € &(X). 


This follows from (10.6) since id: X > X is the universal covering. 


10.8. Theorem. Suppose X is a Riemann surface and p: X — X is its universal 
covering. Suppose w € &(X) is a closed differential form and F € &(X) is a 
primitive of p*w. If c: [0, 1] + X is a piece-wise continuously differentiable 
curve and @: [0, 1] + X is a lifting of c, then 


| © = F@1)) — F@O)) 


c 


Proor. For every piece-wise continuously differentiable curve v: [0, 1] > X 
and every differential form w € &"(X) one has 


| pto= i a. 

v “pew 
This follows directly from the definitions. The theorem then follows from 
Theorem (10.2). oO 


10.9. Remark. Theorem (10.8) now gives a way to define the integral of a 
closed differential form along an arbitrary (continuous) curve c: [0, 1] > Xx, 
namely by the given formula. This definition is independent of the choice of 
the primitive F of p*w, for any two primitives only differ by a constant and 
taking the difference kills this. The definition is also independent of the 
lifting of the curve c. For suppose u and v are two liftings of c. Since the 
covering p: X > X is Galois (cf. 5.6), there is a covering transformation a 
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such that v=o o u. Since p> o = p, one has o*(p*w) = p*w. Thus o*F is 
also a primitive of p*w and so o*F — F = const. Hence 


F(v(1)) — F(v(0)) = o* Fu(1)) — o* F(u(0)) = F(u(1)) — F(u(0)) 


and thus the value of the integral is the same for both liftings. 


10.10. Theorem. Suppose X is a Riemann surface and w € &(X) is a closed 
differential form. 


(a) Ifa, b € X are two points and u, v: [0, 1] + X are two homotopic curves 
from a to b, then 
[ Qo= [ @. 


(b) Ifu, v: [0, 1] > X are two closed curves which are free homotopic, then 


joxfo 


u “v 


PROOF 

(a) Let p: X + X be the universal covering and suppose ii, ¢: [0, 1] > X 
are liftings of u and v resp. with the same initial point. By Theorem (4.10) @ 
and ¢ also have the same end point. Hence the result follows from Theorem 
(10.8). 

(b) Suppose the curve u has initial and end point x, and the curve v has 
initial and end point x,. Then there exists a curve w from x, to x, such that u 
is homotopic to w: v- w_, cf. (3.13). Hence by (a) one has 
o=|o+fo-[o=lo. | 


u wep we v aa) 


10.11. Periods. Suppose X is a Riemann surface and w € 6(X) is a closed 
differential form. Then by Theorem (10.10) one can define the integral 


a =| o, aE 7,(X), 


by choosing any curve representing the homotopy class o and integrating 
along that curve. These integrals are called the periods of w. Clearly 


| o=lo+fa for o, t € 7,(X). 
Thus one gets a homomorphism z,(X)— C of the fundamental group of X 


into the additive group C. This homomorphism is called the period homo- 
morphism associated to the closed differential form w. 
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Example. Suppose X = C*. By (5.7.a) 7,(C*) = Z. A generator of 7,(C*) 
is represented by the curve u: [0, 1] + C*, u(t) = e?"". Let w = (dz/z), where 
z is the canonical coordinate. Then 


» dz 
| Oo= | = = 27. 
Hence the period homomorphism of w is 
Z->C, n> 2zin, 


where we have explicitly realized the isomorphism Z = 2,(C*) by the corre- 
spondence nt>cl(u"). 


10.12. Summands of Automorphy. Suppose X is a Riemann surface and 
p: X +X is its universal covering. The group G ‘= Deck(X/X) of covering 
transformations of the universal covering, as was observed in (5.6), is isomor- 
phic to the fundamental group of X. Ifo ¢ Gand: X > C isa function, then 
we can define a function of: X > C by of:=foa~1. If g: X >C is another 
function, then o(f + g) = of + og and o( fg) = (af )(og). Also for o, te G 
one has (ot) f = o(zf). 

A function f: X¥ > C is called additively automorphic with constant sum- 
mands of automorphy, if there exist constants a, ¢ C, o € G, such that 


f-of=a, for every ceG. 


The constants a,, which are uniquely determined by /, are called the sum- 
mands of automorphy of f. Then of — otf=a, for any o, te G, since 
f-—tf=a,. Thus 


d,, =f—aof=(f— of) + (of— of) =a, +4,. 


Hence the correspondence gta, is a group homomorphism 
Deck(X/X) > C. 

Any function f: X — C which is invariant under covering transformations, 
ie., of =f for every o eG, is an example of an additively automorphic 
function. In particular its summands of automorphy are all zero. For any 
such function there exists a function fo: X > C such that f= p*f,. If f is 
differentiable (resp. holomorphic) then fo is differentiable (resp. holo- 
morphic) as well. 


10.13. Theorem. Suppose X is a Riemann surface and p: X + X is its univer- 
sal covering. 

(a) Ife &(X) is a closed differential form and F € &(X) is a primitive of 
p*w, then F is additively automorphic with constant summands of automorphy. 
Its summands of automorphy a,, o € Deck(X/X), are, with respect to the 
isomorphism 1,(X) = Deck(X/X), exactly the periods of w. 
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(b) Conversely suppose F € &(X) is an additive automorphic function with 
constant summands of automorphy. Then there exists precisely one closed 
differential form w € &(X) such that dF = p*a. 


PROOF 
(a) Ifo is any deck transformation, then because p « ¢~ 
oF is also a primitive of p*w. Thus 


—a,:= oF —F 


1 = p the function 


is a constant. Suppose x9 € X and zy € X isa point with p(zy) = x. Suppose 
a € Deck(X/X). By (5.6) the element & € ,(X, x9) which is associated to o 
can be represented as follows. Choose a curve v: [0, 1] + X with v(0):= 
Yo:=a '(z9) and v(1)*= 29 = a(yo). Then u:=p © v is a closed curve in X 
and @ = cl(u). By Theorem (10.8) the periods of w with respect to a are given 
by 


[ w = F(0(1)) — F((0)) = F(z) — F(a" '(29)) = ~ay. 


(b) If F has summands of automorphy a,eC, then for every 
a € Deck(X/X) one has 


o*(dF) = do*F = d(F + a,) =F. 


Thus the closed differential form dF is invariant under covering trans- 
formations. Since p: XX is locally biholomorphic, there exists 
we &"(X) such that dF = p*w. Clearly w is uniquely determined and is 
closed. O 


10.14. Example. Suppose [ = Zy, + Zy2, where 7), y2 € C are linearly 
independent over R, is a lattice in C. Let X =C/T. 

The canonical quotient mapping 2: C > X is also the universal covering 
map and Deck(C/X) is the group of all translations by vectors y € I, cf. 
(5.7.c). Consider the identity map z: C > C. Then the function z is additively 
automorphic under the action of Deck(C/X ) with summands of automorphy 
a, =, y € 1. Hence dz is invariant under covering transformations. Thus 
there exists a holomorphic differential form w € Q(X) such that p*w = dz 
and whose periods are exactly the elements of the lattice I. 


10.15. Theorem. Suppose X is a Riemann surface. A closed differential form 
wo € &"(X) has a primitive f € &(X) if and only if all the periods of w are zero. 


Proor. If w has a primitive, then by (10.2) all its periods are zero. 
Conversely, suppose that all the periods of w are zero. By Corollary (10.6) 

there exists, on the universal covering p: X + X, a primitive F ¢ &(X) of 

p*w. By (10.3), F has summands of automorphy 0. Thus there is an fe &(X) 
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such that F = p*f. Then this function is a primitive of «w, since p*w = dF = 
d(p*f) = p*(df) implies w = df. CO 


Remark. If all the periods of w vanish, then by Theorem (10.2) one gets a 
special primitive of w from the integral 


Here xX, € X is a fixed arbitrary point and the integral is along any curve 
from xX to x (the integral is in this case independent of the choice of curve). 


10.16. Corollary. Suppose X is a compact Riemann surface and Ww, € Q(X) 
are two holomorphic differential forms which define the same period homo- 
morphism 1,(X)—>C. Then wm, =a. 


Proor. The difference w:= jw, — w, has zero periods and thus has a primi- 
tive fe @(X). Since X is compact, fis constant and thusw=df=0. 


B. Differential 2-Forms 


10.17. Next we look at integration of differential 2-forms in the complex 
plane. Suppose U < C is open and w € &®(U). Then w may be written 


w=fdxady= 5 fdzadz, where fe &(U). 
Assume that f vanishes outside of a compact subset of U. Then define 


[fo=f[ Pls y) dx ay, 


U U 


where the right-hand side is the usual double integral. 

Now suppose V is another open subset of C and gy: V > U is a biholo- 
morphic mapping. If g = u + iv is the splitting of ¢ into its real and imagin- 
ary parts, then by the Cauchy-Riemann equations the Jacobian determinant 
of the mapping ¢ is 


O(u,v) _dudv  Gudv _ rac 
a(x, y) Oxéy dy dx ; 


Thus the transformation formula for the integral becomes 


[[ fax ay =|] (fo o)lo'F dx ay. 
U Vv 
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On the other hand, 
e*(dz Adz) = dp Ad = (g' dz) A(@' d2) = |’ |? dz nd? 
and thus p*w = (f° @)|’|? dx Ady. Hence 


U Vv 


10.18. Now suppose X is a Riemann surface. By the support of a differential 
form w on X we mean the closed set 


Supp(@) = {a e X: w(a) ¢ 0}. 


The support Supp(f) of a function f: X > C is defined analogously. 

(a) Suppose g: UV is a chart on X and w € &(X) is a differential 
form whose support is compact and contained in U. Then (y~')*a is a 
differential form with compact support in V < C and thus one can define 


[o=[o= ore 


This definition is independent of the choice of chart. For, suppose 
1. U, > V, is another chart with Supp(@) < U,. Without loss of generality 
we may assume U = U, (otherwise take the intersection). Then 

w=, op i VYV, 


is a biholomorphic mapping. Since 


(g "Sto = (pr ' > Wo = W*((97 ')*o), 
by (10.17) one has 
|| (po! )Fo = || (erro. 
v Vi 
Thus f{, w is defined independently of the choice of chart. 
(b) Now suppose w € &)(X) is an arbitrary differential form with com- 


pact support. Then there exist finitely many charts g,: U,>V,,k =1,...,n 
such that 


Supp(m) < (J Ux. 
k=1 


Then one can find functions f, ¢ &(X) with the following properties (a 
so-called “partition of unity,” cf. Appendix A): 


(i) Supp( fx) < Ux. 
(ii) =1 fi(x) =1 for every x € Supp(«). 
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Then f,@ is a differential form with Supp(f,w) € Ux and 


w= > fw. 
k=1 
Define 


i oi > [I fo. 


x 


Here the right-hand side is defined by (a). Again it is straightforward to 
check that the definition is independent of the choice of charts and functions 


Sue 


10.19. Later on we want to use a special case of Stokes’ Theorem in the 
plane. Suppose U c C is open and A c U is a compact subset with smooth 
boundary GA. Then for every differential form w € &")(U) 


ijao=| 0 


Here the boundary is oriented so that the outward pointing normal of A and 
the tangent vector to 0A in this order determine a positively oriented basis of 
the plane. 

We will need the theorem only in the case that A is a disk or an annulus 


A={zeC:e<|z|<R} O<e<R. 


In the second case, GA consists of the positively oriented circle |z| = R and 
the negatively oriented circle |z| =«. Then Stokes’ Theorem for 
w=fdx+g dy says 


yp (@-2 


ax =I dx dy = Laaee + g dy) — J alae +g dy). 


e<|z/<R 


We would now like to prove this formula directly by introducing polar 
coordinates z = re’, ie., 


x=rcos 0, y=rsin@, 
First we look at the case w = g dy. Thus dw = (dg/0x) dx a dy. Noting that 


562 sin 6 a 
O caaga, Same 
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and letting g(r, 0) = g(re'®), one gets 


[[ do = {I © dx dy = {| (cos 0B — 00 38) ar ao 
A 


é 66 
es|z/<R esr<R 
O<0<2n 
= | (cos 6 5 (ra) - u (in 09) ) ara. 
Pace or 00 
0202 2n 


Now for every fixed r é [e, R] 


.2n @=2n 

| = (sin 6g) dé = sin 0 G(r, 0) = 0. 

9 9=0 

Then 
2n R a : 
| doo =|. cos of | 5, a) ar ao 

2n 27 

=| 9(R,6)Rcos0.d0—|  9(e, @)e cos 6 dd 
10) 0 


=| gdy- gdy=| w. 
I oe R lo =e is 
The case w = f dx is reduced to the case just considered by making the 
change of coordinates (x, y)k> (y, —x) and noting that this transformation 
has Jacobian determinant 1. This proves Stokes’ Theorem for an annulus. 
The case of the disk is obtained by letting ¢— 0. 


10.20. Theorem. Suppose X is a Riemann surface and w € &(X) is a differ- 
ential form with compact support. Then 


as 


Proor. By multiplying by a partition of unity as in (10.18.b) we may write w 
asa sum w =a, +--+ q@,, where each w, has compact support which lies 
entirely in one chart. 

Without loss of generality we may thus assume X = C. 

Choose R > 0 so large that 


Supp(w) < {z eC: |z| < R}. 


end saat ag Oo 


|z|SR |z|=R 


Then 
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10.21. The Residue Theorem. Suppose X is a compact Riemann surface and 
a;,...,4, are distinct points in X. Let X':=X\{a,, ..., a,}. Then for every 
holomorphic 1-form w € Q(X’), one has 


x Res,,(@) = 0. 


k= 


PRrooFr. Choose coordinate neighborhoods (U,, z,) of the a, such that 
U; 0 U, = @ ifj # k. Also we may assume that z,(a,) = 0 and z,(U,) < C is 
a disk. For every k = 1, ..., n choose a function f, with compact support 
Supp(/,) < U, such that there exists an open neighborhood U; < U, of a, 
with f,| Uj, = 1. Set g=1—(f, +--+ +/J,). Then g| U;, = 0. Thus gw may be 
continued to the point a, by assigning it the value zero, and may thus be 
considered as an element of &"")(X). By (10.20) 


il d(gw) = 0. 


x 


Since w is holomorphic, dw = 0 on X’. On Uj, 4 X’ one has f,@ = @ and 
thus d(f,w)=0. Hence d(f,@) may be considered to be an element of 
€°(X) whose support is a compact subset of U,{a,}. Now d(gw) = 


—¥ d(f,@) implies 
Y || df) =0. 
k=1 Xx 
Hence the proof will be complete once we show 
il d(f,w) = —2ni Res,,(@). 


x 


Since the support of d( f,w) is contained in U,, we only have to integrate 
over U,. Using the coordinate z, we may identify U, with the unit disk. 
There exist 0 < ¢ < R < 1 such that 


Supp( fi) < {|Ze]< R} and fl {|z| <e} = 1. 


But then 
[ano= |[ dho)=(  fo-| feo 
x e<lzilsR lznJ=R [Zk =e 
=- (i w = —2ni Res,,(a) 
|zu] =e 
by the Residue Theorem in the complex plane. oO 


10.22. Corollary. Any non-constant meromorphic function f on a compact 
Riemann surface X has, counting multiplicities, as many zeros as poles. 
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Proor. The differential form w := df/fis holomorphic except at the zeros and 
poles of f. If ae X is a zero (resp. pole) of mth order of f, then Res,(w) = m 
(resp. Res,(w) = —m). Hence the result follows from the Residue Theorem. 


C 
Remark. We already proved this Corollary in (4.25) using coverings. 


EXERCISES (§10) 


10.1. Let X be a Riemann surface and w be a holomorphic 1-form on X. Suppose ¢ 
is a primitive of w on a neighborhood of a point ae X and (Y, p, f, b) is a 
maximal analytic continuation of w. Prove 


(a) p: YX is a covering map 
(b) fis a primitive of p*w 
(c) The covering p: Y > X is Galois and Deck({Y/X) is abelian. 


10.2. Let X = C/T be a torus. Given any homomorphism 
a:m(X)>C 


show that there exists a closed 1-form we &(X) whose period homo- 
morphism is equal to a. 


10.3. Suppose X is a Riemann surface and w € .@)(X) is a meromorphic 1-form on 
X which has residue zero at every pole. Show that there is a covering p: Y > X 
and a meromorphic function F ¢ .#@(X) such that dF = p*w. 


10.4. Let [ <C be a lattice. Use the Residue Theorem to show that there is no 
meromorphic function f ¢ .@(C/I) having a single pole of order 1. 


§11. Linear Differential Equations 


In this section we consider linear differential equations of the form 
w’ = A(z)w, where A(z) is a given n xn matrix which depends holo- 
morphically on z. A vector-valued function w = w(z) is sought which 
satisfies the differential equation. Locally, for any given initial condition 
w(Zo) = Wo, there always exists a unique holomorphic solution. This solu- 
tion may be continued along every curve in the domain of definition of A. 
However this continuation is, in general, no longer a single-valued function. 
It turns out that closer consideration of this multi-valued behavior gives a 
good insight into the structure of the solutions. 


11.1. Notation. Denote by M(n x m, C) the vector space of all n x m 
matrices with coefficients in C and by GL(n, C) the group of all invertible 
n x n matrices with complex coefficients. If X is a Riemann surface, then a 
mapping 

A: X >M(n x m,C) 
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is called holomorphic if all the coefficients a: X —> C are holomorphic. The 
set of all holomorphic mappings A: X + M(n x m, C) will be denoted by 
M(n x m, O(X)). One can define GL(n, ©(X)) similarly. 


11.2. Theorem. Suppose A € M(n x n, ©(D)) is a holomorphic n x n-matrix 
on the disk 
D:={zeC: |z| <R}, whereO<R< oo. 
Then for every wo€C" there exists precisely one holomorphic function 
w: D-—C" such that 
(1) w'(z) = A(z)w(z) for every z € D, 
(2) w(0) => Wo . 


(Here we are identifying C” with the space M(n x 1, C) of column vectors.) 


PROOF 
(a) The matrix A can be expanded in a Taylor series 


A(z) = yy. Are’. A, = (aj) € M(n x n, C) 
v=0 


in D. (This is to be understood as a system of n? equations for the entries of 
A(z).) Now suppose that the solution w has the form 


w(z) = he z’, c, = (cy) € C*. 


If this series converges in D, then (1) is equivalent to 
keg t= ( 4,3')| 22 = jy S, A,c,) 2 
k=1 w=0 \v=0 k=0 \ywt+ve=k 
Le., 
(3) (K+ U ens: = Vk-0 Ay_y cy for every keEN. 
The initial condition (2) is equivalent to cp = wo. Hence by (3) one can 
recursively compute all the coefficients c,. This shows the uniqueness of the 
solution. 
(b) In order to prove the existence of a solution we have to show that the 
series for w, having the coefficients computed in (3), does in fact converge in 


D. To do this we will use the majorant method of Cauchy. 
For an arbitrary r with 0 <r < R the series 


2 
2 |a;;,|r 
v=0 


converges. Hence there exists N € N such that 


(4) |aj,|< Nr°’"' for every ve N andl <ij<n. 
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Define an n x n matrix B = (b;;) which is holomorphic in |z| < r by letting 


N Z\ dN SY 
(5) biz) = ( poe for all i, j 
Let Wo = (Wi9,---s Wao) and K = max(|wy9/,.-., | Wao] ). Now we can find a 


solution of the differential equation 
v'(z) = B(z)v(z) 


in the disk |z| <r which satisfies the initial condition v(0) = (K, ..., K). By 
(a) the solution is unique and is given by 


o(z) = (U2), .--, W(2)), 


where 


We) = K{1 -3)" 


r 


The function & is a solution because 


W'(2) = ON (1 =)" = ni (1 -7) “ve 


r r r 


On the other hand, the differential equation v' = Bv can be solved using 
power series. If 


B(z) = >) B,z", B, = (bij,) € M(n x n, C) 
=0 
and 
(z)= V2. = (ny) eC" 


are the appropriate power series, then analogous to (a) one has 


(6) (K+ Iya = ee, By- yy. 
Then from (4) and (5), it follows that 


lai; |< dij for every i, j, v. 


Since | co | = |Wio| < K = Yio for i= 1, ..., n, comparison of (3) and (6) and 
induction on k implies 


Cij|< vx foreveryke N andi=1,...,n. 
a] ik 


Since the series }', y,2*=w(z) converges for |z| <r, one has that 
>. C2" = w(z) converges as well. 
Since r < R is arbitrary, the series converges on all of D = {|z| < R}. 
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11.3. On a Riemann surface X a linear differential equation for an unknown 
holomorphic function w: X > C" may be written in the form 


dw = Aw, 


where A = (a,;) € M(n x n, Q(X)) is a given n x n matrix of holomorphic 
1-forms a;; ¢ Q(X). For any local chart (U, z) on X one has A = F dz, where 
F e M(n x n, ((U)) and the differential equation becomes 


dw _ 


But this is just the form of equation studied in (11.2). 


11.4. Theorem. Suppose X is a_ simply connected Riemann surface, 
Ae M(n x n, Q(X)) and xo € X. Then for every ce C" there exists a unique 
solution w € @(X)" of the differential equation 


dw = Aw 


satisfying w(x) = ¢. 


PROOF 

(a) By Theorem (11.2) there exists a connected open neighborhood U, of 
Xo and a solution fe ©(Uo)" of the differential equation df= Af with 
f (Xo) = ¢. Now we will show that f may be analytically continued along any 
curve a: [0, 1] + X having initial point x). Then by Corollary (7.4) these 
continuations will piece together to form a global function w € @(X)" which, 
because of the Identity Theorem, satisfies the differential equation dw = Aw 
on all of X. 

(b) By Theorem (11.2) there exists a partition 


0O=t)<t,< 3° <t,=1 


of the interval [0, 1] and domains U,, j = 1, ..., k — 1, with the following 
properties: 


(i) o([t;, t)+1]) < U; for j = 0, ..., k — 1, where U, is the neighborhood 
of Xp mentioned above. 

(ii) For any initial value c; ¢ C" there exists f; e @(U;)" with df; = Af; and 
fla(t;)) =¢).f=1,...,k—-1. 

Now, starting with the solution fo:=f on Up, found in (a) and using 
induction on j one can construct solutions f; on U; satisfying 


Silat) = Sj—1(2(t))). 
From the uniqueness proved in Theorem (11.2) and the Identity Theorem it 
follows that f;_, and f; agree on the connected component of U;_, > U; 
containing a(t;). This proves that f can be analytically continued along a. 


O 
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11.5. Corollary. Suppose X is a Riemann surface, p: X > X is its universal 
covering, Xo € X isa point and yg € X is a point such that p(Vo) = Xo. Suppose 
Ae M(n xn, Q(X)) and ceC". Then there exists a unique solution 
w € ©(XY' on the universal covering X of X of the differential equation 


dw = (p*A)w 
satisfying w(Yo) = c. 


11.6. Factors of Automorphy. Suppose X is a Riemann surface and 
A € M(n x n, Q(X)). On the universal covering p: X — X let L,, be the set of 
all solutions w € @(X)" of the differential equation 


dw = (p*A)w. 


Just as in the theory of real linear differential equations one can show that 
L, is an n-dimensional vector space over C and that w,,..., w, ¢ L4 are 
linearly independent precisely if for an arbitrary point ae X the vectors 
w,(a), ..., w,(a) € C” are linearly independent. Therefore a basis w,, ..., w, 
of L, defines an invertible matrix 


® :=(wy, ..., W,) € GL(n, O(X)) 


such that d® = (p*A)®. Such a matrix is called a fundamental system of 
solutions of the differential equation dw = Aw. Let G = Deck(X/X) = 7,(X) 
be the group of covering transformations of p: X + X. Analogous to (10.12), 
for g € G we can set o@:=@~ a '. Then o® as well as ® satisfies the 
differential equation d(o®) = (p*A)(o®) and thus is another fundamental 
system of solutions. Hence there exists a constant matrix T, e GL(n, C) such 
that 
o® = OT,. 


If t is another covering transformation, then 
OT,, = to = 1(OT,) = (c®)T, = OT, T,, 


ie, T,, =T,T,. Hence the correspondence o+>T, defines a group 
homomorphism 


m,(X) = Deck(X/X) > GL(n, C). 


The matrices T, are called the factors of automorphy of ®. Now conversely 
suppose a homomorphism 


T: Deck(X/X)>GL(n,C), oT, 
and a holomorphic mapping 

®: X¥ >GL(n, C) 
are given such that 


o® = OT, for every o € Deck(X/X). 
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The matrix (d®)®~! ¢ M(n x n, Q(X)) is then invariant under covering 
transformations, for 


o(d®- &-') = (d@- T,(@T,)"' =do- o"". 


Hence there is a matrix A € M(n x n, Q(X)) such that p*A = d®- ©"! and 
® is a fundamental system of solutions of the differential equation dw = Aw. 


11.7. Now consider the special case 
X={zeC:0< |z| <R}, whereO<R<o. 


Then by (5.7.b) the group of covering transformations of the universal cover- 
ing p: X +X is Z. Let o be one of the generators of Deck(X/X). On X the 
logarithm of the coordinate function on X exists, ie., there exists a holo- 
morphic function 


log: X +C 
such that exp o log = p. Now we may assume that o is chosen so that 
o log = log + 2zi. 


Suppose A € M(n x n,Q(X))and ® € GL(n, @(X)) isa fundamental system of 
solutions of the differential equation dw= Aw. Since Deck(X/X) = 
{o": ne Z}, the behavior of ®as an automorphic function is determined by the 
matrix T e¢ GL(n, C) which satisfies 


o® = OT. 


If ¥ ¢ GL(n, ©(X)) is another fundamental system of solutions of dw = Aw, 
then there exists a matrix S e GL(n, C) with ‘¥ = ®S. Thus 


o = PS-'TS = YT, 


where T :=S~'TS. Hence by a suitable choice of the fundamental system 
one can in fact arrange it so that the factor of automorphy T has Jordan 
normal form. 


11.8. The Exponential of Matrices. For a matrix A ¢ M(n x n, C) define the 
exponential of A by 


Then each entry of the matrix converges absolutely. If A, Be M(n x n, C) 
are matrices which commute with each other, i.e, AB = BA, then 


exp(A + B) = exp(A)exp(B). 


One proves this in the same way that one proves the comparable result for 
the exponential of complex numbers, namely by multiplying together the 
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series for exp(A) and exp(B) to get the series for exp(A + B). In particular if 
B= —A, then exp(A)exp(— A) = J, i-e., exp(A) € GL(n, C). 
If S e GL(n, C) and A ¢ M(n x n, C), then 

exp(S~ 14S) = S~'(exp A)S. (*) 
Now for every matrix Be GL(n, C) there exists a matrix Ae M(n x n, C) 
such that 

exp 4 = B. 

Because of (*), it suffices to prove this in the case that B has Jordan normal 
form. If B is a diagonal matrix with entries 1,,..., 4, ¢ C*, then one can 
simply choose A to be the diagonal matrix with entries p,,..., u,, where 


exp(u;) = A;. A general matrix in Jordan normal form is made up of Jordan 
blocks of the form 


oe 603 = A(E + (1/2)N), 


where N = 


A matrix A, such that exp(A,) = B, is given by 
A= HE +M, 
where exp(y) = 4 and 


NE 


1 a 1 
M =loglE+—N]:= = 
o4( +3 ] 2 1) oT 


The series contains only finitely many non-zero terms since N is nilpotent. 


11.9. Suppose A is an n x n matrix whose coefficients are holomorphic 
functions on a Riemann surface X. Then the coefficients of the matrix exp A 
are also holomorphic on X, since the series converges uniformly on compact 
subsets of X. 
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If A e M(n x n, @(X)) is a matrix such that 
A-dA=dA-A, 
then 
d(exp A) =dA-exp A=exp A: dA. 
This follows immediately when one differentiates the exponential series term 
by term. 
11.10. Theorem. Suppose T € GL(n, C) is a given matrix and Be M(n x n,C) 
is a matrix such that 
exp(27iB) = T. 


Now consider the differential equation 
w =— Bw 


on X ={zeC:0< |z| <R}. Then 
®, = exp(B log) 


is a fundamental system of solutions of w' = 1 Bw on the universal covering 
p: X +X which has T as its factors of automorphy, i... 
oDy = Do T. 


Here a is defined the same as in (11.7). 
Proor. From the remark in (11.9) it follows that ®> = (1/z)B®, . Moreover, 
o®, = 0 exp(B log) = exp(Bo log) 
= exp(B(log + 2zi)) = exp(B log)exp(27iB) = ©) T. oO 
Remark. The theorem shows that given any punctured disk X and 
prescribed factor of automorphy one can always find a differential equation 


whose solution has this as its factor of automorphy. We will look at the same 
problem on an arbitrary non-compact Riemann surface X in §31. 


11.11. Theorem. Suppose the notation is the same as in Theorem (11.10) and 
Ae M(n x n, ©(X)). Then the differential equation 


w = Aw 
has a fundamental system of solutions ® « GL(n, ©(X)) of the form 
© = ¥O,, 


where ©) = exp(B log) for a constant matrix Be M(n x n, C) and ¥ is invar- 
iant under covering transformations, i.e., ‘¥ defines an element in GL(n, O(X)). 
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Proor. Suppose ® € GL(n, 0(X)) is a fundamental system of solutions of 
w’ = Aw and 


o® = QT, where T e GL(n, C). 
By (11.10) one can find ®) = exp(B log) € GL(n, ©(X)) such that 
o®, = OT. 

Then for ¥ :-=@@, ! one has oF = oO 
11.12. By Theorem (11.11) any fundamental system of solutions of a differen- 
tial equation w’ = Aw on the punctured disk X = {0 < |z| < R} may be 
represented as the product of a very special kind of multi-valued function 
®, = exp(B log) and a single-valued (matrix-valued) function ¥. Now this 
function ‘¥ can be expanded in a Laurent series on X. The origin is called a 
regular singular point or a singularity of Fuchsian type of the differential 


equation w’ = Aw if has at most a pole at the origin, te., if only finitely 
many terms with negative exponent occur in the Laurent series. 


11.13. Theorem. Let X :={zeC: 0< |z|<R}. If the matrix Ae 
M(n x n, O(X)) has at most a pole of first order at the origin, then the origin 
is a regular singular point of the differential equation w' = Aw. 
Proor. The proof requires two lemmas. 

(1) Suppose K >0 is a constant and F: ]0, ro] > R* is a continuously 
differentiable positive-valued function, whose derivative satisfies the inequality 

K 
|F(r)| < = F(r) for every r € ]0, rol. 

Then 


F(r)< Fal”) - for every r € 0, rol. 


Proof of (1). From the assumption one gets 

d F'(r) K 

— log F(r) = —~ > -—. 
dr © (") F(r) ~ or 

By integrating over the interval [r, ro], one obtains 


F(ro) Yo 
F(r) > —K log a 


log 


Thus 
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(2) Suppose f is a holomorphic function on X. Then 


é 2 r 
<I fF <21f ls" 


Here (6/@r) denotes the radial derivative with respect to polar coordinates 
z= re’, 


Proof of (2). Since f is complex differentiable, 


rie mee OF) _ yp 
oa aa and thus fl 1s" 
Moreover 
of _ (a) Cdl eae 
x= (5] and thus Flesh 
This implies 
é al leet of ; 
SirPla|rs +s 2) <2. 


Now the actual proof of Theorem 11.13! By (11.11) there exists a fundamen- 
tal system of solutions of w’ = Aw which may be written ® = 'P®,, where 
W € GL(n, ©(X)) and ®, = exp(B log) with B « M(n x n, C). Then 
1 
DM = AD = PD, + YD) = VO + V- 5 BP. 
Multiplication by ®) + on the right yields AY = ‘P’ + (1/z) PB, ie., 
1 

Y= AV — —'PB. (*) 

Since the matrix A has at most a pole of first order at 0, there exists a matrix 


A, which is holomorphic on the whole disk |z| < R such that A = (1/z)A,. 
Define the norm of a matrix C = (c;,) by 


1/2 
ic) =(SleaP) 
jak 


Then from (*) it follows that given any ry € JO, R[ there exists a constant 
M > 0 such that 


M 
[Y'@l <— |¥@)| ford < jz) =r<ro. 


Suppose i, are the components of the matrix ‘V. For fixed 6 € R let 


F(r) = |/'¥(re”) |? = » | winlre”)|*. 
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By means of (2) one gets 
|F'(r)| < 2) | waelre)|-[vialre”)| 
Js 
i Hyp 2M i 
< 2/'¥ (re) | -P(re*)| < —— | ¥ (re), 
ie., |F'(r)| < (2M/r)F(r). Now from (1) it follows that 


Fo) < Feo") 


ro 
Le., 
: : r\™ 
i¥(re®)) < Iroe*)) (= ] 
Hence ¥ can have a pole of order at most M at the origin. im 


We are now going to use Theorem (11.13) to determine the form of the 
solutions of certain linear second order differential equations which arise 
quite often in practice. 


11.14, Theorem. Suppose D = {z € C: |z| < R} and X = D\{0}. Suppose a, 
b € @(D). Then the differential equation 


w+ Oy 4 7Oy 9 (1) 


has, on the universal covering p: X > X, a fundamental system (~,, @2) of 
solutions which has one of the following forms: Either 


te = 21h, (z), 
@2(z) = 2?*W2(z), 
or 
hae = 2? ,(z), 
p2(z) = 2°(W(z)log z + w2(z)). 
Here p, p1, P2 denote complex numbers and W,, Wz € O(D). 


Remark. log z and z? = e? '°8? are single-valued holomorphic functions on 
X. Holomorphic functions on D will be interpreted as functions on X which 
are invariant under covering transformations. 


Proor. We reduce the differential equation to a system of two differential 
equations of first order by setting 


t 


wW,'=W, wi '=2zw, 


92 1 Covering Spaces 


Since w = zw” + w’, equation (1) is equivalent to the system 


2 
—_ Se gaye A. 2) 


> 
a “ 


Theorem (11.13) may be applied to the system (2). Thus it has a fundamental 
system of solutions of the form 


@(z) = 2" (z)exp(B log z), 


where n € Z, ¥ e GL(2, ((D)), Be M(2 x 2,C). By a change of basis one may 
even assume that B has Jordan normal form. 


Case 1: B is a diagonal matrix, Le., 
a, O 
B= ; 
(6 a 


z 0 
exp(B log z) = (; | 


o> (OP aemal=Zlun soll 


Thus @,(z) = 2"**'W,(z), 2(z) = 2"**7y2(z). 


Then 


Case 2: B is a Jordan block, Le., 


a 1 
a= (5 
Then 
wi logz 
exp(B log z) =z F i 
and this yields 
Pilz) = 2""*Wi(z) —— Pa(z) = 2"**(Wi(z)log 2 + W2(2)). O 


11.15. Bessel’s Equation. As an example consider the differential equation, 
which is known as Bessel’s equation, on C* 


1 2 
watws (1-2 )w=0. (1) 
z z 
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Here p is an arbitrary complex number. By Theorem (11.14) the equation 
has at least one solution of the form 


p(z) = 2° Y c,2", pec, Co # 0. (2) 


p'(z) = 2? )' (op + nlp + n— 1e,2"7?. 
n=0 


Substituting this into the differential equation and collecting together the 
resulting coefficient of z°*"~*, one sees that the differential equation is 
satisfied precisely if 


(i) (9° — p*)eo = 0, 
(ii) ((o + 1)? — p*)cy = 0, 
(iii) ((p + n)* — p?)c, + ¢,-2 =90 for every n > 2. 
Since co #0, (i) implies p = +p. For n = 2k even, (iii) becomes 
(iii 27k(p + k)co, + Cy, =O. 


We now distinguish two cases. 


Case 1. pe C\Z. A solution to the system of equations (i)-(iii) is given by 
Cox+1 = 9 


Co = (—1)*4)* ~ 


Ki(p + 1)-- (p +k) 
for every k e N and arbitrary cy. Since 


T(o+k+ l)=(p+k\(o +k—1)- (p + IT (p + 1), 


for the special choice cy = 1/I'(p + 1) this gives 


k(1\2k 1 
C2, = (—1)*(4) Tk +10 (p+k4+ 1) 


The Bessel function of order p is defined to be 


se (5) p T(k + ce k+1) (;) : 


What we have done shows that J, and J_, are two linearly independent 
solutions of the differential equation (1). 
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Case 2: p€ Z. We may assume p > 0. In this case equation (2) with p = p 
necessarily leads to the solution ¢g(z) = const - J,(z). If p #0 and p = —p, 
then using (iii)’ and the fact that cp #0 first gives c,, #0 for all k < p and 
then for k = p the contradiction 0 « c,, + ¢2,- = 0. Thus equation (2) for p 
an integer can only give us one linearly independent solution. By Theorem 
(11.14) equation (1) has a second solution which is linearly independent of J, 
and has the form 


(z) = J,(z)log z + g(z), 


where g is a function holomorphic on C* having at most a pole at 0. Differ- 
entiation gives 


We) = Iyfellog 2 + J,l2) + 9), 


2 1 
We) = Iplellog 2 + = Ji(2) — <5 Jple) + 9"€2) 


Substituting this into the differential equation and using the fact that 
w = J,(z) is already a solution of (1), one gets that y is a solution of (1) 
precisely if 
a I ft p? 2 {a 
a'(e)-+~a(e)+ (1S) at) = - 2 ye) 


This equation can be solved by a power series of the form 


This solution is then uniquely determined up to the addition of a constant 
multiple of J,. This solution, when properly normalized, is the so-called 
Neumann Function N, (or Bessel function of the second kind) and together with 
J, forms a fundamental system of solutions of Bessel’s equation (1), cf. [52], 
[58]. 


EXERCISES (§11) 
11.1. Show that for every Ac M(n xn, C) 

det(exp A) = exp(trace A). 
11.2. Calculate exp(A,) for 


11 Linear Differential Equations 95 


11.3. Let X ={zeC:0< |z| < R}, p: X +X be its universal covering and o be a 
generator of Deck(X/X). Find a holomorphic map 


®: X > GL(3, C) 

such that 
i 1 0 
1 


00 i 


CHAPTER 2 
Compact Riemann Surfaces 


Amongst all Riemann surfaces the compact ones are especially important. 
They arise, for example, as those covering surfaces of the Riemann sphere 
defined by algebraic functions. As well their function theory is subject to 
interesting restrictions, like the Riemann-Roch Theorem and Abel’s 
Theorem. More recently the theory of Riemann surfaces has been gener- 
alized to an extensive theory for complex manifolds of higher dimension. 
And the methods developed for this are very well suited to proving the 
classical theorems. One such method is sheaf cohomology and we give a 
short introduction to this in the present chapter. 

To a large extent Chapter 2 is independent of Chapter 1. Essentially only 
§1 (the definition of Riemann surfaces), the first half of §6 (the definition of 
sheaves) and §§9 and 10 (differential forms) will be needed. 


§12. Cohomology Groups 


The goal of this section is to define the cohomology groups H'(X, F), where 
# isa sheaf of abelian groups on a topological space X. In our further study 
of Riemann surfaces, these cohomology groups play a very decided role. 


12.1. Cochains, Cocycles, Coboundaries. Suppose X is a topological space 
and ¥ isa sheaf of abelian groups on X. Also suppose that an open covering 
of X is given, ie., a family U =(U;);-; of open subsets of X such that 
ier U; =X. For q=0, 1, 2, ... define the qth cochain group of ¥, with 
respect to U, as 

Ci, F) = I] F(U 


(io, «++ igh La+ 1 


sgt Ue): 
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The elements of C4(U, ¥) are called q-cochains. Thus a q-cochain is a family 


Viet ier! Such that ifr € FU, --» VU;,) 


for all (ig,...,i,)¢1%*1. The addition of two cochains is defined 
component-wise. Now define coboundary operators 


6: CU, F)> C'(U, F) 
5: CU, F) > CU, F) 
as follows: 
(i) For (fier € CU, F) let 5(fi)ier) = (Gis), pe, Where 
9; '=f, —f,e F(U; 0 Uj). 


Here it is understood that one restricts f; and f; to the intersection U; 4 U, 
and then takes their difference. 


(ii) For (fi); jer € C'(U, F) let 5((f;)) = (Gis) where 
Giz: = Sie — Sia + Sy € FU; UZ Uj). 


Again the terms on the right are restricted to their common domain of 
definition U; A U,; A U,. 


These coboundary operators are group homomorphisms. Let 
Z'(U, F) =Ker(C1(U, F) 4 CU, F)), 


BU, F) =Im(C°U, F) 4 CU, F)). 


The elements of Z'(U, F )are called 1-cocycles. Thus by definition a 1-cochain 
(fj) € C'(U, F) is a cocycle precisely if 


Sie = Sig + Sin on U;n U; A U, (*) 
for all i, j, k e I. One calls (*) the cocycle relation and it implies 
Sii = 0, Sij = “fies 


One obtains these from (*) by letting i = j = k for the first and i = k for the 
second. 

The elements of B'(U, F) are called !-coboundaries. In particular every 
coboundary is a cocycle. A coboundary is also called a splitting cocycle. 
Thus a 1-cocycle (f,;)€ Z'(U, F) splits if and only if there is a 0-cochain 
(9;) € C°(U, F) such that 


fij= 9-9; on U,; U, for every i,j e/. 


12.2. Definition. The quotient group 
H'(U, F):=Z'(u, F)/B'(U, F) 
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is called the 1st cohomology group with coefficients in ¥ with respect to the 
covering U. Its elements are called cohomology classes and two cocycles 
which belong to the same cohomology class are called cohomologous. Thus 
two cocycles are cohomologous precisely if their difference is a coboundary. 

The groups H'(1l, #) depend on the covering I. In order to have coho- 
mology groups which depend only on X and F, one has to use finer and 
finer coverings and then take a limit. We shall now make this idea precise. 

An open covering B=(V,)-x is called finer than the covering 
u =(U;,);.,, denoted B < U, ifevery V, is contained in at least one U;. Thus 
there is a mapping t: K > J such that 


yc U, for every ke K. 
By means of the mapping t we can define a mapping 
i: ZU, F) > ZB, F) 
in the following way. For (f;;) ¢ Z'(U, F) let t3((/;)) = (Ga) where 
Ger =e, al Ve OY for every k, le K. 


This mapping takes coboundaries into coboundaries and thus induces a 
homomorphism of the cohomology groups H'(U, #)—> H'(%, ¥), which 
we also denote by ¢}. 


12.3. Lemma. The mapping 
th: H'(u, #) > H'(%, F) 
is independent of the choice of the refining mapping t: K > 1. 


Proor. Suppose 7: K > / is another mapping such that V, < U;, for every 
k e K. Suppose (f,;) ¢ Z*(U, F) and let 


Ga =f alVe VY and Ga'=facalVe a N- 


We have to show that the cocycles (g,,;) and (g,,) are cohomologous. Since 
Ve c Uy A Uy, one can define 


hy = fix, tel Va € F (Vi)- 
On V, 0 V, one has 
Ga — Ga = Sex, i — Sen, a 
= faa + Sayin — Sax — faa 
= foci — Sa, = Me - hy. 


Thus the cocycle (gy) — (9x) is a coboundary. Oo 
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12.4. Lemma. The mapping 
ty: H\(u, F) > H'(B, F) 
is injective. 


Proor. Suppose (f,;)€ Z'(U, F) is a cocycle whose image in Z'(B, F) 
splits. One has to show that (f;;) itself splits. 

Now suppose fx. = 9% — 9: On Veo Vj, where g, ¢ F(V,). Then on 
U;0 Yo V, one has 


9 — = Seat = Seni t+ Sit =Si, ct ~ Sia ces 


and thus f+ 9 =Ji, «1 + 91. Applying sheaf axiom II (see Definition (6.3)) 
to the family of open sets (U; 7 V,).-x, one obtains h; ¢ F(U;) such that 


h=fioutg, onu;nh. 
With the elements h; found in this way, on U; 4 U, 27 V, one has 


Sig =Si, ce + See, 5 = Si, te + On — Si, ck — Ge = hy — hy. 


Since k is arbitrary, it follows from sheaf axiom I that this equation is valid 
over U; > Uj, 1.e., the cocycle (f;;) splits with respect to the covering U. 


O 


12.5. The definition of H'(X, #). If one has three open coverings such that 
W< B<U, then 


tho ty = thy. 


Thus one can define the following equivalence relation ~ on the disjoint 
union of the H'(U, F), where U runs through all open coverings of X. Two 
cohomology classes ¢¢ H'(U, F) and ne H'(U', F) are defined to be 
equivalent, denoted € ~ n, if there exists an open covering 8 with B < U 
and 8 <U’ such that t¥(&) = c'(n). The set of equivalence classes is the 
so-called inductive limit of the cohomology groups H'(U, ¥) and is called 
the Ist cohomology group of X with coefficients in the sheaf ¥. In symbols 


AMX, F)= lim HU, F) = (uy HU, A))|~ 


Addition in H'(X, #) is defined by means of representatives as follows. 
Suppose the elements x, ye H'(X, #) are represented by ¢ ¢ H'(U, F) 
resp. 4 € H'(U’, F). Let B be a common refinement of U and U’. Then 
x+yeH'(X,F) is defined to be the equivalence class of #(é) + 
t3(n) € H'(%, F). One can easily check that this definition is independent 
of the various choices made and makes H'(X, #) into an abelian group. If 
F is a sheaf of vector spaces, then in a natural way H'(U, F) and H1(X, #) 
are also vector spaces. 
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From Lemma (12.4) it follows that for any open covering of X the canoni- 
cal mapping 


H'(U, F) > H4(X, F) 


is injective. In particular this implies that H'(X, #)=0 precisely if 
H'(u, F) = 0 for every open covering U of X. 


12.6. Theorem. Suppose X is a Riemann surface and & is the sheaf of differen- 
tiable functions on X. Then H'(X, &) =0. 


Proor. We give the proof under the assumption that X has a countable 
topology. However this assumption is always valid, see §23. 

Suppose U = (U;);-, is an arbitrary open covering of X. Then there is a 
partition of unity subordinate to U, i.e. a family (W); <, of functions 
w; € &(X) with the following properties (cf. the Appendix): 

(i) Supp(W;) ¢ Ui. 

(ii) Every point of X has a neighborhood meeting only finitely many of 
the sets Supp(w;). 

(iii) Lier Wi= 1 
We will show that H'(U, &) = 0, ie. every cocycle (f,;) ¢ Z'(U, &) splits. 

The function w; f,;, which is defined on U; ~ U;, may be differentiably 
extended to all of U; by assigning it the value zero outside its support. Thus 
it may be considered as an element of &(U;). Set 


gi = Py W; Sij- 


Because of (ii), in a neighborhood of any point in U;, this sum has only 
finitely many terms which are not zero and thus defines an element 
g, € &(U;j). For i, Jeé I 


9: —- Gj) = PRE ik —~ PEs Sn =X al fi ik — Syn) 
= 2 alfa + Sua) = = Lvs a ahi 
on U; 4 U; and thus (f;;) is a coboundary. ‘a 
Remark. In exactly the same way one can show that on a Riemann surface 


X the 1st cohomology groups with coefficients in the sheaves €&), &1:°, €° 
and &) also vanish. 


12.7. Theorem. Suppose X is a simply connected Riemann surface. Then 


(a) H}(X, C) =0, 
(b) H3(X, Z)=0. 
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Here C (resp. Z) denotes the sheaf of locally constant functions with values 
in the complex numbers (resp. integers), cf. (6.4-e). 


PROOF 

(a) Suppose U is an open covering of X and (c;,;) ¢ Z'(U, C). Since 
Z'(U,C)<Z(u,é&) and H'(U,é)=0, there exists a  cochain 
(f)) € C°(U, &) such that 


cj,=f—-f, on U; 0 U;. 


But dc;; = 0 implies df, = df; on U; ~ Uj, and thus there exists a global 
differential form w € &")(X) such that w|U; = df,. Since ddf, = 0, it follows 
that w is closed. Because X is simply connected, by (10.7) there exists 
fe &(X) such that df=. Set 


C= fj —f| U;. 


Since dc; = df,;-df=w—qa@=0 on U;, c; is locally constant, ie., 
(c;) € C°(U, C). On U; 4 U, one has 


cy=f-f=(i-f) -(i-f) =ai- ¢, 
and thus the cocycle (c;;) splits. 
(b) Suppose (a;,) € Z'(U, Z). By (a) there exists a cochain (c;) « C°(U, C) 
such that 
ay =C;-C on U;O Uy. 


Since exp(2zia,,) = 1, one has exp(2zic;) = exp(2zic,) on the intersection 
U,; 7 U,. Since X is connected, there exists a constant b € C* such that 


b =exp(2zic;) for every j € I. 
Choose c € C such that exp(2zic) = b and let 
aj=cj;—C. 


Since exp(2zia,;) = exp(2zic,)exp(—2zic) = 1, it follows that a; is an integer, 
ie., (a;) € C°(U, Z). Moreover 


An = Cj-% = (C5-—¢) —- (4 — 0) =a; -— &, 
i.e., the cocycle (a;,) lies in B'(U, Z). DO 


The next theorem shows that in certain cases one can calculate H'(X, F) 
using only a single covering of X. 


12.8 Theorem (Leray). Suppose ¥ is a sheaf of abelian groups on the topologi- 
cal space X and U=(U;);-; is an open covering of X such that 
H}(U,;, ¥) =0 for every ie I. Then 


H1(X, ¥#) = H'(U, F). 


Such a U is called a Leray covering (of 1st order) for the sheaf ¥. 
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Proor. It suffices to show that, for every open covering B = (V,),..4, with 
B <U, the mapping ty: H'(U, F)—> H'(%, F) is an isomorphism. From 
(12.4) this mapping is injective. 

Suppose t: 4 > / is a refining mapping with V, c U,, for every a ¢ A.To 
prove the surjectivity of t%, we must show that given any cocycle 
(fp) € Z'(B, F), there exists a cocycle (F,;)¢ Z'(U, F) such that the 
cocycle 


(Fea, oa) — Sap) 
is cohomologous to zero relative to the covering B. Now the family 
(U; 7.V,)ve4 IS an open covering of U; which we denote by U; 9 &. By 
assumption H'(U; 0 B, F) =0, ie., there exist g,,€ F(U; > V,) such that 
Sap = Gix — Gig on U; 0 VO Vy. 
Now on the intersection U; 1 U; 4 V, 0 V; one has 
G ja — Gia = Dip — Gig 
and thus by sheaf axiom II there exist elements F;; ¢ #(U; ™ Uj) such that 
Fi; =Gja— Gin ON U; 0 U; A V,. 
Clearly, (F;;) satisfies the cocycle relation and thus lies in Z'(U, F). Let 
hy ?=9ix.a|V, € F(V,). Then on V, 4 V; one has 
Fig, wo — fas = (9:8, « — Gra, x) a (9,2 = 9:5, 8) 
= 92p,p — Iran = hg = liye 


and thus (F,,, 3) — (fag) splits. oO 


12.9. Example. As an application of Leray’s Theorem, we will show 
ANM(C*, Z)=Z. 


Let U,:=C*\R_ and U,:=C*\R,, where R, and R_ denote the positive 
and negative real axes respectively. Then U = (U,, U,) is an open covering 
of C*. By (12.7) H'(U;, Z) =0 since U; is star-shaped and thus simply 
connected. Thus H'(C*, Z) = H'(U, Z). 

Since any cocycle (a;))¢ Z'(U, Z) is alternating, ie, a,;,=0 and 
a;;= —4;;, it is completely determined by a,, and thus Z1(U, Z)= 
Z(U, © U;). But the intersection U, ~ U, has two connected components, 
namely the upper and lower half planes, and thus Z(U, ~ U,)= Z x Z. 
Since U; is connected, Z(U;) = Z and hence C°(U, Z) = Z x Z. The coboun- 
dary operator 6: C°(U, Z) > Z'(U, Z) is given with respect to these isomor- 
phisms by 


ZxZ-2ZxZ, (by, bz) (bz — by, bz — by). 
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Thus the coboundaries are exactly the subgroup Bc Z x Z of those ele- 
ments (a;, a2) with a, = a,. Hence H'(U, Z)= Z x Z/B~= Z. 


Similarly one can show H'(C*, C) = C. 


12.10. The Zeroth Cohomology Group. Suppose ¥ is a sheaf of abelian 
groups on the topological space X and U = (U,);., is an open covering of X. 
Set 


ZU, F):=Ker(C(U, F) > CU, F)), 

B°(U, F) =0, 

H°(U, F) = Z°(U, F)/B(U, F) = ZU, F). 
From the definition of 6 it follows that a 0-cochain (f;) ¢ C°(U, #) belongs 
to Z°(U, F) precisely if f,| U; a U; =f;|U; a U; for every i, j € I. By sheaf 


axiom II the elements f; piece together to give a global element fc #(X) and 
there is a natural isomorphism 


H°(U, F) = ZU, F) = F(X). 


Thus the groups H°(U, #) are entirely independent of the covering U and 
one can define 


H°(X, F) =F(X). 


EXERCISES (§12) 
12.1. Suppose p,, ..., p, are distinct points of C and let 
X =C\{py, ..., Da} 


Prove 
H'(X, Z)= 2". 


[Hint: Construct a covering U =(U,, U2) of X such that U, and U, are 
connected and simply connected and U,;™U, has n+1 connected 
components. | 


12.2. (a) Let X be a manifold, U < X open and V € U. Show that V meets only a 
finite number of connected components of U. 
(b) Let X be a compact manifold and U = (U;);-;, B = (Vic, be two finite 
open coverings of X such that V; € U; for every i € I. Prove that 


Im(Z'(U, C) > Z"(¥, C)) 


is a finite-dimensional vector space. 
(c) Let X be a compact Riemann surface. Prove that H'(X, C) is a finite- 
dimensional vector space. 
[Hint: Use finite coverings U = (U;), B = (V,) of X with V, € U;, such that all 
the U; and V, are isomorphic to disks.] 
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12.3. (a) Let X be a compact Riemann surface. Prove that the map 
H'(X, Z) > H'(X, C), 


induced by the inclusion Z c C, is injective. 
(b) Let X be a compact Riemann surface. Show that H’(X, Z) is a finitely 
generated free Z-module. 
[Hint: Show first, as in Ex. 12.2.c), that H'(X, Z) is finitely generated and then 
use 12.3.a) to prove that H'(X, Z) is free.] 


§13. Dolbeault’s Lemma 


In this section we solve the inhomogeneous Cauchy~Riemann differential 
equation (df/0z) = g, where g is a given differentiable function on the disk X. 
This is then used to show that the cohomology group H1(X, @) vanishes. 


13.1, Lemma. Suppose g €¢ &(C) has compact support. Then there exists a 
function f € &(C) such that 


f 
oz 


Proor. Define the function f: C >C by 
1 + Zz 
iQ) 55 ipa dz a di. 
c - 


Since the integrand has a singularity when z = ¢, one has to show that the 
integral exists and depends differentiably on ¢. The simplest way to do this is 
to change variables by translation and then introduce polar coordinates r, 0, 
namely let 

z=C+re, 


With regard to the integration ¢ is a constant and one has 
dz ndz = —2i dx Ady = —2ir dr ado. 


pey=— 1 fe, ar ao 


Thus 


= : [[ oC + ree! dr ao. 


Since g has compact support, one has only to integrate over a rectangle 
O<r<R, 0<06< 2xz, provided R is chosen sufficiently large. One may 
differentiate under the integral sign, ie., fe &(C) and 


40- -2// ee ) 9-H dr dd. 
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Changing back to the original coordinates, one has 


Of a a) 
a = sali (fa | dz nd, 


where B, ={z € C: ¢ < |z| < R}. Since 


dg(S+2z)1_ eg(C+z)1 _ 2 (4) 
Zz @2 


z 


a oz 62 


for z #0, one has 


a 
52 0) = 3 lim [[Ze[®] de ade = — tim if do, 


aes e770 
where the differential form w is given by 


re en aed 


2miz 
(here one considers z as a variable and ¢ as a constant). By Stokes’ Theorem 


dz 


a ete |) dee Net o=lim| © 


e+0 e>0 e>O “|z|=e 


Parametrizing the circle |z| = ¢ by z = ce’®, 0 < 0 < 2n, one gets 
We ae nes 
ag (6) = Him 5 | g(E + ve) db. 


Now the integral gives the average value of the function g over the circle 
€ + ee” for 0 < @ < 2z. Since g is continuous, this converges to g(¢) as e > 0, 
Le., 


ae) = g(C). Oo 


The next theorem shows that one may drop the assumption that g has 
compact support. 


13.2. Theorem. Suppose X ={z eC: |z| <R},0<R< 0, and ge &(X). 
Then there exists f € &(X) such that 


Ff _ 
oz 


This theorem is a special case of the so-called Dolbeault Lemma in 
several complex variables, see [32]. 
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Proor. In this case a solution cannot simply be given as an integral as in 
(13.1), for the integral will not converge in general. For this reason we use an 
exhaustion process which allows (13.1) to be applied in the present setting. 
Suppose 0< Ry <R,<-:-<R, is a sequence of radii such that 
lim, ... R, = R and set 
X,={z eC: |z| <R,}. 


There exist functions y,, € &(X) with compact supports Supp(W,) ¢ X,+1 
and w,|X, = 1. The functions y,g vanish outside X,,, and thus if one 
extends them by zero, they become functions on C. By (13.1) there exist 
functions f, € &(X) such that 


of, =Wrg on x. 


Here and in the following we use the abbreviation 6 := (6/02). 
By induction we alter the sequence (f,) to another sequence (/,), which 
for all n > 1 satisfies 


(i) F=g on X,, 
(ii) |fi+i tn %,-152". 


(As usual let || f||,*=sup,.x | f(x)| denote the supremum norm.) Set 
Fi :=f;. Suppose f;, ..., 7, are already constructed. Then 


Ofna —f,) =0 on X,, 


and thus f,,, —f, is holomorphic on X,,. Hence there exists a polynomial P 
(e.g., a finite number of terms of the Taylor series of f,., —f,) such that 


Il fo+a —f, —P 
If we set f,,1'=f,41 — P, then (ii) is satisfied. Moreover, on X,,, one has 
Tae = Ofn+1 — OP = Ofna. =Wn4i9 =9 


i.¢., (i) also holds. Since every point z € X is contained in almost all X,, the 
limit 


Xn-1 Ss 2" 


f(@) := lim fA) 
exists. On X, one may write 


fah+ Yor f 


For k>n, the functions f,,,—f, are holomorphic on X,, since 


(Fes 1 — fx) = 0. 


Because of (ii), the series 


ES Sah) 


k=n 
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converges uniformly on X,, and is thus holomorphic there. Hence f = f, + F,, 
is infinitely differentiably on X, for every n and thus fe &(X). As well 


of=,=9 onX, 
for every n and thus df = g on all of X. Oo 


Remark. Naturally the solution of the equation Of = g is not uniquely 
determined, only up to the addition of an arbitrary holomorphic function. 


13.3. Corollary. Suppose X ={z eC: |z| < R},0<R < o. Then given any 
g € &(X), there exists f e &(X) such that Af = g. 
Here 


is the Laplace operator. 


Proor. Choose f, € &(X) such that 0f; = g and f, e &(X) such that Of, =f. 
Then f:=4f, satisfies Af = g, for 


af, 0 (7) @ (2) _ fy 


Af oO 


~ Oz 2  dz\dz}  dz\oz} a2 


13.4. Theorem. Suppose X :={zeC:|z|<R}, O<R<oo. Then 
H'(X, 0) =0. 


Proor. Suppose U = (U;) is an open covering of X and (f,;)) € Z'(U, @)isa 
cocycle. Since Z'(U, ©) < Z'(U, &) and H1(X, &) = 0, there exists a cochain 
(g;) € C°(U, &) such that 


fig =9i-—9; on U;O U;. 


Since Of,; = 0, one has dg, = 6g; on U; ~ U; and thus there exists a global 
function he &(X) with h|U;=0g;. By (13.2) we can find a function 
g € &(X) such that 6g = h. Define 


SiP=Gi- g- 


Now f; is holomorphic, since df, = 0g; — 6g = 0, and thus (f;) € C°(U, @). As 
well on U; ~ U; one has 


Si —fj =Gi—- G9; = fij, 
ie., the cocycle ( f;;) splits. O 


13.5. Theorem. For the Riemann sphere H'(P', ©) =0. 
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Proor. Set U, = P'\oo and U, = P'\0. Since U,; = C and U, is biholomor- 
phic to C, it follows from (13.4) that H'(U;, ©) = 0. Thus U = (U,, U2) isa 
Leray covering of P’ and H'(P’, 0) = H'(U, @) by (12.8). Thus the proof is 
complete once one shows that every cocycle (f,;) € Z'(U, ©) splits. In order 
to do this, it is clearly enough to find functions f; € @(U;) such that 


fiz=h-f, on U,o U,=C*. 
Let 


fi2(z) = x Caz" 


be the Laurent expansion of f,, on C*. Set 


FOES oe and f3(z)= — + oe 


n=—-© 


Then f; € @(U;) and f, —fo =fi2. C 


EXERCISES (§13) 


13.1. Let X ={z eC: |z| < R}, where 0 < R < «. Denote by # the sheaf of har- 
monic functions on X, Le. 


H#(U)={f: U>C: fis harmonic} 
for U < X open. Prove 
H'(X, #) =0. 


13.2. (a) Show that U = (P'\oo, P'\0) is a Leray covering for the sheaf Q of holo- 
morphic 1-forms on P?. 
(b) Prove that 


H}(P!, QO) = HQ, Q)=C 
and that the cohomology class of 


© ¢ Qs 9 Ur) = ZU, O) 


is a basis of H'(P', Q). 


13.3. Suppose g € &(C) is a function with compact support. Prove that there is a 
solution f € &(C) of the equation 


Of _ 
a: 9 


having compact support if and only if 


{| z"g(z)dzndz=0 for everyneN. 
Cc 
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§14. A Finiteness Theorem 


In this section we prove that for any compact Riemann surface X the coho- 
mology group H1(X, () is a finite dimensional complex vector space. Its 
dimension is called the genus of X. One of the consequences of the finiteness 
theorem is the existence of non-constant meromorphic functions on every 
compact Riemann surface. With regard to further applications in Chapter 3 
we will do everything not only for compact Riemann surfaces but also for 
relatively compact subsets of arbitrary Riemann surfaces. 


14.1. The 2-Norm for Holomorphic Functions. Suppose D < C is an open 
set. Given a holomorphic function f € ((D) define its ’-norm by 


[Sllroy= (Jf L6G + NP ax ay) 


Then || f lp) € R+ VU {00}. If || flap) < 0, then fis called square inte- 
grable. We denote by L’(D, ©) the vector space of all square integrable 
holomorphic functions on D. If 


Vol(D) =|] dx dy < 0, 
D 


then for every bounded function f € O(D) one has 


If law) < /VolD)|f| 


where || f||, =sup{| f(z)|: z ¢ D} denotes the supremum norm. 
For f, g € L(D, @) one can define an inner product < f, g> € C by 


D> 


<fg> = [| SG dx dy. 


The integral exists because for every z € D 


| f(@)a@)| < (| F(2)/? + |9(z)|?)- 
With this inner product I7(D, ©) is a unitary vector space and in particular 
has a well-defined notion of orthogonality. Now suppose B = B(a, r):= 


{z eC: |z—a| <r} is the disk with center a and radius r > 0. Then the 
monomials (W,), <. given by 


W,(2) = (z = ay" 


form an orthogonal system in L7(B, @) and one can easily check using polar 
coordinates that 


Jat} 
[Wn lez = eres for everyneN. 
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If fe P(B, @) and 


f(z) = Y enz — a)" 


n=0 


is the Taylor series of f about a, it follows from Pythagoras that 


fee) myer 2 
If Za) = a eal”. (*) 
= 


14.2. Theorem. Suppose D < C is open, r > 0 and 
D, ={z €C: Bz, r) < D} 


is the set of points in D whose distance from the boundary is greater than or 
equal to r. Then for every f € L’(D, @) one has 


lf 


1 
D, S Jar If lleew)- 
Tr 


Proor. Suppose a € D, and f(z) = ¥° c,(z — a)" is the Taylor series of fabout 
a. Using (*) one gets 


1 
(a)| = |eo| = es If lezwee.ny <, Ff nz): 


Since 


= sup{| f(a)|: a € D,}, the result follows. O 


In particular, it follows from Theorem (14.2) that if (f,),<., is a Cauchy 
sequence in 1?(D, (), then the sequence converges uniformly on every com- 
pact subset of D. Thus the limit function is holomorphic. Hence I?(D, @) is 
complete and thus is a Hilbert space. 

The following lemma may be viewed as a certain generalization of 
Schwarz’ Lemma. 


14.3. Lemma. Suppose D' € D are open subsets of C. Then given any « > 0, 
there exists a closed vector subspace A < L(D, ©) of finite codimension such 
that 


|S llnewy Self le2@ for every fe A. 


Proor. Since D’ is compact and lies in D, there exist r > 0 and finitely many 
points a,, ..., a, € D with the following properties: 


(i) Biaj,r)< D forj=1,...,k, 
(ii) D’ < (f= B(a;, r/2). 
Choose n so large that 2-"~'k <«. Let A be the set of all functions 


f € L(D, ©) which vanish at every point a; at least to order n. Then A is a 
closed vector subspace of L?(D, ©) of codimension < kn. 
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Let fe A. Then f has a Taylor series about a; 


For every p <r one has 


2. . i 
IF lz2(a@,0)) = v+1 lev 


from which it follows that 
[Fleece ray S207 TS rece; my: 
Using (i) and (ii) one has 


IF lez@a.m < IF lezo 


and 


k 
lf \lz209 < 2D [Flee r/2))* 
‘= 


Thus 
flea) <&- 27°F lez) < ell fllezw)- i) 


14.4. Square Integrable Cochains. Suppose X is a Riemann surface. Choose a 
finite family (U¥, z,), i = 1, ..., n, of charts on X such that every z,(U*) < C 
is a disk. Note however that we are not assuming that U* = (U*), .;<, isa 
covering of X. Suppose U; < U* are open subsets and set UW =(U,)1 <icn- 
We introduce [?-norms on the cochain groups C°(U, @) and C}(U, 0), 
defined on the space 


JUl =U, UU U,*, 
in the following way: 
(i) For n = (f,) ¢ C°(U, ©) let 
lalize = | filliawa- 
(ii) For € = (f,;) ¢ C'(U, @) let 


lEllZ2en 4 3 | fi \lZw; Uj): 
LJ 


Here the norms of f;, resp. f,;, are calculated with respect to the chart 
(U¥, z;), ie. 


Fillezews =A cr ‘Ieacauny> 


Il fi lleaw: nu) Ifiio 27 : Iln2enui a Uj): 
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The set of cochains having finite norm is a vector subspace C/,(U,@) < 
C44, ©), q = 0,1, and these subspaces are Hilbert spaces. The cocycles in 
C},(U, ©) form a closed vector subspace which we denote by Z],(U,(). 


14,5. If Vic U;, i=1,...,n, are relatively compact open subsets and 
B= (Vj)i <i<,, then to simplify the notation we will write B < U. For any 
cochain & « C*%{U, @) one has |é||,2@) < 00. It then follows directly from 
Lemma (14.3) that given any ¢ > 0, there exists a closed vector subspace 
Ac Z;,(U, ©) of finite codimension such that 


Ellzz@ <elElleza for every ¢ € A. 


14.6. Lemma. Suppose X is a Riemann surface and U* is a finite family of 
charts on X as in (14.4). Further suppose that one has 3 « B<«U « U"*, i.e, 
fixed shrinkings of U* are given. Then there exists a constant C > 0 such that 
for every & € Z}.(B, ©) there exist elements € ¢ Z}.(U, ©) and n € C?,(D, 0) 
with 

¢=éE€+6y on W 


and 


max(|C|/z2a> |l1lr2e) < CilEll cam: 


PROOF 

(a) Suppose ¢ = (f,;) € Zj.(¥B, @) is given. Forgetting for the moment 
the restriction on the norms, we first construct ¢ ¢ Z},(U, ©) and 
n € C?,(2B, ©) such that € = € + 6y on W. By Theorem (12.6) there exists a 
cochain (g;) ¢ C°(B, &) such that 


fg=9j-9 ONV Vj. 


Since d"f;; = 0, one has d"g; = d"g; on V, > V;, and thus there exists a differ- 
ential form w € &° (| B]) with | V, = a’g;. Since |B] € | B], there exists 
a function W € &(X) with 


Supp(v)< |B] and yp] /wl =1. 


Hence Wo can be considered as an element of &(|U*|). By Theorem (13.2) 
there exist functions h; ¢ &(U*) such that 


d’h, = wo on U¥. 
Because dh, = d’h, on U* - Uf, it follows that 


Set ¢:=(F;,,)|U. Since U<U*, one has ( € Z},(U, 0). On W, one has 
d"h, = yw = w = d"g;, thus h; — g; is holomorphic on W,. Since h; — g; is 
also bounded on W,, one has 


n= (h; — gi) |W e C22(B, ©). 
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Now F;, — fi; = (hj — 9;) — (hi — g;) on Wo W, and thus 
€—E=dy onW. 


(b) In order to get the desired estimate on the norms, we consider the 
Hilbert space 


H:=Z},U, ©) x Z},(B, ©) x C2,(W, ©) 
with the norm 
1G, & mle = (NE liizan + [Eliz + |[n|lZ2e)"?. 
Let L < H be the subspace 
L:={( 6 n)eH:6¢=E+6ny on BW}. 


Since L is closed in H, it is also a Hilbert space. From part (a) the continuous 
linear mapping 


x Lo Zi AB, 0), (¢, S, nr, 


is surjective. By the Theorem of Banach (cf. Appendix B. 6, 7) the mapping z 
is open. Thus there exists a constant C > 0 such that for every € € ZB, @) 
there exists x = ({, &, 7) € L with a(x) = & and ||x||,, < Cl]é|| ,2@). This con- 
stant then satisfies the desired conditions. Oo 


14.7. Lemma. Under the same assumptions as in Lemma (14.6), there exists a 
finite dimensional vector subspace S < Z'(U, @) with the following property. 
For every € € Z'(U, @) there exist elements o € S and n € C°(QB, ©) such that 


o=€+6y on. 


Remark. The lemma says that the natural restriction mapping 
H'(U, ©) > H'(B, 0) 
has a finite dimensional image. 
Proor. Suppose C is the constant in Lemma (14.6) and set ¢:=(1/2C). By 


(14.5) there exists a finite codimensional closed vector subspace 
Ac Z},(U, @) such that 


lEliz20) < ellEllezay for every € € A. 


Let S be the orthogonal complement of A in Z},(U, @), ie. 
A@S =Z},U, 0). 
Now suppose & € Z'(U, ©) is arbitrary. Because B < U, 


[elln2@ =! M < 0. 
By (14.6) there exist ) € Zi.(U, ©) and no € C?2(WB, @) such that 
Co=E+dno on W 
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and Ifo le2an < CM, 


No || 2) < CM. Suppose 


Cp =€o + a, é € A, Oo€S, 


is the orthogonal decomposition. 
We now construct, by induction, elements 


Ke Zp.) mneCr(Wc), {ed aes 
with the following properties: 


(i) ¢,=€,-, + 6y, on BW 
(ii) (=. +0, 
(iii) C.e2an s 2-°CM, IM. \|c2en) < 2-°CM. 


Consider the induction step from v to vy + 1. Since €, = €, + a, is an ortho- 
gonal decomposition, one has 


ks ||L2an S IIc, 12 <2 °CM. 
Thus 
lg, ll2@) < ell, | p2an < 2-"eCM < 27-1. 


By Lemma (14.6) there exist elements ¢,,,¢Zj.(U,@) and 
Ny+1 € CP2(W, ©) such that 


oral = Gy + Ony +44 on Ww 
and 
max(||C,+1 [lz2an> [lty+1 Ilz2@u) < 27" 1 CM. 


Now one has an orthogonal decomposition (,,, = ¢,,, + o,4,, where 
€,4, € A and o,,, € S, and thus the induction step is complete. 

From the equation () = € + ono, together with equations (i) and (ii) up 
to v =k, one gets 


k k 
E+ y= 8+9( Yn} on WW. (*) 
=0 =0 


From (ii) and (iii) it follows that 


max(||€.|x2an> |o. lezan> || lle2@m) < 2°"CM. 


Hence lim,.,,, €, = 0 and the series 


n= Yn, € Cp.(QB, ©) 


converge. Finally from (*) one gets ¢ = € + dy on W. O 
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Remark. By using more powerful tools from functional analysis one could 
make the proof shorter, cf. the proof of Theorem (29.13). 


14.8. Suppose X is a topological space, Y < X is open and # is a sheaf of 
abelian groups on X. For every open covering U = (U,);-, of X, U0 Yo= 
(U; > Y);.; is an open covering of Y and the natural restriction mapping 
ZU, F)> ZU Y,F) induces a homomorphism H!1(U,.¥#)—> 
H'(U  Y, #). These homomorphisms for all U give rise to a restriction 
homomorphism 
H'\(X, F) > HY, F). 

Clearly, if one has open sets Yc Y’c< X, then the homomorphism 
H'(X,F)—>H'(Y, #) is the composition of the homomorphisms 
H\(X, #)> H\(Y’, F) and H(Y', F) > H“(Y, F). 


14.9. Theorem. Suppose X is a Riemann surface and Y, € Y, < X are open 
subsets. Then the restriction homomorphism 


H'(Y,, 0) > H1(%, ©) 
has a finite dimensional image. 
Proor. There exists a finite family of charts (U;*, z;)1<i<n on X and relatively 
compact open subsets W, € V, € U; € U* with the following properties: 
(i) Yo Ul Wa YE Y= (Ra Ue Yay 
(ii) all z(U*), z,(U;) and z,(W,) are disks in C. 


Let U=(U;), <icn, W'=(W)1 <;<,- By Lemma (14.7) the restriction map- 
ping H'(U, ©) H'(2B, @) has a finite dimensional image. By Theorem 
(13.4), H*(U;, ©) = H'(W,, 0)=0. Thus by Leray’s Theorem (12.8), 
AY(U, ©) = H'(Y", ©) and H'(2B, ©) = H'(Y', ©). Since the restriction 
mapping H'(Y,, ©) H'(¥,, ©) can be factored as follows 

H'(¥,, 0) > H'(Y", ©) > H(Y', 0) > H'(Y,, ©), 


the proof of the theorem is complete. O 


14.10. Corollary. Suppose X is a compact Riemann surface. Then 

dim H'(X, @) < oo. 
ProorF. Since X is compact, one can choose Y, = Y, = X in the previous 
theorem. O 
14.11. Definition. Suppose X is a compact Riemann surface. Then 


g:‘=dim H'(X, @) 
is called the genus of X. 
By Theorem (13.5) the Riemann sphere P! has genus zero. 
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14.12. Theorem. Suppose X is a Riemann surface and Y € X is a relatively 
compact open subset. Then for every point a € Y there exists a meromorphic 
function f ¢ M(Y) which has a pole at a and is holomorphic on Y\{a}. 


Proor. By Theorem (14.9) 
k:=dim Im(H'(X, ©) > H'(Y, @)) < a. 
Suppose (U;, z) is a coordinate neighborhood of a with z(a)=0. Set 


U,:= X\{a}. Then U = (U,, U3) is an open covering of X. The functions z~/ 
are holomorphic on U, ~ U, = U, \{a} and represent cocycles 


CGeZ*U, 0) feb... keh 
Since dim Im(H}(U, ©) > H'(QU.0 Y, ©)) < k + 1, the cocycles 
G|YeZUn Y, ©), 


1<j<k+1, are linearly dependent modulo the coboundaries. Thus there 
exist complex numbers c,,...,¢,%41, not all zero, and a cochain 
n= (fi, f2) € COU OY, @) such that 


CO, to + ye Gea. = On with respect tour Y, 


1€., 
k+1 


Yezl=fy—fy onUyn UN Y. 


j=1 
Hence there is a function fe .#@(Y), which coincides with 


on U, © Y and which is equal to f; on U, m Y = Y\{a}. This is the desired 
function. C 


14.13. Corollary. Suppose X is a compact Riemann surface and a,, ..., dy, are 
distinct points on X. Then for any given complex numbers c,, ..., C, € C, there 
exists a meromorphic function f € .@(X) such that f(a;) =; fori=1,..., n. 


Proor. For every pair i + j, by applying Theorem (14.12) in the case Y = X, 
one gets a function f,; « -@(X) which has a pole at a; but is holomorphic at 
a;. Choose a constant 4,,;¢C* such that f,,(a,) #fi(a;) — Ai; for every 
k =1,..., n. Then the function 


Fis — Fila) 
Gijt= € M(X 
"fig — Silay) + Ai *) 
is holomorphic at the points a,, 1 <k <n, and satisfies g,a,)= 1 and 
gi;(a;) = 0. Now the functions 


h,=[|g9i;- i=1,...,n, 
jFi 
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satisfy h,(a;) = 6,; and thus 


p= Deh 


solves the problem. Oo 


We now note a few consequences of the finiteness theorem for non- 
compact Riemann surfaces. The reader who is only interested in compact 
Riemann surfaces may skip over these if he wants. 


14.14. Corollary. Suppose Y is a relatively compact open subset of a non- 
compact Riemann surface X. Then there exists a holomorphic function 
f.: ¥ +C which is not constant on any connected component of Y. 


Proor. Choose a domain Y, such that Y € Y, € X and a point ae Y, \Y. 
(Since X is non-compact and connected, Y,\Y is not empty.) Now apply 
Theorem (14.12) to Y, and the point a. Oo 


14.15. Theorem. Suppose X is a non-compact Riemann surface and 
Y € Y'< X are open subsets. Then 


Im(H1(Y’, ©) > H"(Y, ©)) =0. 


Proor. By Theorem (14.9) we already know that 
L:=Im(H'(Y’, ©) > H4(Y, ©)) 


is a finite dimensional vector space. Choose cohomology classes 
€,,..., €, € H'(Y’, @) such that their restrictions to Y span the vector space 
L. According to (14.14) we may choose a function fe ©(Y’) which is not 
constant on any connected component of Y’. Since H'(Y’, @) is in a natural 
way a module over ((Y’), the products f€, « H*(Y’, ©) are defined. By the 
choice of the &, there exist constants c,, € C such that 


fé,= ¥c.6, on Y for ya 1x. n: (1) 
w=l 


Set 
F = det(fd,, —. Ci eecusas 


Then F is a holomorphic function on Y’ which is not identically zero on any 
connected component of Y’. From (1) it follows that 


Fé,|Y=0 forv=1,..., 2. (2) 


An arbitrary cohomology class ¢ ¢ H'(Y’, @) can be represented by a 
cocycle (f;;)€ Z'(U, ©), where U = (U;);.; is an open covering of Y’ such 
that each zero of F is contained in at most one U;. Thus for i #j one has 
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F|U; 0 U;e ©*(U, oO U,). Hence there exists a cocycle (g;;) ¢ Z'(U, ©) 
such that fe j = Fgj;. Let € e H'(Y’, @) be the cohomology class of (9;;). Then 
¢ = Fé. Hence from (2) one gets (] Y = Fé|Y =0. Oo 


14.16. Corollary. Suppose X is a non-compact Riemann surface and 
Y€ YX are open subsets. Then for every differential form w € &°'1(Y’) 
there exists a function f € &(Y) such that d"f = w| Y. 


Proor. By Theorem (13.2) the problem has a solution locally. Thus there 
exist an open covering U = (U;);., of Y’ and functions f; ¢ &(U;) such that 
d’f; = |U;. The differences f, — f; are holomorphic on U; 0 U, and thus 
define a cocycle in Z'(U, @). By (14.15) this cocycle is cohomologous to zero 
on ¥ and thus there exist holomorphic functions g; « O(U; © Y) such that 
fi-f,=91-9, on U; U;0 Y. 
Hence there exists a function fe &(Y) such that 
f=f,-g, onU,;o Y, for everyie J. 


But then the function f satisfies the equation a"f = | Y. oO 


Remark. Theorems (25.6) and (26.1) will extend the results of (14.15) and 
(14.16). 


Exercises (§14) 


14.1. Let X ={zeC:r< |z| < R}, where 0 <r < R < 0. Determine an orthonor- 
mal basis of L?(X, ©) consisting of functions of the form 


QOr(Z) = Caz", neZ. 
14.2. Let X <C be a bounded open subset, pj, ..., p,¢ X and X= X\{py, ..., py}- 
Show that the restriction map 


P(X, ©) > L(X', ©) 
is an isomorphism. 


§15. The Exact Cohomology Sequence 


In this section we consider sheaf homomorphisms, exact sequences of 
sheaves and the long exact cohomology sequence. These tools prove useful 
in calculating various cohomology groups. 


15.1. Definition. Suppose FY and Y are a of abelian groups on the 
topological space X. A sheaf homomorphism a: ¥ > @ is a family of group 
homomorphisms 

ay: F(U)>G(U), U open in X, 
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which are compatible with the restriction homomorphisms, ie., for every 
pair of open sets U, V < X with V c U the diagram 


F(U) —*+ G(U) 


restr. | restr. 


F(V) —+> 4(V) 


is commutative. If all the a, are isomorphisms, then « is called an 
isomorphism. 

Similarly, one can define homomorphisms of sheaves of vector spaces. 
Often one just writes «: ¥(U) > Y(U) instead of ay: F(U) > GU). 


15.2. Examples 

(a) Suppose &(resp. &”, &) are the sheaves of differentiable functions 
(resp. 1-forms and 2-forms) on a Riemann surface X. The exterior derivative 
d on functions (resp. differential forms) induces sheaf homomorphisms 


da: € > &, d: 6) + &®, 


Similarly the mappings d’ and d” also induce sheaf homomorphisms. 

(b) On a Riemann surface X the natural inclusions © > 6,C > 6,Z > 06, 
Q— &}:° etc. are sheaf homomorphisms. 

(c) On a Riemann surface X one can define a sheaf homomorphism 
ex: © > (* from the sheaf of holomorphic functions into the multiplicative 
sheaf of holomorphic functions with values in C*. For U an open subset of X 
and fe O(U) let exy(f) :=exp(2zif ). 


15.3. The Kernel of a Sheaf Homomorphism. Suppose ¥ and @ are sheaves 
on the topological space X and a: ¥ —> @ is a sheaf homomorphism. For U 
open in X let 


H(U) = Ker(F(U) —> G(U)). 
One can easily show that the family of groups #(U), together with the 
restriction homomorphisms induced from the sheaf F¥, is again a sheaf. It is 
called the kernel of « and is denoted by # = Ker «. 
Examples. On any Riemann surface one has 
(a) © =Ker(é + &1), (see 9.1), 
(b) Q=Ker(é? ++ &) (see 9.16), 


(c) Z=Ker(O —+ *) (see 15.2.c). 
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15.4. Remark. Given a homomorphism a: ¥ —> Y of sheaves on the topo- 
logical space X one can define 


B(U):=Im(F(U) —> Y(U)) for every open U in X. 
This defines a presheaf # which in general does not satisfy sheaf axiom IT. As 
a counterexample consider the sheaf homomorphism 
ex: 0 + O*,  firrexp(2zif), 


on the space C*. Let U; = C*\R_ and U, = C*\R, . Define f, e O*(U;,) by 
Jidz) = 2 for every z € U,, k = 1, 2. Since U, is simply connected, 


phe (cus) oS envy), 
Moreover, f,|U, © U; =f,|U, © U,. But there is no element 
fe Im (c(c* — exc) 


with f | U, =f, since the function z++z has no single-valued logarithm on 
all of C*. 


15.5. Exact Sequences. Suppose a: ¥ —> G is a sheaf homomorphism on the 
topological space X. Then for each x € X there is an induced homo- 
morphism of the stalks 

ay: Fy > Y,. 


: i BS oie : 
A sequence of sheaf homomorphisms ¥ > Y > ¥ is called exact, if for each 
x € X the sequence 
7 Bx 
F x = G. ars H 
is exact, i.e, Ker B, = Im «,. A sequence 


EK a1 cx 42 Zz In-1 
Fy > Fy — > F,_, > F,, (n > 3), 


of sheaf homomorphisms is called exact if the sequence 


EK ak K Xk+1 Kx 
Fy > F p41 > Fuzz 


is exact for every 1 < k <n — 2. A sheaf homomorphism a: ¥ — G is called 
a monomorphism if 0 > ¥ — G is exact and an epimorphism if ¥ > GY > 0 is 
exact. An exact sequence of the form 0 > ¥ — > # — 0 is called a short 
exact sequence. 


15.6. Lemma. Suppose «: ¥ - GY is a sheaf monomorphism on the topological 
space X. Then for every open subset U < X the mapping ay: F(U) > GU) is 
injective. 
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Proor. Suppose fe ¥(U) and a,(f) = 0. Since «,: ¥, > G, is injective for 
every x € X, every x € U has an open neighborhood V,< U such that 
f | V.=0. From sheaf axiom I it follows that f= 0. oO 


15.7. Remark. If a: ¥ > Y is a sheaf epimorphism, it is not necessarily true 
that for every open set U the mapping xy: #(U) — Y(U) is surjective. This 
is illustrated by the example ex: © — @* in (15.4). For every x the map 
ex: ©, O% is surjective, since every non-vanishing function locally has a 
logarithm. But ex: @(C*) > ©*(C*) is not surjective. 


15.8. Lemma. Suppose 0 > ¥ >G 4, ¥ is an exact sequence of sheaves on 
the topological space X. Then for every open set U < X the sequence 


a 


0+ F(U) 4 GU) 5 #(U) 


is exact. 


PROOF 

(a) The exactness of 0 + #(U) + Y(U) was proved in (15.6). 

(b) Imac Ker £. Suppose fe ¥(U) and g :=a(f). Since the sequence of 
stalks ¥, +G, + H#,, is exact for every x € U, it follows that each point 
x € U has a neighborhood V, < U such that B(g)| V, = 0. Hence by sheaf 
axiom I one has f(g) = 0. 

(c) To prove the inclusion Ker 8 < Im « suppose g € 4(U) with B(g) = 0. 
Since for every x e U one has Ker 8, = Im «,, there is an open covering 
(V,);-, of U and elements f, « ¥(V;,) such that a(f;) = g| V, for every i e I. On 
the intersection V; 4 V; one then has a(f; — f;) = 0. Hence by (15.6) it fol- 
lows that f; = f; on V, m V,. Now by sheaf axiom II there exists an fe #(U) 
with f|V, =f; for every ie I. Since a(f)|Vj=a(f|Vj)=g9|V, it follows 
from sheaf axiom I, applied to the sheaf &, that «(f) = g. i 


15.9. Examples. We now give several examples of short exact sequences of 
sheaves 


0O- F HG H#->0 
on a Riemann surface X. 
(a) 0+ 036560, 
Here @ = @ is the natural inclusion. The exactness follows from the Dol- 


beault Lemma (13.2). 
(b) Let 


2 =Ker (e~ 4 s) 
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be the sheaf of closed differential forms. The sequence 


0-C 3964 30 


is exact. That d: € — & is an epimorphism follows from the fact that locally 
every closed differential form is exact, see (10.4). 


(c) O09 C3040 0. 
This exact sequence is the holomorphic analogue of (b). 
(d) Since 


Q= Ker (2 ee 6°), 
in order to prove the exactness of 


0-236'° 46% 30, 


one has only to show that d: €!:° + &@ is onto. With respect to a local 
chart (U, z), one has 


a(f dz) =F de nde. 


Thus for every open set V < U such that 2(V) < C is a disk one sees by using 
the Dolbeault Lemma that d: &1:°(V)— &°(V) is surjective. Hence 
d: &1:° — &® is surjective for every point ac X. 
(e) The exactness of the sequence 
0+>Z2 50 + OF 30 
follows from (15.3.c) and the remark (15.7). 


15.10. Any homomorphism «: ¥ — @ of sheaves on the topological space X 
induces homomorphisms 


0°: H°(X, F) > H(X, Y), 
a!: H(X, F) > W(X, 9). 


The homomorphism @° is nothing but the mapping «,: F(X) — G(X). The 
homomorphism «! is constructed as follows. Let U = (U;);.,; be an open 
covering of X. Consider the mapping 


oy: C1(U, F) > CU, F) 
which assigns to each cochain € = (f,;) € C'(U, F) the cochain 


ay() = (a(fij)) € CU, 9). 
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This mapping takes cocycles to cocycles and coboundaries to coboundaries 
and thus induces a homomorphism 


dy: H(U, F)—> A*(U, F). 
The collection of &,, where U runs over all open coverings of X, then induces 
the homomorphism «’. 


15.11. The Connecting Homomorphism. Suppose 


03 F +gG4 4-50 


is an exact sequence of sheaves on the topological space X. A “connecting 
homomorphism” 


6*: H°(X, #) > H'(X, F) 
is defined as follows. Suppose 
he H°(X, #) = #(X). 


Since all the homomorphisms f,: 9, > #, are surjective, there exists an 
open covering U = (U,);., of X and a cochain (g;) e€ C°(U, Y) such that 


B(g;) = h| U; for everyie I. (1) 


Hence B(g;-—9:)=9 on U;U;. By Lemma (15.8) there exists 
fii © F(U; O Uj) such that 


a fis) = 95 — Gi- (2) 
On U;V U;OU, one has a( fi; +f —fx) = 0 and thus by (15.6) 
Sig + Sie = Sie LE, 

(fj) € Z'(U, F). 
Now let 6*h € H'(X, F) be the cohomology class represented by ({;;). One 


can easily check that this definition is independent of the various choices 
made. 


15.12. Theorem. Suppose X is a topological space and 


0-¥ 4+G44 0 


is a short exact sequence of sheaves on X. Then the induced sequence of 
cohomology groups 


0 —> H°(X, ¥) a H°(X, 9) —> HX, #) —> 
* H(X, F) + H(X,g9) “+ W(X, #) 


is exact. 
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PROOF 

(a) The exactness at H°(X, #) and H°(X, Y) follow from Lemma (15.8). 

(b) Im f° c Ker 5*. Suppose g ¢ H°(X, Y) and h = B°(g). In the con- 
struction of 6*h described in (15.11) one can choose g; = g|U;. But then 
fii =9 and thus 6*h = 0. 

(c) Ker 5* < Im f°. Suppose h € Ker 6*. Using the notation of (15.11) 
one can represent 5*h by the cocycle (f,;) ¢ Z'(U, F). Since 6*h = 0 there 
exists a cochain (f;) ¢ C°(U, #) such that f,,=f;-—f, on U; 7 U,. Set 
§;:= 9; — «(f;). Then g; = g,on U; ~ U, because «( f;;) = g; — g;. Thus the g; 
are restrictions of some global element g ¢ H°(X, ¥). On U; one has B(g) = 
B(G;) = Blgi — &(i)) = Bi) = 4, Le. he Im Be. 

(d) Im 6* < Ker «'. This follows from condition (2) in (15.11). 

(ce) Ker «! c Im 5*. Suppose € € Ker a’ is represented by the cocycle 
(f;;) € Z'(U, F). Since «1(€) = 0, there exists a cochain (g;) € C°(U, Y) such 
that «(f;;) =g; - g, on U; 0 U;. This implies 


0 = Ba(Sis)) = B(9;) — Bg:) on U; Oo U;. 


Hence there exists h ¢ #(X) = H°(X, #) such that h| U; = B(g;). The con- 
struction given in (15.11) now shows that 6*h = ¢. 
(f) Im a! < Ker B'. This follows from the fact that 


F(U, 0 U;) > OU, 0 U,) > #(U; 0 U)) 


is exact by (15.8). 

(g) Ker B! c Im a. Suppose 7 € Ker f* is represented by the cocycle 
(gi;) € Z*(U, Y), where U = (U;);.,. Then there is a cochain (h;) — C°(U, #) 
such that B(g,;) = h; — h,. For every x « X choose tx € I such that x € U,,. 
Since B,: GY, > W#, is surjective, there is an open neighborhood V, < U,, of x 
and an element g, € Y(V,) such that B(g,) = h,.|V.. Let B = (V,),. x and 
Gay = Iex, ty| Ve O V,. Then (g,,) € Z*(B, Y) is a cocycle which also repre- 
sents the cohomology class 4. Let Wx, '=9x) — gy + gx- The cocycle (Wy) is 
cohomologous to (g,,) and B(,,) = 0. Thus there exists f,,¢ F(V. 0 V,) 
such that a(f,,) = W.,. Since 


a: FV VV) GV OV, 2 V,) 


is injective by (15.6), (fry) ¢Z'(B,F). Thus the cohomology class 
é € H'(X, F) of (f,,) satisfies «'(€) = 7. This completes the proof. oO 


15.13. Theorem. Suppose 0> ¥ >GY *, #40 is an exact sequence of 
sheaves on the topological space X such that H'(X, Y) = 0. Then 


H'(X, F) = #(X)/BG(X). 
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Proor. Since H'(X, Y) = 0, by Theorem (15.12) one has the exact sequence 
G(X) 4 #(X) + W(X, ¥)>0. 
The result is now obvious. oO 


For many applications it is important to be able to describe the 
isomorphism. 


®: H*(X, F) 3 #(X)/BY(X) 


explicitly. By Lemma (15.8) we can always assume that ¥ = Ker f and 
a: # +G is the inclusion map. 

Suppose é ¢ H'(X, #) is a cohomology class which is represented by the 
cocycle (f;;)<« Z'(U, F) < Z*(U, Y). Since H'(U, Y) = 0, there exists a co- 
chain (g;) € C°(U, Y) such that fj; = g; — g;on U; 4 U,. Since B(f;;) = 0, B(g;) 
and B(g;) agree on U; > U,. Thus there exists a global element h ¢ #(X) 
with h| U; = B(g;). Then ®(€) is the coset of h modulo BY(X). The fact that 
the mapping ® described above is the inverse of the isomorphism 
H(X)/BG(X) % H'(X, F) induced by the exact cohomology sequence fol- 
lows from part (e) in the proof of (15.12). 


15.14. Dolbeault’s Theorem. Let X be a Riemann surface. Then there are 
isomorphisms 


(a) H'(X, ©) = &° 1(X)/d"6(X), 
(b) H*(X, Q) x €2(X)/dé! 9(X). 


Since H'(X, $) = H'(X, €'°) = 0, one may apply Theorem (15.13) to 
the exact sequences given in (15.9.a) and (15.9.d) respectively. 


Remark. Theorem (13.4) is a special case of Dolbeault’s Theorem. 


15.15. The deRham Groups. On every Riemann surface X every exact 1-form 
is closed but every closed form is not necessarily exact. Consequently one is 
interested in the quotient group 


_Ker(é(X) 4 6(X)) 


Rh!(X): 
Im(6(X) + &(X)) 


of closed 1-forms modulo exact 1-forms. Two closed differential forms which 
determine the same element in Rh'(X), i.e., whose difference is exact, are said 
to be cohomologous. Rh'(X ) is called the 1st deRham group of X. Note that 
Rh/(X) = 0 precisely if every closed 1-form w« 6‘)(X) has a primitive. 
If X is simply connected, then Rh’(X) = 0 by (10.7). 


126 2 Compact Riemann Surfaces 


deRham’s Theorem. Let X be a Riemann surface. Then 
H'(X, C) = Rh} (X). 


This follows from (15.13) applied to the exact sequence in (15.9.b). 
Theorem (12.7.a) is a special case of deRham’s Theorem. 


Remark. The theorems of deRham and Dolbeault are proved here only 
for Riemann surfaces. But they are also valid in a more general form on 
differentiable (resp. complex) manifolds of arbitrary dimension. More details 
can be found in any book on several complex variables, e.g., [30], [31], [32], 
[33], [34], [35]. In §§6, 12 and 15 we have considered only the most basic 
ideas about sheaves and sheaf cohomology. A systematic introduction can 
be found in [41]. 


EXERCISES (§15) 
15.1. Let X be a Riemann surface and ¥ be the sheaf of harmonic functions on X. 
Verify that the sequence 
0— # 6 “So 6% —.0 
is exact. 


15.2. Show that on any Riemann surface the sequence 


d log 
> 


0 + Cf > * 
is exact, where (d log) f:=f~' df. 


15.3. On a Riemann surface X let 2 < .@'"” be the sheaf of meromorphic 1-forms 
which have residue 0 at every point. Show that the sequence 


Q — 0 


Se a Ss PE 


is exact. 
15.4. Let X = C/T be a torus. Prove that 
H'(X, C)= Rh'(X) = C? 


and that the classes of dz and dz form a basis of Rh!(X). 
[Hint: Let w € &(X) be a closed 1-form. Show that for suitable c, c. € € all 
the periods of w — c, dz — cz dz vanish. ] 


§16. The Riemann-Roch Theorem 


The Riemann-Roch Theorem is central in the theory of compact Riemann 
surfaces. Roughly speaking it tells us how many linearly independent mero- 
morphic functions there are having certain restrictions on their poles. 
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16.1. Divisors. Let X be a Riemann surface. A divisor on X is a mapping 
D:X -Z 


such that for any compact subset K < X there are only finitely many points 
x € K such that D(x) # 0. With respect to addition the set of all divisors on 
X is an abelian group which we denote by Div(X). As well there is a partial 
ordering on Div(X). For D, D’ € Div(X), set D < D’ if D(x) < D’(x) for every 
xe x, 


16.2. Divisors of Meromorphic Functions and 1-forms. Suppose X is a 
Riemann surface and Y is an open subset of X. For a meromorphic function 
fe M(Y) and ae Y define 


0, if fis holomorphic and non-zero at a, 
k, if fhas a zero of order k at a. 
ord,(f):= (—k, iff has a pole of order k at a, 
co, if fis identically zero in a 
neighborhood of a. 


Thus for any meromorphic function f ¢ .@(X)\{0}, the mapping x ord,(f) 
is a divisor on X. It is called the divisor of f and will be denoted by (f). 

The function fis said to be a multiple of the divisor D if (f) > D. Then f is 
holomorphic precisely if (f) > 0. 

For a meromorphic 1-form w € .@(Y) one can define its order at a point 
aé Y as follows. Choose a coordinate neighborhood (U, z) of a. Then on 
UY one may write w =f dz, where f is a meromorphic function. Set 
ord,(w) = ord,(f). It is easy to check that this is independent of the choice of 
chart. For 1-forms w € .@)(X)\{0} the mapping x+-ord,() is again a 
divisor on X, denoted by («). 

For f, g € @(X)\{0} and w e .#(X)\{0} one has the following relations: 


(fa)=(f)+ (9) CP)=—-(f), (fo) = (f) + (). 


A divisor D € Div(X) is called a principal divisor if there exists a function 
fe M(X)\{0} such that D = (f). Two divisors D, D’ € Div(X) are said to be 
equivalent if their difference D — D’ is a principal divisor. 

By a canonical divisor one means the divisor (w) of a meromorphic 1-form 
w € M(X)\{0}. Any two canonical divisors are equivalent. For, if «,, 
w, €.M"(X)\{0} then there exists a function fe .“(X)\{0} such that 
©, = fo, and thus (@,) — (@2) = (/). 


16.3. The Degree of a Divisor. Suppose now that X is a compact Riemann 
surface. Then for every D € Div(X) there are only finitely many x e X such 
that D(x) # 0. Hence one can define a mapping 


deg: Div(X) > Z 
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called the degree, by letting 
deg D:= ¥ D(x). 


xeX 
The mapping deg is a group homomorphism. Note that deg(f) = 0 for any 
principal divisor (f) on a compact Riemann surface since a meromorphic 
function has as many zeros as poles. Hence equivalent divisors have the 
same degree. 


16.4. The Sheaves (,. Suppose D is a divisor on the Riemann surface X. For 
any open set U c X define ©,(U) to be the set of all those meromorphic 
functions on U which are multiples of the divisor — D, i.e., 


©,(U) ={fe MU): ord,(f) > —D(x) for every x € U}. 


Together with the natural restriction mappings (, is a sheaf. In the special 
case of the zero divisor D = 0 one has @, = ©. If D, D’ € Div(X) are equiva- 
lent divisors, then @) and @,,. are isomorphic. An isomorphism can be 
defined as follows. Pick y € .@(X)\{0} such that D — D’ = (). Then the 
sheaf homomorphism induced by multiplication by y, i.e., 


Cp Cy, — frus, 


is an isomorphism. 


16.5. Theorem. Suppose X is a compact Riemann surface and D € Div(X)is a 
divisor with deg D <0. Then H°(X, Gy) = 0. 


Proor. Suppose, to the contrary, that there exists an fe H°(X, @p) with 
f #0. Then (f) > —D and thus 
deg(f) => —deg D> 0. 


However this contradicts the fact that deg( f) = 0. Oo 


16.6. The Skyscraper Sheaf C,. Suppose P is a point of a Riemann surface 
X. Define a sheaf Cp, on X by 


C ifPeU, 


CU) 19 it peu, 


where the restriction maps are the obvious homomorphisms. Then 


(i) H°(X, Cp) = C, 
(ii) H1(X, Cp) =0. 


Now assertion (i) is trivial. In order to prove (ii), consider a cohomology 
class € € H'(X, Cp) which is represented by a cocycle in Z*(U, Cp). The 
covering U has a refinement % = (V,), - 4 such that the point P is contained 
in only one V,. But then Z1(%, Cp) = 0 and hence é = 0. 
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16.7. Now suppose D is an arbitrary divisor on X. For P € X denote by the 
same letter P the divisor which takes the value | at P and is zero otherwise. 
Then D < D + P and there is a natural inclusion map ©, > @p, p. Let (V, z) 
be a local coordinate on X about P such that z(P) =0. Define a sheaf 
homomorphism 


B: Opsp>Cp 


as follows. Suppose U c X is an open set. If P ¢ U, then fy is the zero 
homomorphism. If P e U and fe @p, p(U), then the function f admits a 
Laurent series expansion about P, with respect to the local coordinate z, 


feo} 
f= > Gy 2" 
n=—-k— 


1 


where k = D(P). Set 
Bu(f) = c-4~-1 € € =C,(U). 


Obviously 8 is a sheaf epimorphism and 


03:0) Ose 50550 
is a short exact sequence. By Theorem (15.12) this induces an exact sequence 
0 > H°(X, Op) > H°(X, Opp) >C€ 


* 

— H'(X, Op) > H(X, Ops p) 0. ©) 
16.8. Corollary. Let D < D’ be divisors on a compact Riemann surface X. 
Then the inclusion map Op > Oy. induces an epimorphism 


H'(X, ©p) > H'(X, Oy) > 0. 


Proor. If D' = D + P, where P is the divisor given by a single point, then the 
assertion follows from (16.7). In general D’)=D+P,+---+P,, with 
P; € X and the assertion follows by induction. OQ 


16.9. The Riemann—-Roch Theorem. Suppose D is a divisor on a compact 
Riemann surface X of genus g. Then H°(X, ©p) and H'(X, Op) are finite 
dimensional vector spaces and 


dim H°(X, @p) — dim H1(X, Op) = 1 — g + deg D. 


PROOF 

(a) First the result holds for the divisor D = 0. For, H°(X, ©) = ©(X) 
consists of only constant functions and thus dim H°(X, () = 1. As well dim 
H'(X, ©) =g by definition. 

(b) Keeping the same notation as in 16.7, suppose D is a divisor, P ¢ X 
and D' = D + P. Suppose that the result holds for one of the divisors D, D’. 
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The exact cohomology sequence (*) in (16.7) can be split into two short 
exact sequences. For, let 
V =Im(H°(X, py) >C) 


W:=C/V. 
Then dim V + dim W = | = deg D’ — deg D and the sequences 
0 > H°(X, Op) > H°(X, Cp) > V > 0, 
0+>W-H'(X, py) > H'(X, Gy) +0 


are exact. Thus all the vector spaces occurring are finite dimensional and one 
has the following equations relating the various dimensions 


dim H°(X, @y-) = dim H°(X, ©) + dim V 
dim H'(X, @p) = dim H1(X, ©.) + dim W. 
Adding one gets 
dim H°(X, ©.) — dim H'(X, Gp.) — deg D’ 
= dim H°(X, Op) — dim H!(X, @,) — deg D. 


This implies that if the Riemann-Roch formula holds for one of the two 
divisors, then it also holds for the other. Thus by (a) the Theorem holds for 
every divisor D’ > 0. 

(c) An arbitrary divisor D on X may be written 


De = Ray ets EB Be Bye PS 


where the P; € X are points. Starting with the zero divisor and using (b) one 
now proves by induction that the Riemann—Roch Theorem holds for the 
divisor D. oO 


16.10. The Index of Speciality. One calls 
i(D) = dim H'(X, @p) 


the index of speciality of the divisor D. Thus the Riemann—-Roch Theorem 
may be written in the form 


dim H°(X, Op) = 1 —g + deg D + i(D). 


In (17.16) we will show that i(D) = 0 whenever deg D > 2g — 2. In any case 
i(D) > 0 and thus dim H°(X, (,) is bounded from below. From Theorem 
(16.5) it follows that 


i(D)=g—1-—degD ifdegD <0. 
16.11. Theorem. Suppose X is a compact Riemann surface of genus g and ais a 


point of X. Then there is a non-constant meromorphic function f on X which 
has a pole of order <g + 1 at a and is otherwise holomorphic. 
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Proor. Let D: X + Z be the divisor with D(a) = g + 1 and D(x) = 0 for 
x # a. By the Riemann-Roch Theorem 


dim H°(X, 0p) >1—g+ deg D =2. 


Thus there exists a non-constant function f ¢ H°(X, @,) and clearly this 
function fulfills the requirements of the theorem. oO 


16.12. Corollary. Suppose X is a Riemann surface of genus g. Then there exists 
a holomorphic covering mapping f: X > P' with at most g + 1 sheets. 


Proor. The function f found in Theorem (16.11) is by Theorem (4.24) such a 
covering mapping since the value oo is assumed with multiplicity <g + 1. 


O 


16.13. Corollary. Every Riemann surface of genus zero is isomorphic to the 
Riemann sphere. 


This follows from the fact that a one-sheeted covering map is a 
biholomorphism. 


EXERCISES (§16) 
16.1. Let D be a divisor on the Riemann sphere P1. Prove 
(a) dim H°(P1, @p) = max(0, 1 + deg D) 
(b) dim H'(P’, @p) = max(0, —1 — deg D). 
16.2. Let X = C/T be a torus, x9 € X a point and P the divisor 
es ‘ eee 
Show 


(0 for n < 0, 
dim H°(X, Onp) = 1 forn=0O, 
n forn>1. 


[Hint: Use the Weierstrass -function (Ex. 2.1).] 


16.3. Let X be a compact Riemann surface, D a divisor on X and U = (U;) an open 
covering of X such that every U; is isomorphic to a disk. Show that U isa Leray 
covering for the sheaf @p, cf. (12.8). 


16.4. (a} On a Riemann surface X let D be the sheaf of divisors, i.e., for U c X open 
D(U) consists of all maps 


D:U-Z 


132 2 Compact Riemann Surfaces 


such that for every compact set K < U there are only finitely many x e K 
with D(x) #0. Show that D together with the natural restriction mor- 
phisms is actually a sheaf and that 


H'(X, D) =0. 


[Hint: Imitate the proof of Theorem (12.6), using a (discontinuous) integer- 
valued partition of unity. ] 

(b) Let B: &*— D be the map which assigns to every meromorphic function 
f¢ M*(U) its divisor (f) € D(U) and let «: ©* > .#* be the natural inclu- 
sion map. Show that 


03 0*45.4*49030 


is an exact sequence of sheaves and thus that there is an exact sequence of 
groups 


0 + H°(X, ©*) > H°(X, .W*) > Div(X) 
+ H4(X, ©*) + W(X, .*) 30. 


§17. The Serre Duality Theorem 


The Serre Duality Theorem allows a simpler interpretation of the cohomo- 
logy groups H1(X, @,) in terms of differential forms. In fact, dim H'(X, Op) 
is equal to the maximum number of linearly independent meromorphic 
1-forms which are multiples of the divisor D. One consequence is the 
Riemann—Hurwitz formula, which allows one to calculate the genus of a 
covering from the number of sheets it has and its branching order. Another 
consequence is a vanishing theorem which asserts that H'(X, (p) = 0, if 
deg D > 2g — 2. This vanishing theorem itself has interesting applications 
and we will use it to prove an embedding theorem for compact Riemann 
surfaces into P%, 


17.1. Definition of a Linear Form Res: H'(X, Q) + C. Suppose X is a com- 
pact Riemann surface. By (15.14) the exact sequence 


0393619462 50 


induces an isomorphism H'(X, Q)= &(X)/dé'°(X). Suppose 
é € H'(X, Q) and w € &)(X) is a representative of € via this isomorphism. 
Set 


1 
Res(€) = =— ; 
es(é) oe ( | o 
x 
Because of Theorem (10.20) this definition is independent of the choice of the 
representative o. 
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17.2. Mittag—Leffler Distributions of Differential Forms. Suppose X is a 
Riemann surface, .#) is the sheaf of meromorphic 1-forms on X and 
U = (U,);-; is an open covering of X. A cochain p = (w,) € C°(U, MW") is 
called a Mittag-Leffler distribution if the differences w,;—@, are holo- 
morphic on U; 9 Uj, ie, du € Z'(U, Q). Denote by [du] ¢ H'(X, Q) the 
cohomology class of du. 

Let a be a point of X. The residue of the Mittag—Leffler distribution 
ft = (w,) at the point a is defined as follows. Choose i ¢ I such that a € U; 
and set 


Res,(x) = Res,(;). 


Ifae U; > U,, the difference ; — w; is holomorphic and «; and w, have the 
same residue at a. Thus the definition is independent of the choice of i ¢ I. 

Now assume that the Riemann surface X is compact. Then Res,() # 0 for 
only finitely many points a. Thus one can define 


Res(1) = © Resa(u). 


We will now show that this residue is related to the mapping Res defined in 
(17.1). 


17.3. Theorem. Assume the notation is the same as above. Then 
Res(u) = Res([dy]). 


Proor. In order to compute Res([6y]) we have to construct the isomorphism 
H1(X, Q) = &(X)/d&" °(X) explicitly, cf. (15.13). 

Since du = (w; — @,) € Z'(U, Q) < Z*(U, &'°) and H'(X, &1°)=0, 
there exists a cochain (a;) ¢ C°(U, &''°) such that 


0,-@,=a;-6,; onU, 4 Uj. 


Then d(w; — @;) = d"(w; — @;)=0 implies do, = do; on U; A U;. Thus 
there exists a global 2-form t € &)(X) such that t| U; = do;. This differen- 
tial form represents the cohomology class [5] and thus 


Res([du]) = a ie 


Suppose a,, ..., a,¢€X are the finitely many poles of y and let 
X'= X\{a;,..., a,}. On X’ a U; m U, one has g; — w, = 6; — w;. Thus 
there exists a differential form o ¢ &' °(X’) such that o =o;—, on 
X' o U;. Hence t = do on X". 

For every a, there is an i(k) € I such that a, € U,q). Choose a coordinate 
neighborhood (V;,z,) such that Vz < Ujy) and z%(a,) = 0. We may assume 
that the V, are pairwise disjoint and that each z,(V,) < C is a disk. For every k 
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choose a function f, € &(X) such that Supp(f,) < V, and such that there is an 
open neighborhood V;, < V, of a, with f,| Vi, = 1. Set 


gala (fy tots): 


Since g| V;, = 0, go may be continued across the points a, by defining it to be 
zero there and thus may be considered as an element of &':°(X). By (10.20) 
one has 


[| d(gc) =0. 
“x 
On V;,\{a,} one has d( f, 0) = do = d(o;q) — Wiq)) = doiq). Thus d(f,o) may 
be continued differentiably across a,. Since f,o vanishes on X’\Supp(f,), 
d(f,.) may be considered as an element of &(X). Then t = d(go) + 
> d(f, 7) implies 
| t=), i d(f.o)= > | U( fi Fitny — Se irny)- 
ne kel y k=l jt 
Using (10.20) again, one has 


il Af Tiny) =0 


VE 


and as in (10.21) one can show 


{| d( f,.iay) = —2ni Res,,(Wiq)- 


VE 


Combining everything, one gets 


lor n 
2! i os Res,,(@iy) = Res(x). q 


17.4. The Sheaves 0, . Let X be a compact Riemann surface. For any divisor 
D € Div(X) we denote by Q, the sheaf of meromorphic 1-forms which are 
multiples of — D. Thus for any open set U < X the set Q,(U) consists of all 
differential forms w ¢ .@(U) such that ord,(@) > — D(x) for every x € U. 
In particular OQ, = Q is the sheaf of all holomorphic 1-forms. 

Suppose w € .@(X) is a non-trivial meromorphic 1-form on X, ¢.g., 
w = df, where f ¢ .@(X) is a non-constant meromorphic function. Let K be 
the divisor of w. Then for an arbitrary divisor D ¢ Div(X) multiplication by 
@ induces a sheaf isomorphism 


Ops+x SQp, frofo. 
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Lemma. There is a constant kg € Z such that 
dim H°(X, Q,) > deg D + ky 
for every D € Div(X). 
Proor. Suppose w and K are as above and g is the genus of X. Set ky = 1 — 
g + deg K. Then by Riemann-Roch 
dim H°(X, Q,) = dim H°(X, Ops.) 
= dim H(X, Op4x) + 1—g + deg(D + K) 
> deg D+kpy. O 
17.5. Definition of a Dual Pairing. Suppose X is a compact Riemann surface 
and D e€ Div(X) is a divisor. The product 
Qn x Op 7 Q, (o,f) of, 
induces a mapping 
H°(X, Q_p») x H'(X, Op) > H1(X, Q). 
The composition of this mapping with Res: H*(X, Q) > C produces a bilin- 
ear mapping 
{, >: A(X, Q_») x H(X, Op) +, 
Kw, €> += Res(wé). 
Hence this mapping induces a linear mapping 
Ip: H°(X, Q_p) > H1(X, Op)* 


of H°(X, Q_)) into the dual of H1(X, @p). The Serre Duality Theorem 
asserts that < , > is a dual pairing, ie., 1p is an isomorphism. This will be 
proved in (17.6) and (17.9). 


17.6. Theorem. The mapping 1p is injective. 


Proor. We have to show that for any non-zero w € H°(X, Q_,) there exists 
€ € H"(X, Op) such that (w, €> #0. Leta € X bea point such that D(a) = 0 
and (Uo, z) be a coordinate neighborhood of a with z(a) = 0 and D| Uy = 0. 
On Uo one can write w as w = f dz where f € ©(U). We may assume U, is 
so small that fhas no zeros in Uo\{a}. Set U; = X\{a} and U = (Ug, U;). Let 
n= (fos fi) € CU, ), where fy = (zf)! and f, = 0. Then 


on = (2. 0} € CU, M?) 
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is a Mittag-Leffler distribution with Res(w@7) = 1. One has dy € Z'(U, Cp). 
Let €=[dn]e¢ H'(X, @p) be the cohomology class of dy. Since 
wé = w : [dn] = [6(wn)], it follows from Theorem (17.3) that 


<a, €> = Res(mé) = Res([5(w)]) = Res(wn) = 1. oO 


17.7. Suppose D, D’ € Div(X) are two divisors on the compact Riemann 
surface X with D’ < D. Then by (16.8) the inclusion 0 > @). > @p induces an 
epimorphism 

F(X, Gp) > H'(X, Op) > 0. 
This then induces a monomorphism of the duals 


£ 


0 HY(X, @y)* 2 A(X, ©, )*. 


One can easily check that the diagram 


0 H1(X, ©p)* 2 W(X, ©p)* 


Lk 


0+ H(X, Q_») ——> HX, 2_») 


commutes, where the vertical arrows are the maps defined in (17.5). 


Lemma. Using the same notation as above suppose 4€ H'(X, @p)* and 
w € H°(X, Q_)) satisfy 

iB.(2) = tp (co) 
Then w is also contained in H°(X, Q_p) and A = 1)(w). 


Proor. Suppose, to the contrary, that w is not an element of H°(X, Q_p). 
Then there is a point ae X such that ord,(w) < D(a). Let (Uo, z) be a 
coordinate neighborhood of a with z(a) =0. On Uy one may write w as 
w = f dz, where fc .@(U,). We may suppose U, is sufficiently small so that 


(i) D|Uo\{a}=0, — D'| Uo\ta} = 0. 
(ii) f has no zeros or poles in Uo\{a}. 


Set U, = X\{fa} and U=(Uo, U,). Let n =(fo, fi) ¢ C°QU, -@), where 
fo = (2f 71 and f, = 0. Because ord,(w) < D(a), one even has n € C°(U, Gp). 
Thus 


én € Z'(U, ©) = Z'(QU, Op) = ZU, Op). 


Denote the cohomology class of dn in H1(X, @p-) by & and in H'(X, ©p) by 
&. Note that € = 0. By assumption 


Keo, £> = BANE) = AE) = 0. 
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On the other hand, since wy = ((dz/z), 0), one has 
<a, > = Res(wn) = 1, a contradiction! 


Thus the assumption is false and w ¢ H°(X, Q_p). 
Since if.(A) = 1p (w) = i3.-(1p(@)), the equality 2 = 1p(w) follows from the 
fact that i2. is one-to-one. O 


17.8. Suppose D and B are two divisors on the compact Riemann surface X. 
Given a meromorphic function y ¢ H°(X, @,) the sheaf morphism 
Opa Or,  frwrd 
induces a linear mapping H'(X, @p_,)— H'(X, @p) and thus a linear 
mapping 
H'(X, Op)* > H"(X, Op-s)* 

which we also denote by w. By definition 

(WANE) = AWE) for Ae H'(X, Op)*, € € H'(X, Op_p). 
The diagram 


H"(X, Op)* —“— H'(X, O5_,)* 


A(X, Q_») ts H°(X, Q_ +8) 

commutes, where the arrow in the second row is also defined as multi- 
plication by w. This follows since (ww, &> = (aw, wé). 
Lemma. If \y € H°(X, ©) is not the zero element, then the mapping 

W: A(X, Op)* > H1(X, Op p)* 
is injective. 
Proor. Let A:=(~) > —B be the divisor of y. The mapping (p_, ae Op 
factors through Op, ,, i.e., one has 

Op-p> Opsa * Op, 

where Op. 4 ‘ @p is an isomorphism. Since the mapping H'(X, Op_,)—> 


H*(X, ©p4.4) induced by the inclusion @p_,— p44 is an epimorphism 
(16.8), it follows that 


H}(X, Op-p) > H(X, Op) 


is also an epimorphism. The result follows from this. O 
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17.9. The Duality Theorem of Serre. For any divisor D on a compact Riemann 
surface X the mapping 


ip: H°(X, Q_p) > H'(X, Op)* 
defined in (17.5) is an isomorphism. 
Proor. Because of (17.6) only the surjectivity of 1, remains to be proved. 
Suppose 1 « H'(X, O,)* with 240. We want to show that / lies in the 


image of 1). 
Suppose P is a divisor with deg P = 1. For any natural number n let 


D, =D — nP. 


Denote by A < H1(X, @p,)* the vector subspace of all linear forms of the 
form WA, where ye H°(X, @,p). By Lemma (17.8) A is isomorphic to 
H°(X, ©,p). It thus follows from the Riemann-Roch Theorem that 


dimA>1—g+nh, 


where g denotes the genus of X. By Lemma (17.4) the vector subspace 
Im(ip,) < H'(X, Op,)* satisfies 


dim Im(tp,) = dim H°(X, Q_p,) => n+ ky — deg D. 


For n > deg D one has deg D, < 0 and thus H°(X, ©p,) = 0. The Riemann- 
Roch Theorem implies 


dim H'(X, ©p,)* =g — 1—deg D, =n + (g — 1 — deg D). 
If one chooses n sufficiently large, then 
dim A + dim Im(ip,) > dim H?(X, @p,)*. 


This implies A > Im(ip,) # 0. Thus there exists y ¢ H°(X, ©, p), W # 0, and 
ow € H°(X, Q_y) with wi = 1p (w). Let A:=(W) be the divisor of yw, ie. 
I/p ¢ H°(X, ©,), and let D’:=D, — A. Then 


1 
IBA) = (WA) = ap, (00) = ty (Go). 
From Lemma (17.7) one gets 9 ‘= (1/)w € H°(X, Q_p) and 4 = ip(w9). 
O 


17.10. Remark. Frequently one only uses the Serre Duality Theorem to 
obtain equality of the dimensions 


dim H'(X, Oy) = dim H°(X, Q_»). 
In particular for D = 0 one has 


g = dim H'(X, @) = dim H°(X, Q). 
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Thus the genus of a compact Riemann surface X is equal to the maximum 
number of linearly independent holomorphic 1-forms on X. 
One can now formulate the Riemann-Roch Theorem as follows: 


dim H°(X, ©_p) — dim H°(X, Q,) = 1 — g — deg D, 


or in words: On a compact Riemann surface of genus g the maximum 
number of linearly independent meromorphic functions which are multiples 
of a divisor D minus the maximum number of linearly independent mero- 
morphic 1-forms which are multiples of —D is equal to 1 — g — deg D. 


17.11. Theorem. Suppose D is a divisor on the compact Riemann surface X. 
Then 
A(X 0 3) AK, Oy): 


Proor. Let @) #0 be a meromorphic 1-form on X and let K be its divisor. 
By (17.4) one has Q) © @p,,x and O_p = Q_»_,x. Hence the result follows 
from the Serre Duality Theorem. O 


Consequence. In particular, for D = O one has dim H'(X, Q) = 
dim H°(X, ©) = 1. This implies that the mapping 
Res: H1(X,Q)>+C 
is an isomorphism, for it is clear that it is not identically zero. 
17.12. Theorem. The divisor of a non-vanishing meromorphic 1-form w on a 
compact Riemann surface of genus g satisfies 


deg(w) = 2g — 2. 


Proor. Let K = (w). By Riemann-Roch 
dim H°(X, Ox) — dim H'(X, ©) = 1—g + deg K. 
By (17.4) one has Q = ©,. Thus 
1 —g+ deg K = dim H°(X, Q) — dim H1(X,Q)=g-1 
and so deg K = 2(g — 1). O 


17.13. Corollary. For any lattice T < C the torus C/T has genus one. 


Proor. The 1-form dz on C induces a 1-form w on C/T having no zeros or 
poles (see 10.14). Thus deg(w) = 2g — 2 = 0 and hence g = 1. oO 


17.14. The Riemann—-Hurwitz Formula. Suppose X and Y are compact 
Riemann surfaces and f: X > Y is a non-constant holomorphic mapping. 
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For x € X let v(x, f) be the multiplicity with which f takes the value f (x) at 
the point x, cf. (2.2) and (4.23). The number 


b(f, x) = of, x) — 1 


is called the branching order of f at the point x. Note that b(f, x) =0 
precisely if fis unbranched at x. Since X is compact, there are only finitely 
many points x € X such that b(f, x) #0. Thus 


b= » bh x), 


the total branching order of f, is well-defined. 


Theorem. Suppose f: X — Y is an n-sheeted holomorphic covering mapping 
between compact Riemann surfaces X and Y with total branching order 
b = b(f). Let g be the genus of X and g' be the genus of Y. Then 


b 
g=5 +n(g —1)4+ 1. 


This is known as the “Riemann-Hurwitz formula.” 


Proor. Suppose w is a non-vanishing meromorphic 1-form on Y. Then 
deg(w) = 2g’ — 2 and deg(f*w) = 2g — 2. 

Suppose x e X and f(x)=y. By Theorem (2.1) there is a coordinate 
neighborhood (U, z) of x (resp. (U’, w) of y) with z(x) = 0 (resp. w(y) = 0) 
such that with respect to these coordinates one can write fas w = z*, where 
k = v(f, x). On U’ let w = w(w) dw. Then on U one has 

f*o = W(z*) dz* = kz2*-'W(z*) dz. 
This implies 
ord,(f*w) = b(f, x) + v(f, x)ord,(w). 
Since 
o(f, x) =n, 
xe fly) 


for any y € Y one has 
ord,(f*o)= SY b(f, x) +n ord,(a). 


xe fo ly) xe f- My) 
Thus 
deg(f*w)= >) ord,(f*w)= ) >) ord,(f*a) 
xeX yeY xe f-1(y) 
= Vo(f£ x)+n¥ ord,(w) = b(f) +n deg(a). 
xeX yey 


This implies 2g — 2 = b + n(2g’ — 2) and the result follows. oO 
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17.15. Coverings of the Riemann Sphere. For the special case of an n-sheeted 
covering x: X + P? of the Riemann sphere with total branching order b one 
gets the genus g of X from the Riemann-Hurwitz formula, i.e., 


Se ce 
I=5 : 


If one has a double covering of P’, then b is equal the number of branch 
points and g = (b/2) — 1. A compact Riemann surface of genus >1 which 
admits a double covering of P' is called hyperelliptic. 

For example, let x: X > P’ be the Riemann surface of ./P(z), where 


P(z) = (2 — ay) ++ (2 — a) 
is a polynomial of degree k which has distinct roots a; (cf. 8.10). Since b must 
be even, we see that X is branched over oo precisely if k is odd. This was 
proved earlier. The genus of X is g = [(k — 1)/2], where [x] denotes the 
largest integer <x. One can give an explicit basis w,, ..., w, for the vector 
space of holomorphic 1-forms on X as follows 


a 2 ae 
. P(z)’ 


where z is simply another notation for the meromorphic function 
nm: X + P’. Using local coordinates at the critical points one can easily show 
that the w,; are holomorphic on all of X. Clearly ,, ..., w, are linearly 
independent. 


1<j<g=[(k—1)/2], 


17.16. Theorem. Suppose X is a compact Riemann surface of genus g and D is 
a divisor on X. Then 


H*(X, Op) =0 whenever deg D > 2g — 2. 


Proof. Suppose w is a non-vanishing meromorphic 1-form on X and K is its 
divisor. Then by (17.4) there is an isomorphism Q_p» = @x_p. Thus 
H'(X, Op)* = H°(X, Q_p) = H(X, Ox_p). If deg D> 2g —2, then 
deg(K — D) < 0. Thus H°(X, @x_p) = 0 by Theorem (16.5). 


17.17. Corollary. Suppose X is a compact Riemann surface and is the sheaf 
of meromorphic functions on X. Then 


H1(X, .@) =0. 


Proor. Let € ¢ H'(X, .@) be a cohomology class which is represented by a 
cocycle (f,;)¢ Z'(U, .@). Passing to a refinement of U, if necessary, one may 
assume without loss of generality that the total number of poles of all the f;; 
is finite. Hence there is a divisor D with deg D> 2g — 2 such that 
(fj) € Z*(U, @p). By (17.16) the cocycle (f;;) is cohomologous to zero rela- 
tive to the sheaf ©, and thus also relative to the sheaf .@. O 
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Remark. The sheaf .@") of meromorphic 1-forms on X is isomorphic to 
dd. An isomorphism .@ %.#") is given by fio fw, where w + 0 is a fixed 
element of .@). Thus H'(X, .@) =0 as well. 

This can be used to give a definition, without the use of integrals, of the 
residue mapping Res: H1(X,Q)—C introduced in (17.1). For, suppose 
€€ H'(X,Q) is represented by the cocycle (a,;)¢ Z'(U, Q). Since 
H1(X, M) =0, this cocycle splits relative to the sheaf .@. Thus there is a 
Mittag-Leffler distribution p e¢ C°(U, .W) with [du] = €. Then 

Res(¢) = Res(u) 


by Theorem (17.3). 


17.18. We are now going to give some other applications of Theorem (17.16), 
but we first consider the following notion. Let D be a divisor on a Riemann 
surface X. We say that the sheaf (, is globally generated, if for every x € X 
there exists an fe H°(X, @,) such that 


Op, x @, f 


ie., every germ g € Mp , may be written » = Wf with pw € ©,. The condition 
Op, x = ©, fis equivalent to 


ord,(f) = — D(x). 


17.19. Theorem. Let X be a compact Riemann surface of genus g and D be a 
divisor on X with deg D > 2g. Then Gp is globally generated. 


Proor. Suppose x € X is a fixed point and let D’ be the divisor defined by 


, _ {D(y) for y#-x, 
Ds D(iy)-—1 for y=x. 


Since deg D > deg D’ > 2g — 2, by Theorem (17.16) we have 
H'(X, ©) = H1(X, Oy) =0. 
The Riemann-Roch Theorem now implies 
dim H°(X, @p) > dim H°(X, @,,), 


and hence there exists an element fe H°(X, ©,)\H°(X, @p,). This element 
satisfies the condition ord,(f) = — D(x). oO 


17.20. Embedding into Projective Space. Denote by P* the N-dimensional 
projective space which is defined as P” = (C%*1\0)/~, where ~ is the fol- 
lowing equivalence relation: 


(Zo, +++) Zw) ~ (Zo, +++) Zn) AE C*: 2, =Az, forv=0,..., N. 
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Denote by (zo: °°: : zy) € P® the equivalence class of (zo, ..., zy) € CX**\0. 
Equipped with the quotient topology, P” is a compact Hausdorff space. For 
j=O0,..., N let 


Uj = {(29: ++: Zy) € PM: 2; # OF. 


The family (Uy, ..., U,) forms an open covering of P. Let 


pj: U;>€% 
be defined by 
Sede _ [70 Zj-1 2j+1 Zn 
ofeo: +29) =( scaly ; ; 
, 23 25 2; 2; 


It is easy to see that ¢; is well-defined and maps U; homeomorphically onto 
ce 
Now suppose X is a compact Riemann surface and 


F: X > Pp 


is a continuous map. Then W,:=F~'(U,) is an open subset of X for 
j =O0,..., N, and we can consider the maps 


F;=9;° F: W,>C%. 


Then every F; is an N-dimensional vector F; = (Fj, ..., Fjy) of functions 
F,,: W,>C. The map F: X > P* is said to be holomorphic if all of the 
functions F;, are holomorphic. F is called an immersion if it is holomorphic 
and for every point x € X there exists at least one F, such that x e W, and 
dF ,,(x) # 0. A holomorphic map F: X > P* is called an embedding if it is an 
injective immersion. 


17.21. Examples of holomorphic mappings F: X > P® can be obtained in 
the following way. Let fo, ..., fy € &(X) be meromorphic functions on X 
which do not vanish identically. Define 


F = (fo: fii 7+ fy): X > PY 


as follows. For x € X let (V, z) be a coordinate neighborhood with z(x) = 0 
and let 


k= min ord,( fj). 
j 


On V we can write f; = z*g,, where g; is holomorphic in a neighborhood of x 
and for at least one j we have g(x) # 0. Set 


F(x) = (go(x): *** : G(x). 
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Of course this definition is independent of the local coordinate chosen. If 
g(x) #0, then F(x) e U, and hence x € W, and the map F;: W,> CY, as 
defined in (17.20), has the following form in a neighborhood of x: 


F,= (2 Gj-1 Gj+i *), 


grey 3 grey 


9; gj gj Gj 
This shows that F is holomorphic. 


17.22. Theorem. On a compact Riemann surface X of genus g let D be a divisor 
of degree >2g + 1. Let fo, ..., fy be a basis of H°(X, @p). Then 

F = (fo: ++: fy): X > P* 
is an embedding. 


PROOF 
(a) First let us show F is injective. Suppose x, # x, are two points of X. 
Let D’ be the divisor defined by 


.y _ |D(x) for x #X2, 
Os D(x)-—1 forx =x. 


Since deg D’ = deg D—1 +> 2g, the sheaf @, is globally generated by 
Theorem (17.19), hence there exists an fe H°(X, @p-) such that 


ord,,(f) = — D(x). (*) 
By the definition of D’ we have 
ord,,(f) => —D(x2) +1. (ee) 


Of course f also belongs to H°(X, py), sof = ¥ A, f; for certain coefficients 
A, eC. Let (Vi, z,) and (V2, z,) be coordinate neighborhoods of x, and x, 
resp. such that z,(x,,) = 0, «= 1, 2. Since Op is globally generated, we have 


k, = min ord, (f;) = —D(x,). 
j 


Write f; = zivg,; and f = zig, in a neighborhood of x,. Then 


F(x,) = (GuolX,): oon Jun(X,.)) 
and 


¥ Aaa) = Gils 


But from (*) and (**) it follows that g,(x,) #0 and g,(x2) = 0. This shows 
F(x) # Fla). — 

(b) We now prove that F is an immersion. Let x9 € X be a given point 
and consider the divisor D’ defined by 


(x) for x #Xo, 


tf 7 D 
cd ke D(x)—1 for x =X. 
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Then D’ is globally generated and hence there exists an fe H°(X, Op.) such 
that 


ord,,(f) = —D(xo) + 1. 


As above f= > 4; f; for certain 4; € C. Let (V, z) be a coordinate neighbor- 
hood of xq such that z(xj) = 0 and set 

Sj = 2*g;, f= 2*g, 
where k = min ord,.,( f;) = — D(xo). Let v be an index such that g,(x9) # 0. 


We may assume v=0. The map Fo = @ ° F: W—C% considered in 
(17.20), is now given in a neighborhood of x9 by 


g 
Fa = (Fon Fon) = (# ig) 


Jo’ go 
and we get 
N N 
g g 
Y4Fo = ¥ (2) — — Ao 
j=l j=1 \9o Jo 
Hence 


pe) ia; = a{ 2 
Jo 


Since go(xo) # 0 and g has a zero of first order at x9, we have d(g/go)(xo) 
# 0. Hence dFo,(xo) ¥ 0 for at least one index j. This shows that F is an 
immersion. oO 


Remark. It can be shown that if deg D > 2g + 1, then there exist elements 
Pos +++ 3 © H°(X, Op) such that (yo: ---: @3): X + P? is an embedding. 
Thus every compact Riemann surface admits an embedding into P°. 


EXERCISES (§17) 


17.1. Let X > P! be the Riemann surface of the algebraic function 2/1 — 2", ie., the 
algebraic function defined by the polynomial 


P(T)= T+ 2"-1¢.4(P')[T], 
where z € .@(P') is the canonical coordinate function. Show that the genus of 
X is 
_ (n—1)(n— 2) 
g= 5 


17.2. Let X be a compact Riemann surface. Let 2(X) < .@'"(X) be the space of all 
meromorphic 1-forms on X whose residues vanish at every point. Using Ex. 
15.3 show 


H'(X, C) = 2(X)/d.M(X). 
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17.3. Let X = C/T be a torus. Show that the classes of dz and §; dz form a basis of 
2(X)mod 4.4(X). 


17.4. Let D be a divisor on the compact Riemann surface X of genus g. Show 
dim H°(X, Gp) =0 for deg D < —1 
0 < dim H°(X, @y) < 1+ deg D for -1<degD<g—1 
1—g+degD<dim H°(X, Oy) <g forg—1<degD<2g-1 
dim H°(X, @p) = 1-9 + deg D for deg D > 2g — 1. 

17.5. Let K be a canonical divisor on a compact Riemann surface X of genus > 0, 


and let D > K bea divisor with deg D = deg K + 1. Show that the sheaf @, is 
globally generated, but (’p is not. 


17.6. Let 1 <C bea lattice and let § be the Weierstrass §9-function with respect to 
T. Interpret §? and its derivative §’ as meromorphic functions on C/T’. Show 
that 


(1: @: @): C/T > P? 
is an embedding. 


17.7. Let X be a compact Riemann surface of genus two. Suppose w, and w, forma 
basis of H°(X, Q) and define fe .@(X) by w, = fw. Show that f: X > Pisa 
2-sheeted (branched) covering map. 


§18. Functions and Differential Forms with 
Prescribed Principal Parts 


As is well known, the classical theorem of Mittag—Leffler asserts that in the 
complex plane there always exists a meromorphic function having suitably 
prescribed principal parts. Our present goal is to look at the analogous 
problem on compact Riemann surfaces. Here the problem does not always 
have a solution. But from the Serre Duality Theorem one can derive neces- 
sary and sufficient conditions for a solution to exist. 


18.1. Mittag—Leffler Distributions of Meromorphic Functions. Suppose X is 
a Riemann surface and U = (U;);.; is an open covering of X. A cochain 
n= (f;) € C°(U, -@) is called a Mittag—Leffler distribution if the differences 
f, —f, are holomorphic on U; 4 Uj, i.e. du € Z*(U, @). Thus the functions f, 
and f; have the same principal parts on their common domain of definition. 
By a solution of 4 is meant a global meromorphic function f € .@(X) which 
has the same principal parts as yp, ie. f|U;—f, ¢ O(U,) for every ie I. 
Denote by [du] ¢ H*(X, @) the cohomology class represented by the cocycle 
OM. 
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Theorem. 4 Mittag—Leffler distribution y has a solution if and only if [5u] = 0. 


PROOF 
(a) Suppose fe W(X) is a solution of yw = (fj). Set g; =f, —fe O(U)). 
Then on U; 4 U; one has 


fj, -fi= 9) - 9:- 


This means that the cocycle du = (f;—f)) is contained in B’(U, ©), ie. 
[du] = 0. 

(b) Suppose [5] = 0 and thus dy € B'(U, @). Then there exists a cochain 
(g;) € C°(U, @) such that 


fy-f=9)-9: On U; A Uj. 


This implies f; — 9; =f; — gj; on U; > U,. Thus the f; — g; piece together to 
form a global meromorphic function fe.#@(X). Since f|U;—f, 
= —g, € O(U;), f is a solution of p. gO 


Remark. By (17.17) on every compact Riemann surface H'(X, .@) = 0. 
This implies that given any cohomology class ¢ € H'(X, @) there exists a 
Mittag-Leffler distribution yw ¢ C°(U, .@) such that & = [dy], for a suitably 
chosen covering U. Thus on every compact Riemann surface of genus > 1 
there are Mittag-Leffler problems which have no solution. But on the 
Riemann sphere H'(P', ©) = 0 and every Mittag—Leffler distribution has a 
solution. This is also easy to see directly. 


18.2. Now suppose X is a compact Riemann surface and p € C°(U, .@) isa 
Mittag—Leffler distribution of meromorphic functions on X. Then for every 
holomorphic 1-form @ € Q(X) the product wp e C°(uU, .@) is a Mittag— 
Leffler distribution of 1-forms and thus by (17.2) the residue Res(wy) is 
defined. This allows us to formulate the criterion alluded to above which 
tells us when yu has a solution. 


Theorem. Suppose pu ¢ C°(U, .@) is a Mittag—Leffler distribution of meromor- 
phic functions on the compact Riemann surface X. Then yhas a solution if and 
only if 


Res(wu) = 0 for every w € Q(X). 
Proor. Now [du] € H'(X, @) vanishes if and only if A([du]) = 0 for every 
A € H'(X, 0)*. By the Serre Duality Theorem this is the case exactly if 
<a, [6u]> =0 for every w € Q(X). 


By Theorem (17.3) one has <@, [5u]> = Res(w[d6y]) = Res(wpy). Thus the 
result follows from Theorem (18.1). | 
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Remarks 
(a) If wy, ..., @, is a basis of Q(X), then Res(wp) = 0 for every w € Q(X) 
if and only if 


Res(w,) =0 fork =1,...,g. 


Thus y has a solution if and only if g linear equations hold, where g is the 
genus of X. 

(b) If «has a solution and f,, f, ¢ ./(X) are two solutions, then f,; — f, is 
holomorphic on X and thus constant. Hence the solution is unique up to an 
additive constant. 


18.3. Application to Doubly Periodic Functions. Suppose 7,, y,¢C are 
linearly independent over R and let 


P:={tyy, + toy, 0<ty < 1O<t,< 1}. 


Suppose that at the points a,,..., a, € P principal parts 
-1 
Y cAz-a), forj=1...,n, 
ve Pj 
are prescribed. Then there exists a meromorphic function f ¢ .@(C) doubly 
periodic with respect to [ = Zy, + Zy, and having poles with the prescribed 
principal parts at the points a,,..., a, if and only if 


s ies 
yo 


Proor. Any function doubly periodic with respect to F may be considered as 
a function on the torus X = C/T. The prescribed principal parts then give 
rise to a Mittag—Leffler distribution x on X. The differential form @ on X 
induced by the 1-form dz on C (cf. 10.14) is a basis of Q(X), since 
dim Q(X) = 1. Now 


Res(wu) = Yc, 
j=l 
and the result follows from the above theorem. im 


In particular, this implies that there are no doubly periodic meromorphic 
functions having precisely one pole of order one in any period paral- 
lelogram. For, such a function would have a non-zero residue (cf. 5.7.c). 

We now consider whether on a Riemann surface of genus g > 1 there 
exist meromorphic functions which have one pole of order <g but are 
otherwise holomorphic. To do this we need some preliminaries. 


18.4. The Wronskian Determinant. Suppose f,, ...,/, are holomorphic func- 
tions on a domain U < C. By the Wronskian determinant of f,, ..., f, one 
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means the determinant of the matrix of derivatives f’”, where 0<m< 
g-lil<k<g,ie, 


fi fh ress fy 
Wifi --..f,) = det es : ey Is 
fern fer he pow 


If the functions f;, ..., f, are linearly independent over C, then the Wron- 
skian determinant is not identically zero. This can be proved by induction 
on g. For, suppose that we have already shown that W(f;, ..., f,-1) #0. 
Consider the differential equation 


fi tr id Vea Ww 

yy °9s Pr Pee Ww: 
WU Srsevslaw te w) = det : : : : 

SEY FEY - FET werd 


=0 


for some unknown function w. If one expands by cofactors about the last 
column, then one gets 


agw9-) + awe? + + a,_ w=, (*) 


where dy = W(f,, ...,f,-1). Clearly fi, ...,.f,- 1 are solutions of this differen- 
tial equation. If W(/;, ...,f,) vanishes identically, then f, is another solution 
of (*). Hence f, is a linear combination of fi, ..., Sj-1 over 
U' = {z € U: ag(z) #0} and by the Identity Theorem over U as well. But 
this is a contradiction. 

Now suppose X is a compact Riemann surface of genus g > 1 and@,,..., 
@, is a basis of Q(X). For any coordinate neighborhood (U, z) we can 
define a holomorphic function W,(w,, ...,@,) on U as follows. The 1-forms 
«, may be written w, = f, dz on U. Set 


W(@1, ..., @g)'= Wf, -....f,), 


where the derivatives of the functions f, on the right-hand side are taken with 
respect to z. How the Wronskian determinant of «,,...,, behaves under a 
change of coordinates is answered by the next theorem. 


18.5. Theorem. Suppose (U, z) and (U, 2) are two coordinate neighborhoods 
on X. Then on. U 7m U one has 

dz 
dz 


. 1 
Wr, ae tose Wy), where N — gg +1) 


W(@,, --- wo) = ( 5) 
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Proor. Set w= (dz/dz) ¢ O*(U 7 0). Define the functions f, and f, on 
Un OU by 


wo, =f, dz = f, dz. 
Then f, = Wf,. By induction on m one can now show that 
Oe mt Oe US 
aan amt Le Pru 


where the ¢,,,, are holomorphic functions on U ~ U which are independent 
of k. From this one gets 


d™ 
aet( Piles = det( yr"! A) 
2” Jin = 0, oc g— 1 k= Le oe d wn G TRE, ag 
Since 1+ 2+°--+g =g(g + 1)/2, the result follows. Oo 
If @, ..., @, is another basis of Q(X), then there exist constants c;, € C 


with det(c j, ) :¢ #0 such that w; = }, ¢j,@,. Then 


W,(@,, ..., @,) = CWA, ..., 4). 


Hence the following definition is meaningful, 1.e., it does not depend on the 
choice of basis of Q(X) nor on the choice of local coordinate. 


18.6. Definition. Suppose X is a compact Riemann surface of genus g > 1.A 
point p € X is called a Weierstrass point, if for a basis w,,...,@, of Q(X) and 
a coordinate neighborhood (U, z) of p, the Wronskian determinant 
W,(w,,-..,@,) has a zero at p. The order of this zero is called the weight of the 
Weierstrass point. By definition a Riemann surface of genus 0, i.e., P!, does 
not have any Weierstrass points. 


18.7. Theorem. Suppose X is a compact Riemann surface of genus g and p is a 
point of X. Then there exists a non-constant meromorphic function f ¢ “(X) 
which has a pole of order < g at p and is holomorphic on X \{p} if and only if p is 
a Weierstrass point. 


Proor. We will use the criterion of Theorem (18.2). Suppose w,, ..., @, isa 
basis of Q(X) and (U, z) is a coordinate neighborhood of p with z(p) = 0. 
The w, may be expanded in series 


= Y a,2" dz, k=1,...,9, 
v=0 


about p. The function f which we are looking for has a principal part at p of 
the form 


g-1 


cy 
h= > phe? (Cos sss &g-1) = (0, ..., 0) 


v=0 
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and thus is a solution of the Mittag-Leffler distribution 
H=(h,0)e CU, Mw), =U =(U, X\{p}). 
Now 
g-1 
Res(, 1) = Res,(a,h) = ¥ a,c. 
v=0 


Thus the equations Res,(w,h) = 0 have a non-trivial solution (co, ..., Ona 
if and only if det(a,,) = 0. But this is equivalent to 


W,(@1, ».-» Og)(p) = 0. O 


18.8. Theorem. On a compact Riemann surface X of genus g the number of 
Weierstrass points, counted according to their weights, is (g — 1)g(g + 1). 


Proor. Suppose (U;, z;), i € I, is a covering of X by coordinate neighbor- 
hoods. On U; m U; the function w,; = (dz; /dz;) is holomorphic and has no 
zeros. With respect to a fixed basis «,, ..., @, of Q(X) let 


W; - W.(o1, ers (4) € O(U)). 
By Theorem (18.5) one has 
We=wWhW, on U; 7 U,, where N = g(g + 1)/2. (1) 


Setting D(x) :=ord,(W,) for x € U;, defines the divisor D on X correspond- 
ing to the Weierstrass points together with their respective weights. Thus 
deg D is the total of the weights of the Weierstrass points and the proof is 
complete once we show deg D = (g — 1)g(g + 1). 

Let D, be the divisor of w,. Then deg D, = 2g ~ 2 by Theorem (17.12). If 
we setw, = fy; dz; on U;, then D,(x) = ord,( f,;) for every x ¢ U;. Moreover 

fi= Wifi on Up U;. (2) 
From (1) and (2) it follows that 
Wik = W, fi on U; 4 U;. 
Thus there exists a global meromorphic function fe .# (X) with 
f|U; = W, f 7%. For the divisor of f one has 
(f) =D —ND,. 

Since deg(f) = 0, it follows that 


#4 
deg D=NdegD, =" * Yoga) -@-1g+, 


18.9. Corollary. Every compact Riemann surface X of genus g > 2 admits a 
holomorphic covering mapping f: X > P! having at most g sheets. In particular 
every compact Riemann surface of genus 2 is hyperelliptic. 
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Remark. In fact, every compact Riemann surface of genus g > 2 admits a 
covering of P! with [(g + 3)/2] or fewer sheets, see [56]. 


18.10. Differential Forms with Prescribed Principal Parts. Suppose X is a 
Riemann surface, U=(U;);-; is an open covering of X and 
w= (w,) € C°(U, Ww”) is a Mittag-Leffler distribution of meromorphic 
1-forms on_X, cf. (17.2). By a solution of 4 we mean a global meromorphic 
1-form w € .@)(X) which has the same principal parts as y, Le, o|U; — 
cw, € Q(U;) for every i € I. As in (18.1) one can prove that y has a solution if 
and only if the cohomology class [64] € H'(X, Q) vanishes. 


18.11. Theorem. On a compact Riemann surface X a Mittag-Leffler distribu- 
tion we C°(U, M™) of meromorphic 1-forms has a solution if and only if 
Res(s) = 0. 


Proor. By Theorem (17.3) one has Res(u) = Res([dy]). By the consequence 
in (17.11) the mapping Res: H'(X,Q)—+C is an isomorphism. Thus 
[5] = 0 is equivalent to Res(u) = 0 and the result follows. oO 


18.12. Corollary. Suppose X is a compact Riemann surface. 

(a) For any point pe X and any natural number n> 2 there exists a 
meromorphic 1-form on X which has a pole of order n at p and is otherwise 
holomorphic (“an elementary differential of the second kind.”). 

(b) For any two distinct points py, p2 € X there exists a meromorphic 
1-form on X which has poles of first order at p, and p, with residues +1 and 
—1, respectively, and is otherwise holomorphic (“an elementary differential of 
the third kind”). 


EXERCISES (§18) 


18.1. Let U={z e€: |z| <r}, r>0, and let f: U +C be a holomorphic function 
with f(0) #0. 


(a) Define f;(z) = z/~ ‘f(z) for j = 1,...,g. Prove that the Wronskian determin- 
ant W(f, ...,f,) does not vanish at the origin. 

(b) Define 9(z):=z7/"*f(z) for j = 1, ..., g. Prove that the Wronskian deter- 
minant W(@,, ..., @,) has a zero of order (g(g — 1)/2) at the origin. 


18.2. Let x: X +P? be a hyperelliptic Riemann surface of genus g > 2. 


(a) Show that all the ramification points p,,...,P2g+2 € X of mare Weierstrass 
points of X. 

(b) Prove that there are no other Weierstrass points and that every Weierstrass 
point p; has weight (g(g — 1)/2). 
(Hint: Use Ex. 18.1.] 


18.3. Let X be a compact Riemann surface of genus g > 1 and suppose w,...,@,isa 
basis of Q(X). Let D > 0 be a non-negative divisor on X. Denote by Mp the set 
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of all Mittag~-Leffler distributions 4 > —D on X, ie. the set of all Mittag— 
Leffler distributions lying in C°(U, @p) for some open covering U of X. Define a 


linear map 
R: Mp > C9 
by 
R(x) = (Res(u@;), ..., Res(uco,)). 
Prove 


dim H'(X, Gp) = g — dim R(M,). 


§19. Harmonic Differential Forms 


With the help of the results obtained so far it is now easy to derive the most 
important results about harmonic differential forms on compact Riemann 
surfaces X. In particular every closed differential form on X may be uniquely 
written as the sum of a harmonic and an exact differential form. This implies 
that the Ist deRham group of X is isomorphic to the vector space of har- 
monic differential forms on X. Using this one can show that the genus is a 
topological invariant. 


19.1. Complex Conjugation. For any 1-form @ € &)(X) on a Riemann sur- 
face X, the complex conjugation of functions induces a conjugate complex 
differential 1-form @ € &)(X). For, locally w = ¥ f, dg;, where the func- 
tions f; and g, are differentiable. Thus @ = )° f, dg;. A 1-form@ € &(X)is 
said to be real if w = @. In general the real part of a differential form @ is 
defined by 


Re(w) = $(w + @). 


Clearly @ is real if and only if w = Re(w). If c is a curve on X, then 


[o a Jo. and thus Re(| «| = j Re(wv). 


(If @ is not closed, then we assume that c is piecewise continuously differen- 
tiable.) If @ € Q(X) is a holomorphic 1-form, then @ is called anti- 


holomorphic. We denote the vector space of all anti-holomorphic 1-forms on 
X by Q(X). 


19.2. The +-operator. Any 1-form @ € &")(X) may be uniquely decomposed 
as 


@=W,+@, where w, € &°(X), wz 6 &'(X). 
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Set 
*CD I> i(@, as @). 


The mapping +: &(X) > &(X) is an R-linear isomorphism which maps 
&'°(X) onto &° '(X) and vice versa. 

For w € &(X), w, € €':°(X), w, € &° '(X) and fe &(X) one has the 
following: 


(a) xo = —a, +O = *O, 

(b) de(w, + 2) = id'@, — id’@;, 
(c) «df= id’, xd'f= — id, 
(d) dedf = 2id'd’7. 


19.3. Harmonic Differential Forms. A 1-form @ € &)(X) on a Riemann 
surface X is called harmonic if 


dw = dew = 0. 


Theorem. Suppose w € &''(X). Then the following conditions are equivalent: 


(i) w is harmonic, 
(ii) d’w = d"w =0, 
(iii) co = @, + @2 where @, € Q(X) and ~, € A(X), 
(iv) given any point a € X there exists an open neighborhood U of a and a 
harmonic function f on U such that co = df. 


ProoF. The equivalence of (i), (ii) and (iii) follows from (19.2). 

(i) = (iv). Since in particular a harmonic differential form is closed, locally 
w = df, where f is a differentiable function. Since 0 = d*w = dxdf = 2id'd"f, 
it follows that f is harmonic. 

(iv) = (i). If @ =df and f is harmonic, then dw = ddf=0 and dew = 
dxdf = 0. oO 


Notation. The vector space of all harmonic 1-forms on the Riemann 
surface X will be denoted by Harm’(X). Thus 
Harm}(X) = Q(X) @ Q(X). 
Thus if X is a compact Riemann surface of genus g, then 


dim Harm!(X) = 2g. 


19.4. Theorem. Every real harmonic 1-form 6 € Harm!'(X) is the real part of 
precisely one holomorphic 1-form w € Q(X). 


Proor. Suppose ¢ =@,+ @, with w,, wz ¢ Q(X). Because ¢ =a, + 
@, == @, + Qy, it follows that wo, = @,. Thus o = Re(2@,). 
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To prove the uniqueness, suppose w € Q(X) and Re(w) = 0. Since locally 
w = df, where fis a holomorphic function, it follows that fhas constant real 
part. Then f itself is constant and thus w = 0. Oo 


19.5. Scalar Products in &)(X). We now assume that X is a compact 
Riemann surface. For @,, m2 € &)(X) let 


(M1, O2>°= [I WO, A*O>. 


Clearly the mapping (@,, @,)-> (@,, w>> is linear in the first and semi- 
linear in the second argument and 
(2, 1) = (1, M2). 
We now claim that ¢ , > is positive definite. For, suppose w € &(X). With 
respect to a local chart (U, z), where z = x + iy, suppose 
o=fdz+q dz. 
Then 
+ = i(f dz — g dz) 
and 
oa xy =i(| f |? + |g?) dz a dz =2(|f |? + |g|?) dx a dy. 
This shows that <@, w> > 0 and <@, w> = 0 only if w = 0. Hence with this 


scalar product 6‘)(X) becomes a unitary vector space. However it is not a 
Hilbert space, since it is not complete. 


19.6. Lemma. Suppose X is a compact Riemann surface. 


(a) d'&(X), d"&(X), Q(X) and Q(X) are pairwise orthogonal vector sub- 
spaces of &)(X). 
(b) dé(X) and *d&(X) are orthogonal vector subspaces of &(X) and 


d&(X)@ «d&(X) = d’'&(X) @ a’6(X). 


PROOF 
(a) Since €*°(X) and &° '(X)are trivially orthogonal, it suffices to show 
that d’6(X) 1 Q(X) and d’6(X) 1 O(X). 
Suppose fe &(X) and w € Q(X). Then 
wd’ f= io rdf = iw rdf = —i d( fo). 
Thus 


<o, df> = -i |[ d(fo) =0 


by Theorem (10.20). Similarly one can show <@, d’f) = 0. 
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(b) Suppose f, g € &(X). Then 
dfn (dg) = —dfrdg = —d{f dg). 
Thus 


df, xdg> = — || d(fdg) =0. 


we 


x 


The equality d6(X) @ *dé(X) = d'E(X) @ d"E(X) follows from (19.2.c). O 


19.7. Corollary. On a compact Riemann surface X every exact differential 
form o © Harm!(X) vanishes and every harmonic function fe &(X) is 
constant. 


This follows since dé(X) is orthogonal to Harm'(X) = Q(X) @ Q(X). 


19.8. Corollary. Suppose X is a compact Riemann surface and o ¢ Harm'(X), 
w € Q(X). If for every closed curve y on X one has 


[ o = 0, resp. Re(| a} = 0, 
“y my. 
then o =0, resp. o = 0. 


PrRoor. Since o (resp. Re(w)) is exact by Theorem (10.15), the result follows 
from (19.7) and (19.4). Oo 


19.9. Theorem. On any compact Riemann surface X there is an orthogonal 


decomposition 
6° '(X) = d’E(X) @ Q(X). 


Proor. Let g be the genus of X. Since H'(X, @) = &° 1(X)/d’6(X) by 
Dolbeault’s Theorem (15.14), one has 


dim &° 1(X)/d"6(X) = g. 
On the other hand, dim Q(X) = g by (17.10). The result now follows from 
Lemma (19.6.4). oO 


19.10. Corollary. Suppose X is a compact Riemann surface and o € &° 1(X). 
The equation d’f = has a solution f € &(X) if and only if 


[[ oro =0 for every w € Q(X). 


x 


The given condition is equivalent to ¢ L Q(X). 
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19.11. Theorem. On any compact Riemann surface X there is an orthogonal 
decomposition 


EX) = «d&(X) @ d&(X)® Harm'(X). 
Proor. Taking complex conjugates in (19.9) one gets 1°(X) = d'&(X) ® 
Q(X). Thus 
G(X) = d'&(X) @ d’E(X) ® AX) @ A(X). 
Hence the result follows from (19.6). oO 


19.12. Theorem. Suppose X is a compact Riemann surface. Then 


Ker(é)(X) _ &?)(X)) = d&(X) ® Harm'(X). 


d 
Proor. Since #(X):=Ker(é(X) > &°(X)) > dé(X) @ Harm'(X), it 
suffices by Theorem (19.11) to show that 
4(X) L +d&(X). 
Suppose w ¢ #(X) and fe &(X). Then 
wA+*(*df) = —wadf=d(fo). 
Hence 


<e, «df >= || d( foo) = 0. O 


xX 


19.13. Corollary. Suppose X is a compact Riemann surface. Then a differential 
form oa € &(X) is exact if and only if for every closed 1-formw € &")(X) one 
has 


[[orw=0. 


x 


Proor. The given condition is equivalent to <@, *7> = 0 for every closed 
1-form «w. But by (19.11) this means «a € «d&(X), ie, o € d&(X). oO 


19.14. Theorem (deRham-Hodge). Suppose X is a compact Riemann surface. 
Then 


H'(X, C) = Rh?(X) = Harm'(X). 
Because of (19.12) this follows directly from deRham’s Theorem (15.15). 


Remark. Since the sheaf C of locally constant complex-valued functions 
on X depends only on the topological structure of X, it follows that 


b,(X)=dim H1(X, C), 
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the first Betti number of X, is a topological invariant. From (19.14) one has 
b,(X) = 29, 


where g is the genus of X. Thus the genus is a topological invariant. 

There is a topological classification of connected orientable compact two- 
dimensional manifolds (Riemann surfaces are orientable), which depends 
only on the first Betti number. Every such surface X with b,(X) = 2g is 
homeomorphic to a sphere with g handles (cf. Seifert-Threlfall [46] or [42]). 

It should also be noted that for every genus >1, there are Riemann 
surfaces which are homeomorphic but which are not holomorphically equi- 
valent. The holomorphic equivalence classes of Riemann surfaces of genus g 
depend on one complex parameter when g = 1 and on 3g — 3 complex 
parameters when g > 2. 

This Teichmiiller theory will not be dealt with here; for this see [SO]. 


EXERCISES (§19) 
19.1. Let X be a compact Riemann surface. Prove 


(a) dé°1(X) = d'd"6(X) < E6°(X). 
(b) Let # be the sheaf of harmonic functions on X. Then 


H'(X, #) = &"(X)/d'd"6(X) = C. 
(c) Let w ¢ &(X), Prove that there exists a function fe &(X) such that 
d'd'f=a 
if and only if 


foo. 


19.2. Let X = C/I bea torus. Fora function f ¢ &(X) define its mean value M(f) by 


-1 


misyo=({f raza as) (azn ae] 


x 
For w =f dz +g dz € &9(X) let M(w) = M(f) dz + M(g) dz. Show 
(a) If we #(X)=Ker(6(X) 4 6(X)), then @ and M(w) are 


cohomologous. 
(b) The mapping 


M: #(X)— Harm'(X) 
induces an isomorphism 


Rh!(X) S Harm'(X). 
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§20. Abel’s Theorem 


In this section we investigate when there exist meromorphic functions with 
prescribed zeros and poles on a compact Riemann surface X. Clearly it is 
necessary that the total order of the zeros equal the total order of the poles. 
However on Riemann surfaces of genus g > | this condition is not sufficient. 
Abel’s Theorem gives a necessary and sufficient condition for the existence of 
such functions. 


20.1 Functions with Prescribed Divisors. Suppose X is a Riemann sur- 
face and D is a divisor on X. A meromorphic function f € A(X) is said to 
be a solution of D if (f) = D. Thus the function f has precisely the zeros 
and poles prescribed by the divisor D. If X is compact, then it is possible 
for D to have a solution only if deg D = 0. 

We also need the notion of a weak solution of D. Let 


Xp ={x € X: D(x) = 0}. 


By a weak solution of D we mean a function f ¢ &(X p) with the following 
property. For every point ae X there exists a coordinate neighborhood 
(U, z) with z(a) = 0 and a function y € &(U) with (a) # 0, such that 


f=wz* onUn Xp, where k = D(a). (*) 


Clearly a weak solution fis a proper, i.e. meromorphic, solution precisely if f 
is holomorphic on X,,. Two weak solutions f and g of D differ by a factor 
y € &(X) which never vanishes. 

If f; (resp. f2) is a weak solution of D, (resp. D3), then f:=f, f, is a weak 
solution of the divisor D:'=D, + D,. At those points a e X where 


D(a) >0, but D,(a)<0O or D(a) <0, 


the product f, f2 is not defined, but using continuity it may be extended to 
such points. Similarly f, /f, is a weak solution of the divisor D, — D,. 


20.2. Logarithmic Differentiation. Suppose fis a weak solution of the divisor 
D. Then the logarithmic derivative df/f is a smooth 1-form on the comple- 
ment of 


Supp(D) = {x e X: D(x) # 0}. 


If a e Supp(D) and k = D(a), then using (*) one has the representation 
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Now dy/y is differentiable in a neighborhood of a and thus has no singulari- 
ties. As in (13.1) this implies that for any 1-form o € &(X) with compact 
support the integral 


(eae 
Wf 

exists. For later use we also note that the 1-form d"f/fis differentiable on all 
of X, for the local representation f = yz" implies d’f/f = d’W/p. 


20.3. Lemma. Suppose a,,..., a, are distinct points on the Riemann surface X 
and k,,...,k, € Z. Suppose D € Div(X ) is the divisor with D(a;) = k; for j = 1, 

.., n and D(x) =0 otherwise. Let f be a weak solution of D. Then for any 
g € &(X) with compact support 


Es il 7 ndg = » k;g(a)). 


Proor. Choose disjoint coordinate neighborhoods (U,, z;) of the a; with 
z(a;) = 9 such that on U; one may write f as 
f=w,z with y,e &(U,), vx) #0 for every x € Uj. 


We may assume that z,(U;) < C is the unit disk for j = 1, ..., n. 


Suppose 0 <r, <r, < 1. There exist functions g; ¢ &(X) with 
Supp(~;) < {|2;| <12} and g,|{|z;| <rij=1. 


Let 9; ‘= jg for j = 1,..., n and go =g — (g; + *** + gn). Since Supp(go) is 
compact in X’:= X\{a,, ..., a,}, it follows from (10.20) that 


d d, 
[{ 4 sdao= ~ [f d[ao) =0 
on 
Thus 
d rd dz, 
|| Tad = 5 || + A dg; = all = Adg; 
Now Stokes’ Theorem implies 
+p dz; , dz; 
i ee 7 tin i] aor) 
= lim | y = 2nig;(a;) = 2nig(a;). O 
e70 23 
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20.4. Chains, Cycles and Homology. By a |-chain on a Riemann surface X 
we mean a formal finite linear combination with integer coefficients, 


k 
c= Yaje,, nj eZ, 
j=l 
where the c,: [0, 1] + X are curves. The integral over c of a closed differential 
form w € &")(X) is defined by 


2 k 
Jo= yn, | o. 
c j=l cj 


The set of all 1-chains on X, which in a natural way is an abelian group, will 
be denoted by C,(X). A boundary operator 


6: Cy(X) > Div(X) 


is defined as follows. Suppose c: [0, 1] X is a curve. Set éc = 0 if c(0) = 
c(1). Otherwise let dc be the divisor with value + 1 at c(1)and —1 at c(0) and 
zero at all other points. For an arbitrary 1-chain c=) nj,c; let 
dc:=¥ nj 6c;. Clearly 


deg(éc)=0 for every ce C,(X). 


Conversely on a compact Riemann surface given any divisor D with 

deg D =0 there exists a 1-chain c such that éc = D. For, a divisor D of 

degree zero may be written as a sum D = D, + -:- + D,, where each D, takes 

the value +1 at some point b;, —1 at some other point a; and is zero 

otherwise. Let c; be a curve from a; to bjandc:=c, +++: + c,. Then dc = D. 
The kernel of the mapping @, 


Z,(X) = Ker( C,(x)5 Di(x)}, 


is called the group of 1-cycles on X. In particular every closed curve is a 
1-cycle. 

Two cycles c, c’ € Z,(X) are said to be homologous if for every closed 
differential form w € &"(X) one has 


[v-[° 


The set of all homology classes of 1-cycles forms an additive group H,(X), 
the 1st homology group of X. For » € H,(X) and a closed differential form 
w € &(X), the integral {, @ is well-defined. 

Two closed curves which are homotopic are also homologous. Hence 
there is a group homomorphism 7,(X)—> H,(X). One can easily check that 
this mapping is surjective. However it is not in general injective, since the 
fundamental group is not always abelian. 
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20.5. Lemma. Suppose X is a Riemann surface, c: [0, 1] > X is a curve and U 
is a relatively compact open neighborhood of c([0, 1]). Then there exists a weak 
solution f of the divisor 6c with f |X\U = 1, such that for every closed differen- 
tial form w € &(X) one has 


Remark. Since df/f = 0 on X\U, the integral over X exists. 


PROOF 

(a) We first consider the case where (U, z) is a coordinate neighborhood 
on X such that z(U) < C is the unit disk and the curve c lies entirely in U. 
For simplicity identify U with the unit disk. 

Let a:=c(0) and b:=c(1). There exists r<1 such that c({0, 1})c 
{|z| <r}. The function log((z — b)/(z — a)) has a well-defined branch in 
{r < |z| <1}. Choose a function we &(U) with w|{|z| <r}=1 and 
w|{|z] = 1} =0, where r <r’ < 1 and define fy ¢ &(U\{a}) by 


exp log ifr< |z|<1, 
fo= cp 
if |z| <r. 
z—a 


Since fo | {r’ < |z| <1} = 1, one can continuously extend fy to a function 
fe &(X\{a\), by defining it to be 1 on X\U. By construction fis a weak 
solution of the divisor dc. Now suppose w € &)(X) is a closed differential 
form. Since @ has a primitive on U, there exists a function g € &(X) with 
compact support, such that w = dg on {|z| <r}. Thus from Lemma (20.3) 


1 from gf ate=s0)—1=[0 


2ni |. 

Xx 
(b) In the general case there exists a partition 
O=t) <tp<<t,=1 


of the interval [0, 1] and coordinate neighborhoods (U,, z,),j = 1,...,, on 
X with the following properties: 

(i) e([t;-1, Gc USS U, 

(ii) z(U,;) < C is the unit disk. 


Letting c; denote the curve c|[t;-;, ¢;] and using (a) one can construct a 
weak solution f; of the divisor 6c; such that f;| X\U; = 1 and 


1 py 
jomiallg? 


cj x 
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for every closed differential form w € &°(X). The product f:=/f, «--f, then 
satisfies the conditions of the lemma. oO 


20.6. Corollary. Suppose X is a compact Riemann surface. Then given any 
closed curve « on X there exists a unique harmonic differential form 
a, € Harm!(X) such that 

Fea (eae 


2 x 
for every closed differential form w € &)(X). 
Proor. Suppose fis a weak solution of the divisor da = 0 which satisfies the 
conditions of Lemma (20.5). Since fdoes not vanish, df/fis differentiable and 


closed on all of X. By Theorem (19.12) there exists a differential form 
o, € Harm'(X) and a function g € &(X) such that 


1 df 
tp ee 


If w € &(X) is closed, then dg ,@ = d(gw) and thus by Theorem (10.20) 


d 
fomsall Free [ore. 


To prove the uniqueness, suppose o’ € Harm‘(X) is a second solution of 
the problem. Then for the difference t =a, — a’ one has 


{{ tAw=O0_ for every closed w € &)(X). 

x 
In particular one can choose w = xt and thus <1, t> =0, ie, t=0, — 
o =0. O 


20.7. Abel’s Theorem. Suppose D is a divisor on a compact Riemann surface X 
with deg D =0. Then D has a solution if and only if there exists a 1-chain 
c € C,(X) with dc = D such that 


fo =0 for every w € Q(X). (*) 

Remark. Clearly the condition {, @ = 0 only has to be checked for a basis 

of Q(X). If y e C,(X) is an arbitrary 1-chain with dy = D, then the condition 

may be formulated as follows. There exists a cycle « € Z,(X), namely 
a = y—c, such that 


[a= | 0,, J=1...,9, 
y a 


where @,, ..., @, is a basis of Q(X). 
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PROOF 

(a) First we show that the condition is sufficient. Suppose c € C,(X) is a 
1-chain with éc = D and which satisfies (*). By Lemma (20.5) there is a weak 
solution f of the divisor D such that 


ee 
Tyee =F ~ gl) : = 
Jo a i i A@. for every w € &(X) with dw = 0. 


For every w € Q(X) one has by (*) 


r 1 py; df 1 df 
OS |e)! pa ae f AQ. 


c 


As noted in (20.2) one has o = d"f/f c &° 1(X). By (19.10) there is a function 
g € &(X) with d’g = d"f/f. Set 


F:=e 9%. 
Like f the function F is a weak solution of D and 
a"F = (d"e%\f+e %d'f= —e ¥a"g +e %d'f =0. 


Thus F is even a meromorphic solution of D. 

(b) We now prove the necessity of the condition. We may assume that 
D +0. Let f be a meromorphic function on X with (f) = D. The function f 
defines an n-sheeted covering f: X > P’ for some n= 1. Suppose aj, ..., 
a, € X are the branch points of fand let Y:= P'\{f (a), ...,f(a,)}. For every 
differential form w € Q(X) we construct a holomorphic differential form 
o = Trace(w) on P? in the following way. Every point y ¢ Y has an open 
neighborhood V such that f~ '(V) is the disjoint union of open sets Uj, ..., 
U, < X and all the mappings f | U, > V are biholomorphic. Let gp: V> U, 
be the inverse of f | U, > V. Now let 


Trace(w)|V ‘= gtw +++: + oxo. 


If one carries out the same construction on an open neighborhood V’ of 
another point of Y, then on the intersection one gets the same differential 
form. As in (8.2) one sees that one can holomorphically continue Trace(w) to 
all of P1. Since Q(P') = 0, Trace(w) = 0. 

Now let » be a curve on P' from oo to 0 which with the possible exception 
of its end points lies entirely in Y. The preimage of y under f consists of n 
curves C,,..., ¢, Which join the poles of f with the zeros of f- Then letting 
c=c, +°*' +c, one has 6c = D and for every w € Q(X) 


jo = | Trace() = 0. O 
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20.8. Application to Doubly-Periodic Functions. Suppose y,, y,¢C are 
linearly independent over R and 


Pe={tyy, + tyy2i0<t, <10<t, <1}. 


Suppose zeros ay, ..., a, € P and poles b,,..., b, € P are prescribed, where 
each point appears as often as its multiplicity demands. Then there exists a 
meromorphic function which is doubly-periodic with respect to 
[= Zy, + Zy2 and has zeros ay, ..., a, and poles b,, ..., b, if and only if 


D (a — by) € T. 
k= 


Proor. Let D be the divisor on C/T determined by the prescribed zeros and 
poles. Choose curves c, from b, to a, in C, e.g. straight line segments. Let 
nm: C >C/T be the canonical projection and 


c=neocy ts +n0c¢,€ C, (C/T). 


Then dc = D. Let w € Q(C/T) be the differential form on the torus induced 
by the differential form dz on C. Then 


Hence the result follows from the Remark right after the statement of Abel’s 
Theorem. O 


EXERCISES (§20) 


20.1. Let X be a compact Riemann surface, « and f be closed curves in X and, and 
a, be the harmonic 1-forms associated to a and f according to Corollary (20.6). 


Show that 
[I 0,05 


x 


is an integer. (This integer is the “intersection number” of « and B.) 
[Hint: Show that for fe &(X) and « a closed curve 


1; df. 
ni i} —~ is an integer. ] 


f 
20.2. Let T = Zy, + Zy2 <C be a lattice, X = C/T and 
a;: [0, 1] > X 


be the closed curves defined by 
a(t) = x(ty,;), 


where x: C + C/T is the canonical projection. Find the harmonic forms O4;- 
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20.3. Let X be a compact Riemann surface of genus g. Show that there exist closed 
curves a), ..., @2, on X such that 


2 
Harm'(X) = 3 Ca,,. 


20.4. Let [ <C be a lattice. A theta function with respect to T is a holomorphic 
function 
F:C-C€ 
satisfying 
F(z + y) =e F(z) for every z¢C andyeT, 
where L,(z) = a,z + 5, is an affine linear function depending on y. 


(a) The Weierstrass o-function ¢: C > C is defined by 


a(z) =z J] ( ~<Jexe(; +3). 


yer\o a 
Show that o is a theta function with zeros of first order precisely at the 
points of I. 


(b) Show that every doubly periodic meromorphic function with respect to T is 
the quotient of two theta functions. 


§21. The Jacobi Inversion Problem 


Abel’s Theorem tells us when a divisor of degree zero on a compact Riemann 
surface has a solution which is a meromorphic function, i.c., when a divisor 
is a principal divisor. In this section we will be concerned with a more 
detailed study of the quotient group of divisors of degree zero modulo the 
subgroup of principal divisors. It turns out that this group is isomorphic to a 
complex g-dimensional torus, where g is the genus of the Riemann surface. 


21.1. Lattices. Suppose V is an N-dimensional vector space over R. An 
additive subgroup Tc V is called a lattice if there exist N vectors },, ..., 
yy € V, which are linearly independent over R, such that 


T= Zy, + °° + Zyy. 
Theorem. A subgroup Tc V is a lattice precisely if both of the following 
conditions hold: 


(i) I is discrete, ie., there exists a neighborhood U of zero such that 
Ta U= (0). 
(ii) I is contained in no proper vector subspace of V. 


Remark. Every real N-dimensional vector space V has a unique topology 
such that every isomorphism V % R* is a homeomorphism. 
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Proor. Clearly a lattice T < V satisfies conditions (i) and (ii). Now con- 
versely suppose I’ c V is a subgroup satisfying conditions (i) and (ii). By 
induction on N = dimg V we will show that there exist linearly independent 
vectors y;,.--, Yy € V such that 

T= 2Zy, +--+ Zyy. 


This is trivial for N = 0. 

Now consider the induction step N — 1 > N. Since I is not contained in 
any proper vector subspace of V, there exist N linearly independent vectors 
X1, +++, Xy € T. Let V, be the vector subspace of V spanned by x,,..., xy_4 
and let P', =I m V,. The induction hypothesis may be applied to ,. Thus 
there exist linearly independent vectors },, ..., yy, € I, ¢ TI such that 


Ty =Zy, +°°° + Zyy- 4. 
Every vector x € I may be written uniquely in the form 
X= Cy(x)yy too + Cy—i(%)yy—a + (x), 
where c,(x) and c(x) are real numbers. Since the parallelotope 
Pty too t+ Ayia wea + Axy: Aj, A [0, 1}} 


is compact, I > P is finite. Hence there exists a vector yy € (T © P)\V, such 
that 


c(yy) = min{c(x): x e (CT A P)\V,} € JO, 1]. 


Now we claim that l = I, + Zyy. For, suppose x € T is arbitrary. Then 
there exist n; € Z such that 


N N-1 
X=x— VY njyy,= ¥ Ay; + Ay, 
j=l j=l 
where 
O0<A;<1 forj=1,...,.N-1 
and 
0 <4 < c(yy). 


Since x’€ To P, it follows from the definition of y, that 2 =0. Thus 
xe Do V, =I. Hence all A; are integers and thus are zero. This implies 
x’ =0, Le, 


N 
x= VY njyje Zy, +--+ + Zyy. oO 
j=l 


21.2. Period Lattices. Now suppose X is a compact Riemann surface of 
genus g > | and @, ..., w, is a basis of the vector space Q(X ) of holomor- 
phic 1-forms on X. Define a subgroup 


Per(w,, ..., @,) < C9 
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as follows. Per(w,, ..., @,) consists of all vectors 


(ee | (D245 2055 | «} e C4, 


om 


where « runs through the fundamental group 2,(X) (cf. 10.11). 


Remark. It is also true (cf. 20.4) that 


({ Diy eees oy): ae H,0x)} 


a 


Per(w,, ..., @) = | 


We will show that Per(w,,...,@,) is a lattice in C%, where C9 is considered as 
a real 2g-dimensional vector space. This lattice is called the period lattice of 
X relative to the basis («,, ..., @,). 

For the proof we need a lemma. 


21.3. Lemma. Suppose X is a compact Riemann surface of genus g. Then there 


are g distinct points a,,...,a, € X with the following property: Every holomor- 
phic 1-form @ € Q(X) which vanishes at all the points a,, ..., a, is identically 
zero. 


Proor. For a € X, let 
H,'= (@ € Q(X): w(a) = 0}. 


Every H, is either equal to Q(X) or else has codimension one in Q(X). Since 
the intersection of all the H, is zero and Q(X) has dimension g, there exist g 
points a,,..., a, € X such that 


A, 0° OH, =9. 


These points satisfy the conditions of the Lemma. DO 


21.4. Theorem. Suppose X is a compact Riemann surface of genus g > 1 and 
Wy, -.., @, is a basis of Q(X). Then T= Per(a,, ..., @,) is a lattice in C%. 


PROOF 

(a) Choose points a,,..., a, as in the Lemma and disjoint simply con- 
nected coordinate neighborhoods (U,, z;) of a; with z,(a,) = 0, for j = 1,..., 
g. With respect to these coordinates let 


@;, = yj dz; on U;. 
By Lemma (21.3) the matrix 
A= (9i(4)))1 <i. i<o 
has rank g. Now define a mapping 
F:U,x--- x U,>C9 
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as follows: For x = (x,,..., X,)€ U, x ++: x U, let 


F(x, ..., Xg) = (Fy (x), ..., Fy(x)) 


where 


J=1 “aj 


Here the integral fe ow; is along any curve from a; to x; which lies in U;; 
since U; is simply connected, the integral is independent of the curve chosen. 

The map F is complex differentiable with respect to the coordinates 2, 
..., Z, and has Jacobian matrix 


OF; 
Inte) = (F209) = (out. 
Thus at the point a = (a, ..., a,) the matrix J,(a) = A and is invertible. 


Hence 
W:=F(U,x- x Ua! 


is a neighborhood of F(a) = 0. 
(b) Now we will show that. 4 W = 0. For, suppose to the contrary that 
there exists a point te I ~ (W\0). Then there exists 


WS Say Rey ee U,, x #a, 
with F(x) e I. Renumbering, if necessary, we may assume 
xj#a; forl<j<k andx;=a; forj>k, 


where 1 < k < g. By Abel’s Theorem there exists a meromorphic function f 
on X which has a pole of first order at a;, 1 <j < k, a zero of first order at 
x;, 1 <j <k and is holomorphic otherwise. Let c;z; ' be the principal part 
of f at a;. Of course c; #0 for 1 <j <k. By the Residue Theorem (10.21) 


k 
0 = Res(fw,) = Y c,p;,(a;) fori=1,..., 9. 
j=l 


But this is not possible since the matrix (¢,,(a;)) has rank g. Thus the 
assumption is false and we have shown that I is a discrete subgroup of C’. 

(c) Now we will show that I is not contained in any proper real vector 
subspace of C%. Otherwise, there would exist a non-trivial real linear form on 
C%, which vanished identically on I’. Since every real linear form is the real 
part of a complex linear form, one thus gets a vector (c,, ...,c,) € C*\0 such 
that 


g 
Re yt; fo] =0 for every « € 7,(X). 
i= 
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But from Corollary (19.8) it then follows that 
@'=C,@, +°°+¢,w,=0, a contradiction! 
This proves that I is a lattice in C%. fl 


21.5. Remark. Theorem (21.4) tells us that there are 2g closed curves «,,..., 
@z, on X such that the vectors 


n=(] eer w,) eC? v=1,..., 2g, 


are linearly independent over the reals and 
Per(a,, ..., @g) = Zy, +°°° + Zyr,. 


One can easily see from this that the homology classes of «,, ..., %2, in 
H,(X) are linearly independent over Z and generate H,(X). Thus 
H,(X) = 279. 


21.6. The Jacobi Variety and the Picard Group. Suppose X is a compact 
Riemann surface of genus g and «,, ..., @, is a basis of Q(X). Then 
Jac(X)=C4/Per(a,, ..., @,) 

is called the Jacobi variety of X. Here we are considering Jac(X) only as an 
abelian group. It also has the structure of a compact complex manifold (a 
complex g-dimensional torus), similar to the tori defined in (1.5.d). This 
structure will not be dealt with here. Note that the definition depends on the 
choice of basis ,, ..., w,, but the choice of a different basis leads to an 
isomorphic Jac(X). 

Let Divg(X) < Div(X) denote the subgroup of divisors of degree zero and 
Div,(X) < Divo(X) the subgroup of principal divisors. The quotient 


Pic(X ):= Div(X)/Div,(X) 
is called the Picard group of X. We will also consider the subgroup 
Pico(X ) = Divo(X )/Div,(X ) 
of Pic(X). Since Div(X)/Divo(X ) = Z, we have an exact sequence 
0 > Picg(X) > Pic(X) > Z > 0. 
Define a map 
®: Divo(X) > Jac(X) 


as follows. Suppose D € Div,(X) and c € C,(X) is a chain with dc = D. The 
vector 
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is determined uniquely by D up to equivalence modulo Per(a, ..., w,). By 
definition ®(D) is its equivalence class. Clearly ® is a group homomorphism. 
Now Abel’s Theorem says that the kernel of the mapping ® is equal to 
Div,(X). Hence by passing to the quotient we get an injective mapping 


jz Pico(X) > Jac(X). 
The Jacobi inversion problem asks if this map is surjective. Actually this is 
the case! 
21.7. Theorem. For every compact Riemann surface X the mapping 
J: Pico(X) > Jac(X) 
is an isomorphism. 


Proor. Let p € Jac(X) be an arbitrary point which is represented by the 
vector ¢ « C%. For N a sufficiently large natural number, the vector (1/N)é 
lies in the image of the mapping F considered in part (a) of the proof of 
Theorem (21.4). This means that there exist points a,, x; ¢ X and curves y; 
from a; to x;, for j = 1, ..., g, such that if c=y, ++°° + yg» then 


1 
([o. Bek fo) =H 
Thus for the divisor D:=6éc one has 
1 
@(D) = ws mod Per(a@,, ..., ,). 


Now if 6 is the point of Pico(X ) represented by the divisor ND, then j(0) = p. 
This proves that j is surjective and thus an isomorphism. (i) 


21.8. Suppose X is a compact Riemann surface of genus g and a,,...,a, € X 


are arbitrarily chosen points. Define a mapping 


9 


Ww: X9— Pico(X) 
in the following way. For (x,,..., x,) € X® let 
g 
w(x1, ae X,) = > (D,, _ D,,)mod Div,(X); 
j=l 


where D,, for x ¢ X, is the divisor which has the value +1 at x but is 
otherwise zero. Let 


J: X9— Jac(X) 
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be the composition of the mappings wy: X%— Picg(X) and j: Pico(X)—> 
Jac(X). Recalling the various definitions, one sees that 


Jy) =(¥ | 


j=1 ‘aj 


xj 
or) mod Per(w,, ..., @,). 
l<i<g 


One has a sharper version of (21.7). 


21.9. Theorem. With the same notation as above, the mapping 
J: X9— Jac(X) 


is surjective. 


Proor. It suffices to show that y: X9 —> Pico(X) is surjective. But this is the 
same as saying that every divisor D € Divo(X) is equivalent modulo Div,(X) 
to a divisor of the form 


g 


DDD her «Nips hg) 


j=l 
One sees this as follows. Let 
D' =D + D,, +++ + D,,. 


Then deg D’=g and by the Riemann-Roch Theorem (16.9) one has 
dim H°(X, Op) = 1. Thus there exists a meromorphic function f # 0 on X 
with (f) > —D’, ie. 


D" :=(f)+D'>0. 
Since deg D” = g, there are points x,,..., x, € X such that 
D" = D+ + Dy 
Thus 


¥ Dy, Da) =D +) O 


Remark. It follows directly from the definition of the mapping J: X% > 
Jac(X) that J(x,, ..., x,) remains invariant under any permutation of x,,..., 
x,- Hence J induces a mapping S*X — Jac(X) of the g-fold symmetric pro- 
duct of X into the Jacobi variety. One can define on SX, as well as on 
Jac(X), the structure of a compact complex g-dimensional manifold. Then 
the mapping S*X — Jac(X) is holomorphic. Note that it is not bijective, but 
one can show that it is bimeromorphic, i.e. induces an isomorphism between 
the fields of meromorphic functions of Jac(X) and S#X. For details, see [16]. 


21.10. Theorem. For every compact Riemann surface X of genus | the map- 
ping J: X — Jac(X) is an isomorphism. 
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Remark. Together with Corollary (17.13) this shows that the compact 
Riemann surfaces of genus 1 are precisely the tori C/T. 


Proor. The mapping J may be described in the following way. Suppose 
@ € Q(X)\0, T= Per(w) and a € X. Then for x € X, one has 


I(x) = [fe mod I e C/F = Jac(X). 


Clearly J is a holomorphic mapping. By (21.9) J is surjective. By the way this 
also follows directly from Theorem (2.7). The mapping J is also injective, for 
otherwise by Abel’s Theorem there would exist a meromorphic function fon 
X having a single pole of order one. This is impossible. For, in that case X 
would be isomorphic to P?. oO 


Remark. Suppose P(z) is a polynomial of degree 3 or 4 without repeated 
roots and let X be the Riemann surface of the algebraic function ./P(z). 
Then X has genus one (cf. 17.15) and 


dz 
JPG) 


is a basis of Q(X). Let [ <C be the period matrix of w. The mapping 
J: X + Jac(X) = C/T is then given by the “elliptic integral of the first kind ” 


I(x) = ‘A waa mod Pe C/T. 


Let F: C/T — X be the inverse of J and let x: C > C/T and p: X > P' be the 
canonical projections. Then 


f=poFon: CoP} 


is a doubly-periodic meromorphic function. It was the great discovery of 
Abel and Jacobi that the study of elliptic integrals could be replaced by the 
study of doubly-periodic functions. The generalization of this question to 
hyperelliptic integrals then lead to the Jacobi inversion problem. An account 
of the history of this problem can be found in [63]. 


EXERCISES (§21) 


21.1. Let X be a compact Riemann surface and Y < X be an open subset such that 
X\Y has non-empty interior. Let D be a divisor on X. Show that there exists a 
function fe .#*(X) such that 


ord,(f) = D(x) for every x € Y. 


[Hint: Find a divisor D’ with support in X\Y such that D + D’ is a principal 
divisor. ] 
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21.2. (a) Show that the polynomial 
F(z)=42z° —g2z-93, 92,93 €€, 
has 3 distinct roots if and only if 
g2 — 2193 #0. 
(b) Let ! <C bea lattice and 


1 1 1 
puja 4 (as - 33] 
( ) 2 i (z =a. w)* w? 
be the associated Weierstrass §?-function. Show that # satisfies the differ- 
ential equation 


p? = 49° — 9)? — gs, 
where 


1 1 
= 60 — and g,; = 140 = 
% oe w* a ee w® 
and that the torus C/T is isomorphic to the Riemann surface X¥ — P' of the 
algebraic function ./427 — g,z — g3. 
(c) Given g2, g3 € C with g} # 27g}, show that there is a lattice F < € such 
that 
1 1 
g2 = 60 ys =a and g3; = 140 2 oe 
woe D\ 


aeT\0 wo @ 


{Hint: Use part (b) and Theorem (21.10).] 


CHAPTER 3 
Non-compact Riemann Surfaces 


In many respects, function theory on non-compact Riemann surfaces is 
similar to function theory on domains in the complex plane. Thus for non- 
compact Riemann surfaces one has analogues of the Mittag-Leffler 
Theorem and the Weierstrass Theorem as well as the Riemann Mapping 
Theorem. 

In this chapter we will first consider the Dirichlet Boundary Value Prob- 
lem for harmonic functions on Riemann surfaces. This will then serve as a 
tool in proving that every Riemann surface has a countable topology. Also it 
will be needed later in the proof of the Riemann Mapping Theorem. With 
the help of Weyl’s Lemma we will prove Runge’s Approximation Theorem. 
And then from Runge’s Approximation Theorem we easily derive the 
Theorems of Mittag—Leffler and Weierstrass. Also in this chapter we com- 
plete the discussion, begun in §§10 and 11, concerning the existence of holo- 
morphic functions with prescribed summands of automorphy. We also look 
at the Riemann-Hilbert problem. 


§22. The Dirichlet Boundary Value Problem 


The existence theorems for holomorphic and meromorphic functions on 
Riemann surfaces which we have so far considered are all essentially depen- 
dent on Dolbeault’s Lemma (13.2) and the Finiteness Theorem (14.9). We 
now prove another existence theorem on Riemann surfaces which is entirely 
independent of these previous results, namely the solution of the Dirichlet 
Problem for harmonic functions using Perron’s method. 
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22.1. Suppose Y is an open subset of a Riemann surface X. Then a differen- 
tiable function u € &(Y) is called harmonic if d’d"u = 0, cf. (9.14). With re- 
spect to a local coordinate z = x + iy this is equivalent to 


Every real-valued harmonic function u on a simply connected domain 
Gc X is the real part of a holomorphic function fe O(G). For, from 
Theorem (19.4) it follows that the harmonic differential form du may be 
written du = Re(dg) for some g € (G). This implies u = Re(g) + const. 

This observation allows one to derive quite easily the Maximum Prin- 
ciple for harmonic functions. If a harmonic function u: YR on the 
domain Y attains its maximum at a point x9 € Y, then u is a constant. For, 
suppose u = Re(f) where f is a function holomorphic on some neighbor- 
hood of x9. Since |e”| = e", the holomorphic function e/ attains its maxi- 
mum modulus at x9. Now the Maximum Principle for holomorphic 
functions implies u is constant on a neighborhood of x. Thus u is also 
constant on all of Y, since Y is connected. 


22.2. By the Dirichlet Problem on a Riemann surface X we mean the 
following: 

Suppose Y is an open subset of X and f: GY - Risa continuous function. 
Find a continuous function u: Y — R which is harmonic in Y and satisfies 
u|@Y =f. Suppose Y is compact and 6Y + @, ie, Y#X. Ifa solution 
exists, then it is unique. For, the difference u, — u, of two solution u; has 
boundary values zero. Because of the Maximum Principle for harmonic 
functions one then has 0 < u, — u, <Oon Y. Thus u, =u). 


For the disk 
D(R)={z eC: |z| < R}, where R > 0, 


the Dirichlet Problem can be easily solved using the Poisson Integral. 


22.3. Theorem. Suppose f: 0D(R)— R is continuous and let 


: ie R*— |20 eRe) do for |z| <R (*) 


Me) =F, o =|Re® —2/? 


and u(z):=f(z) for |z| = R. Then u is continuous on D(R) and harmonic on 
D(R). 
Proor. For z # ¢ let 


_léP = lz? 
[o— 2)? ¢ 


C+2 
es 


P(z, a F(z, ¢) ae 
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Then P(z, ¢) = Re F(z, ¢). Thus (*) may be written as 


u(z) = 5 [PG Re) f(Re®) d0 


= Re(=-[ Fle, Re’) f (Re'®) ao) 
0 


= Fela | 


b]=R 


Since F(z, ¢) is holomorphic as a function of z, it follows that u is the real 
part of a holomorphic function on D(R) and thus is harmonic. 

The remaining point is to verify the continuity at the boundary. Using the 
Residue Theorem, one has 


j C+z dl\ _ 
afr P(z, Re) d@ = rs e)=1 


Hence for ¢) € 6D(R), z € D(R) and letting ¢ = Re” one has 


F(2, oro) 


ule) So) = ze] PE MC) ~ Fo) a. 


Suppose « > 0 is given. Since f is continuous, there exists 5) > 0 such that 
| f(0) —f(60)| < e/2 for |€ — fo| < 59. Also there is a constant M > 0 such 
that | f(C)| <M for every ¢ © 6D(R). Now split the interval [0, 27] up into 
two subsets. Namely let « be the subset of all those 6 € [0, 22] such that 
|Re!® — {| < do and let f be the rest. Then 


1 1 
|u(z) -—S(C0)| < an | PO )5 a0 + ag |, Pe £)2M do 


<5 + a a P(z, Re®) dé. 
If |z — Co| ='6 < 50/2, then for 0 € B one has 

|Re® — z| > |Re® — fo| — |z —fo| > 50/2 
and 


(R+ |z|(R- ||) _ 2d _8R, 


P i = 
eRe Ree of = OoDF oF 


Thus 


é  16RM 
|u(z) —f(Co)| < 5 +z 8 S64, 
2° 8 


whenever |z — Co| is chosen sufficiently small. Oo 
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22.4. Corollary. Suppose u: D(R)— R is a harmonic function. Then 
1 p2t p22? : 
= — pie eee eee H (3) 

wz) 2niy |re® — gene a 


for every r<R and |z| <r. In particular, wu satisfies the “ Mean Value 
Principle” 


Because of the uniqueness of the solution of the Dirichlet Boundary 
Value Problem this follows from (22.3). 


22.5. Corollary. Suppose u,,: D(R) > R, n € N, is a sequence of harmonic func- 
tions which converges uniformly on compact subsets to a function u: D(R) > R. 
Then u is also harmonic. 


Proor. By (22.4) for every r < R and all |z| <r one has 


1 .2n 


u,(Z) = ran P(z, re')u,(re'®) d8, 


where P(z, ¢) is the kernel defined in (22.3). Since the sequence u, converges 
to u uniformly on 6D(r), this integral formula is also valid for the function u. 
But then u is harmonic on D(r) by Theorem (22.3). oO 


22.6. Harnack’s Theorem. Suppose M e€ R and 
Up <u Suns <M 


is @ monotone increasing, bounded sequence of harmonic functions 
U,: D(R) + R. Then the sequence converges uniformly on every compact subset 
of D(R) to a harmonic function u: D(R) > R. 


Proor. Suppose K < D(R) is compact. Then there exist constants p <r <R 
such that 
Kc{zec: |z| <p}. 


Suppose e > Ois given and let ¢’ =«(r — p)/(r + p). Since the sequence (u,(0)) 
is monotone increasing and bounded, there exists an N such that 


u,(0) — u,,(0) <e for everyn>m2>N. 


Now apply the Poisson Integral Formula to the positive harmonic function 
Un — Um. Since for |z| <p one has 


0 < P(z, re’) < z 
r- 
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for allze K 
1 2n ; ; , 
u,(Z) — u,,(Z) = =| P(z, re") (u,(re®) — Um(re'”)) ae 
2n 6 
a = pl ti (re?) — u,,(re’’)) dO 
~r—p2n I, 
_rt+p = 
—~ (us(0) ~ (0) < € 
Thus the sequence (u,) converges uniformly on K and by (22.5) its limit 
function is also harmonic. im 


22.7. We now return to the Dirichlet Problem on an arbitrary Riemann 
surface X. Note that the property that a function is harmonic remains 
invariant under biholomorphic mappings. Thus one can also solve the Dir- 
ichlet Problem on all domains D c X which are relatively compact and are 
contained in a chart (U, z) so that z(D) < C is a disk. 

We need some additional notation. For any open set Y < X let Reg(Y) 
denote the set of all subdomains D € Y such that the Dirichlet problem can 
be solved on D for arbitrary continuous boundary values f: 6D > R. For any 
continuous function u: Y > R and D € Reg(Y) let Ppu denote the contin- 
uous function on Y which coincides with u on Y\D and solves the Dirichlet 
problem on D for the boundary values u|éD. 

Let @p(Y) denote the vector space of all continuous real-valued functions 
on Y. Clearly for every u, v € @p(Y), A € R, the following hold: 


(i) Pp(utv)= Ppu+ Ppp, 
(ii) Pp(Au) = AP pu, 
(iii) u<v=>Ppu < Ppp. 


A function wé@,(Y) is harmonic precisely if Pp(u)=u for every 
De Reg(Y). 


22.8. Definition. A continuous function u: Y > R is called subharmonic if 
Pyu>u_ for every D & Reg(Y). 


It follows directly from the definition that if u, v: Y > R are subharmonic 
functions and J is a non-negative real number, then u + v, Au and sup(u, v) 
are subharmonic on Y. 

A function u: Y > R is called locally subharmonic if u is subharmonic on a 
neighborhood of every point of Y. 


22.9. Theorem (The Maximum Principle for Locally Subharmonic Func- 
tions). Suppose Y is a domain in a Riemann surface X andu: Y > Risa locally 
subharmonic function. If u attains its maximum at some point x9 € Y, then u is 
constant. 
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Proor. Let u(xo) =:¢ and 
S:={x € Y: u(x) =c}. 


If S+ Y, then there exists a point ae dS Y. Since u is continuous, 
u(a) = c. In every neighborhood of a there is a point x with u(x) < c. Hence 
there is some open neighborhood D € Reg(Y) of a such that u|@D is not 
constantly equal to c. Moreover we may assume that u is subharmonic on 
some neighborhood of D, Thus 


u< Ppu=v. 
Fhe function v is harmonic in D. Because 
v|6D =u|éD <c, 


the Maximum Principle for harmonic functions implies v < c on D. Since 
c = u(a) < v(a), v attains its maximum at a and thus is constantly equal to c. 
But this contradicts the choice of D. Thus S = Y. Ol 


22.10. Corollary. If u: Y > R is locally subharmonic, then u is subharmonic. 


Proor. Suppose D € Reg(Y) is arbitrary. Since Pu is harmonic on D, 
vi=u—Ppu 

is locally subharmonic on D. Since v|dD = 0, the Maximum Principle im- 

plies v <0 on D. Thus Ppu > u. 


22.11. Lemma. If u: Y > R is subharmonic and B € Reg(Y), then P zu is also 
subharmonic. 


Proor. Set v= P,u and suppose D € Reg(Y) is arbitrary. We have to show 
that Ppv > v. On Y\D one has Ppv = v and on Y\B, because v > u, one has 
Pyv>Ppu>u=v. 


Thus v — Ppv <0 on Y\(B 14 D). Since v — Ppv is harmonic on B 1 D, it 
follows that 


v—Ppv<0 onBoD. 
Hence Ppv > v on all of Y. O 
22.12. Lemma (Perron). Suppose M < @,(Y) is a non-empty set of subhar- 
monic functions on Y with the following properties: 


(i) u, ve M => sup(u, v) e M. 
(ii) ue M, D & Reg(Y)=> Ppue M. 
(iii) There exists a constant K € R such that 


u<K_ for everyue M. 
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Then the function u*: Y > R defined by 
u*(x):=sup{u(x): u eM} 

is harmonic on Y. 
Proor. Suppose a € Y and D € Reg(Y) is a neighborhood of a. Choose a 
sequence u, € M, ne N, with 

lim u,(a) = u*(a). 
Because of (i) we may assume 

Ug < Uy SU, <"°° 
Let v, ‘= Ppu,. Then one also has 

Up SV, S’25""°. 


By Harnack’s Theorem the sequence (v,) converges on D to a harmonic 
function v: D > R and the following hold 


v(a) = u*(a) andv<u* onD. 


Now we claim that v(x) = u*(x) for every x € D. To see this, suppose 
w, € M,neéN, is a sequence with 


lim w,(x) = u*(x). 


n>o 
Because of (i) and (ii) we may assume that 
Vv, <W, = Ppw, and w, < wy+4 


for every ne N. Hence the sequence (w,) converges on D to a harmonic 
function w: D > R with 


v<w<u*, 


Since v(a) = w(a) = u*(a), the Maximum Principle applied to the harmonic 
function v — w on D implies v(y) = w(y) for every y € D. In particular, 


v(x) = w(x) = u*(x), 
and thus u* = w is a harmonic function on D. oO 
22.13. To solve the Dirichlet Problem we will now use the technique devised 
by Perron. Suppose 
f:eY>R 


is a continuous bounded function (we are not assuming that Y is compact) 
and 


K :=sup{ f(x): x € dY}. 
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Denote by 8, the set of all functions u e @(Y) with 


(i) u| Y subharmonic, 
(ii) uleY<f, u<K. 


$, is called the Perron class of f By the lemma 
u*:=sup{u: ue By} 
is harmonic on Y. For this to be a solution of the boundary value problem it 
must satisfy 
lim u*(y) = f(x) 


yrx 

yeY 
for every point x ¢ CY. Under certain conditions this will be the case, but not 
in general. 


22.14. Definition. A point x ¢dY is called regular if there is an open 
neighborhood U of x and a function 8B € @g(Y © U) with the following 
properties: 


(i) B| Y © U is subharmonic 
(ii) B(x) =0 and B(y)<0 for every ye Ym U\{x}. 


The function f is called a barrier at x. 


Remark. Suppose x e @Y is a regular boundary point of Y and Y, is an 
open subset of Y with x e dY,. Then x is a regular boundary point of Y,. 
This follows directly from the definition. Hence, as a consequence, if Y has a 
regular boundary (ie., every boundary point is regular), then every con- 
nected component of Y also has a regular boundary. 


22.15. Lemma. Suppose x € 0Y is a regular boundary point, V is a neighbor- 
hood of x and m and c are real constants with m < c. Then there exists a 
function v € 6 g(Y) with the following properties: 
(i) v| ¥ is subharmonic, 
(ii) ((x)=c, vl¥aVse, 
(iii) vl] Y\V =m. 


Proor. Without loss of generality we may assume c = 0. Suppose U is an 
open neighborhood of x and Be @p(Y - U) is a barrier at x. By shrinking 
V if necessary, we may assume V € U. Then 


sup{B(y): ye OV A Y} <0. 
Thus there exists a constant k > 0 such that 
kB|OV AY <m. 
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Define _ 
__ fsup(m, kB) on Yon V 
em on Y\V. 


Then v is continuous on Y, locally subharmonic on Y, thus subharmonic, 
and also satisfies conditions (ii) and (iii). Oo 


22.16. Lemma. Suppose Y is an open subset of a Riemann surface, f: OY > R is 
a continuous bounded function and 


u* = sup{u: ue B,}, 


where B, is the Perron class of f. Then for every regular boundary point 
xedY 


lim u*(y) = f(x). 


Proor. Suppose ¢ > 0 is given. Then there exists a relatively compact open 
neighborhood V of x with 


f(x) -—e<f ly) <f(x) +6 forevery ye dY nr V. 
Suppose k and K are real constants such that 
k<f(y)<K for every ye OY. 


(a) Using Lemma (22.15) choose a function v € @,(Y) which is subhar- 
monic on Y and satisfies 


o(x) =f (x) 
v]YaV<f(x)-« 
vl Y¥\WV=k-—e. 


Then v|¢Y <f. Thus v € $, and hence v < u*. Then 
lim inf u*(y) > v(x) =f (x) — «. 
yrx 


(b) Again using Lemma (22.15) there exists a function w € @,(Y) which is 
subharmonic on Y and satisfies 


w(x) = —f (x) 
wlY¥ aV < —f(x) 
w|Y\V = —K. 


For every ue f, and ye GY - V one has u(y) < f(x) + ¢. Thus 


u(y)+w(y)<e for ye dYa V. 
As well 
u(z) + w(z)< K-K=0 foreveryze Yn @V. 
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Applying the Maximum Principle to the function u + w, which is subhar- 
monic on Y 4 V, one has 


utw<e onYny. 


Thus 
uj¥oV<e-—wl|¥ OV foreveryue Py. 
Hence 
lim sup u*(y) < ¢ — w(x) =f (x) +6. 
yer 
From (a) and (b) one has the result. om 


22.17. Theorem. Suppose Y is an open subset of a Riemann surface X such that 
all the boundary points of Y are regular. Then for every continuous bounded 
function f: GY > R the Dirichlet Problem on Y can be solved. 


This follows directly from Lemma (22.16). 

We now point out a simple geometric condition which ensures that a 
boundary point is regular. Since regularity is a local condition which is 
invariant under biholomorphic mappings, it suffices to formulate this condi- 
tion for Yc C. 


22.18. Theorem. Suppose Y is an open subset of C and ae @Y. Suppose there 
exists a disk 


D={zeC: |z—m| <r}, wheremeC,r>0, 


such that ae 6D and D mY = &. Then a is a regular boundary point of Y. 


Proor. Set c ‘= (a + m)/2, see Fig. 6. Then 


Ble) =log 5 — log |z-—c| 


defines a barrier at a. Thus a is a regular boundary point. O 
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EXERCISES (§22) 


22.1. Let D={z eC: |z| < R}and letu: DR, be a nonnegative harmonic func- 
tion. Prove Harnack’s inequality 
R= |z| R + |2| 
0 < 
R+ |[2| WO) le) Se |2| 


u(0) for every z € D. 


22.2. Using Harnack’s inequality prove Liouville’s Theorem for harmonic functions. 
Let u: C > R be a harmonic function which is bounded from above. Then u is 
constant. 


22.3. Suppose Y < C is open and u: YR is a continuous function such that for 
every closed disk 


Dia, r)={zeC: |z-al <r}cY 
one has 
1 62" . 
so, IO 
wa) 50) u(a + re’®) dg. 


Show that uw is subharmonic. 
22.4. Suppose Y < C is open, a € OY and there exists a line segment 
S= {da + (1 —A)b:0<A< 1}, b#a 
with Y ~ S = @. Show that a is a regular boundary point of Y. 


§23. Countable Topology 


In this section we prove the Theorem of Rado which asserts that every 
Riemann surface has a countable topology. (Clearly this is trivial for com- 
pact Riemann surfaces.) Also for later use we construct special exhaustions 
of non-compact Riemann surfaces. 


23.1. Lemma. Suppose X and Y are topological spaces and f: X > Y is a 
continuous, open and surjective mapping. If X has a countable topology, then 
so does Y. 


Proor. Let U be a countable basis for the topology on X and let 
B= (f(U): U € up. 


Then 8 is a countable family of open subsets of Y which we claim is a basis 
for the topology of Y. 

Suppose D is an open subset of Y and y € D. We have to show that there 
exists V € B with ye V cD. Since f is surjective, there exists x ¢ X with 
f(x) = y. The set f~1(D) is an open neighborhood of x. Hence there exists 
Ueu withxe Ucf~'(D). Thus V =f(U) satisfies ye V cD. oO 
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23.2. Lemma (Poincaré-Volterra). Suppose X is a connected manifold, Y is a 
Hausdorff space with countable topology and f: X + Y is a continuous, 
discrete mapping. Then X has a countable topology. 


Proor. Suppose U is a countable basis for the topology on Y. Denote by B 
the collection of all open subsets V of X with the following properties: 


(i) V has a countable topology, 
(ii) V is the connected component of a set f~'(U) with U € U. 


(a) We claim that B is a basis for the topology on X. Suppose D is an 
open subset of X with x « D. We have to show that there exists V ¢ B with 
x eV cD. Since fis discrete, there is a relatively compact open neighbor- 
hood W < D of x so that @W does not meet the fiber f ~ !(f (x)). Now f (dW) 
is compact and thus closed and does not contain the point f(x). Hence there 
exists a U e U with f(x)e¢ U and Un f(@W) = @. Let V be the connected 
component of f ~'(U) which contains the point x. Since V A 6W = @, one 
has V c W and hence V has a countable topology, i.e., V « B. This verifies 
claim (a). 

(b) Next we claim that for every Vo € B there exist at most countably 
many Ve 8 with Wy 4 V # ©. For every UeU the connected compon- 
ents of f~ '(U) are disjoint. Since Vo has countable topology it can only meet 
countably many of these connected components. Since U is also countable, 
the result follows. 

(c) Now we show that ¥ is countable. Fix V* e B and define for ne N 
the set B, < B as follows: B, consists of all V ¢ B such that there are Vy, 
V,,..., V,€ B with 


YW=v*, VY=V andyi~ankwséAS fork=1,...,n. 


Since X is connected, (_),_, 8, = B. Thus it suffices to show that each B, 
is countable. We do this by induction. Clearly Bo = {V*} is countable. 
Suppose we already know that &, is countable. Then it follows directly from 
(b) that B,., is also countable. 

This then proves that X has a countable topology. oO 


23.3. Theorem (Rado). Every Riemann surface X has a countable topology. 


Proor. Suppose U is a coordinate neighborhood on X. Choose two disjoint 
compact disks Ky, K, c U and set Y'=X\(Ky U K,). Since the boundary 
éY = 6Ky vu OK, satisfies the regularity condition of Theorem (22.18), there 
is a continuous function u: Y > R, which is harmonic on Y, and which 
satisfies the boundary conditions 


u|OKy =0 and u|0K, = 1. 


Hence w:=d'u is a non-trivial holomorphic 1-form on Y. Let f be any 
holomorphic primitive for p*w on the universal covering p: Y > Y. Since fis 
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not constant, the mapping f: YC satisfies the assumptions of Lemma 
(23.2). Thus ¥ has a countable topology. By Lemma (23.1) Y then has a 
countable topology. Since X = Y u U, the topology on X is also countable. 

C] 


In the proof of Runge’s Approximation Theorem we will need to have 
special exhaustions. These are constructed using a certain hull operator 
which we now define. 


23.4. Definition. Suppose X is a Riemann surface. For any subset Y < X let 
#(Y) denote the union of Y with all the relatively compact connected com- 
ponents of X\Y. An open subset Y c X is called Runge if Y = A(Y), ie., if 
none of the connected components of X\Y is compact. The following 
properties can be checked quite easily: 

(i) A(A(Y)) = A(Y) for every Yo X. 


Remark. If we want to indicate the dependence on X, we will write 4y(Y) 
instead of 4(Y). Consider the following example. Let 
Y={zeC:1< |z| <2}. 
Then Y may be thought of as either a subset of C or of C* and 
4(Y)={zeC: |z| <2} 
Ag Y) = Y. 
23.5. Theorem. Suppose Y is a subset of a Riemann surface X. Then the 
following hold: 
(i) Y closed = &(Y) closed 
(ii) Y compact = 4(Y) compact. 


PROOF 

(i) Suppose C;,j € J, are the connected components of X \Y. Since X\Y is 
open and X is a manifold, all the C; are open. Let Jy denote the subset of 
those j € J such that C; is compact. Then 


Clearly this is an open set and thus 4(Y) is closed. 


(ii) We may assume Y # @. Let U be a relatively compact open neigh- 
borhood of Y and suppose the C, are as above. 


Claim (a). Every C; meets U. Otherwise if some C,; were contained in 
X\U, then 


C,co X\U XY. 
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Since C; is a connected component of X\¥, this would imply C; = C;. Thus 
C; would be both open and closed. But this contradicts the fact that X is 
connected. 


Claim (b). Only finitely many C; meet 6U. This follows from the fact that 
6U is compact and is covered by the disjoint, open C;,. 

The assertion (ii) is now easily proved. Let C;, j € Jo, be the relatively 
compact connected components of X\Y and suppose C,,,..., C;, are those 


which meet @U. Then by (a) all the others are contained in U. Thus 
AY) SUC Oreo 


is relatively compact and hence by (i) is in fact compact. 


23.6. Corollary. Suppose X is a non-compact Riemann surface. Then there is a 
sequence K,,j © N, of compact subsets of X with the following properties: 


(i) K;=4(K,) for every j, 
(ii) Kj-; < K; for everyj > 1, 
(iii) Jo Kj) =X. 


Proor. Since X has a countable topology, there exists a sequence of compact 
subsets Ky ¢ K, < K, <::: of X which cover X. We will construct the 
sequence K, by induction. Let Ky '=4(Ko). Now suppose K,,..., K,, with 
properties (i) and (ii) have already been constructed. There exists a compact 
set M with Kj, U K,, < M. Set Ky,4,°=4(M). Then the sequence K;,jeEN 
satisfies (i), (ii) and (iii). oO 


23.7. Lemma. Suppose K, and K, are compact subsets of a Riemann surface 
X with K, < Ky and #(K) = K,. Then there exists an open subset Y of X 
which is Runge and satisfies K, < Y < K,. Moreover one may choose Y so 
that its boundary is regular in the sense of solving the Dirichlet Problem. 


Proor. Given x € 6K, there is a coordinate neighborhood U of x which 
does not meet K,. In U choose a compact disk D containing x in its interior. 
Then finitely many such disks, say D,,..., D,, cover 0K,. Set 


Y:=K,\(D, UU D,). 


Then Y is open and K, < ¥Y c Kp. Let Cj, j € J, be the connected compon- 
ents of X\K,. By assumption they are not relatively compact. Every D, is 
connected and meets at least one C;. Hence no connected component of 
X\Y is relatively compact, i.e., Y = 4(Y). Finally, by Theorem (22.18) all the 
boundary points of Y are regular. O 


23.8. Theorem. Suppose Y is a Runge open subset of a Riemann surface X. 
Then every connected component of Y is also Runge. 
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PROOF 

(a) Suppose Y,, i € I, are the connected components of Y. Since Y is open 
and X is a manifold, all the Y, are open. Let A := X\Y be the complement of 
Y. The connected components A,, k € K, of A are by assumption closed but 
not compact. 

(b) We claim that ¥, n A # @ for every i € I. Otherwise Y, < Y. Since 


in U Y=, 
iFi 

it would then follow that Y; = Y,. But this contradicts the connectivity of X. 
(c) Next we claim that C — A # @ for every connected component C of 
X\Y;. Otherwise there would be a j #i such that C A Y; # @. Since C is 
closed and Y; is connected, it would then follow that Y; < C. By (b) this 

would imply Cn A# @. 
(d) Finally suppose C is a connected component of X \¥,. Then C meets 
at least one A, by (c) and thus in fact C > A,. Since A, is not compact, C is 
also not compact. Hence Y, is Runge. O 


23.9. Theorem. Suppose X is a non-compact Riemann surface. Then there 
exists a sequence Y € Y, € Y, € ‘+: of relatively compact Runge domains with 
U Y, = X and so that every Y, has a regular boundary with respect to solving 
the Dirichlet Problem. 


ProoF. The result will follow if we show that for every compact set K < Y 
there exists a Runge domain Y € X which has a regular boundary and 
contains K. 

Given K, we can find a connected compact set K, > K anda compact set 
K, with K, < K,. By Lemma (23.7) there is a Runge open set Y, with 
K, < Y, c A(K,) and a regular boundary. Let Y be the connected compon- 
ent of Y, which contains K,. By (23.8) Y is also Runge and by the Remark in 
(22.14) it has a regular boundary. Oo 


EXERCISES (§23) 


23.1. Suppose X is a Riemann surface and X — X is its universal covering. Show that 
Deck(X/X) is countable. 


23.2. Let Y < C be open and K a compact connected component of C\Y. Let (Aen 
be a sequence of polynomials which converges uniformly on every compact 
subset of Y. Show that (f,) converges uniformly on K. 


23.3. Suppose Y <C is an open subset such that every holomorphic function 
fe ©(¥) can be approximated uniformly on every compact subset of Y by 
polynomials. Conclude that Y = 4,(Y). 
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§24. Weyl’s Lemma 


In this section we introduce the notion of distributions. These are gener- 
alized functions. In the class of distributions differentiation is possible with- 
out any restrictions. Hence it is possible to consider solutions of differential 
equations in the sense of distributions. Now Weyl’s Lemma asserts that for 
Laplace’s equation Au = 0 both kinds of solutions are the same, ie., every 
harmonic distribution is a smooth function in the usual sense which satisfies 
Laplace’s equation. 


24.1. Suppose X is an open subset of the complex plane. Recall that &(X) 
denotes the vector space of all the infinitely differentiable (with respect to the 
real coordinates) functions f: X > C. By the support, denoted Supp(/), of 
such a function is meant the closure (in X) of the set {x e X: f(x) # O}. Set 


G(X) ={fe &(X): Supp(f) is compact in X}. 


Introduce the following notion of convergence in the vector space G(X). A 
sequence (f,),.,, of functions in Y(X) converges to a function fe F(X), 
denoted f, of, if: 


(i) There exists a compact subset K < X such that Supp(f) < K and 
Supp(f,) < K for every ve N. 

(ii) For every « = (#,, #) € N? the sequence D’f, converges uniformly on 
K to D*f, where D* denotes the differential operator 


Oo +a2 


DY = Fam Oy 


Thus convergence in Y(X) is a much stronger condition than either point- 
wise or uniform convergence of sequences of functions. 


24.2. Definition. Suppose X < C is open. A distribution on X is a continuous 
linear mapping 


T:G(X)>C, fro Tf]. 


Saying that T is continuous means that if f, pf, then T[f,] > T[f], where 
this latter convergence is that of a sequence of complex numbers. Denote by 
G(X) the vector space of all distributions on X. 


24.3. Examples 
(a) To every continuous function h € @(X) is associated a distribution 
T, € @(X) as follows. For fe G(X) let 


TLS |= {{ h(z) f(z) dx dy, where z = x + iy. 
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Clearly the map f+> T,[f] is linear and continuous. If h,, h, ¢ @(X) and 
T,,Lf] = T.,[f] for every f € B(X), then h, = h,. Hence the (linear) map 


€(X)>9(X), hr T, 


is injective and one can identify a continuous function on X with its asso- 
ciated distribution. 
(b) Suppose a € X. For fe G(X) set 


bf] =f (a). 


This defines a distribution 6, € Z’(X) which is called the Dirac delta distribu- 
tion at the point a. Unlike Example (a), this distribution cannot be repre- 
sented by a function. 


24.4. The Differentiation of Distributions. Suppose h € &(X) and fe F(X). 
Then for every « = (a1, @))€ N? 


[[ AeW¥ (2) dx dy = (-1)2*" [| #@)D*H(z) ax dy. 


This is proved by integrating by parts (a, + «) times and noting that since f 
has compact support, all the integrals over the boundary are zero. 
Hence, using the notation of Example (24.3.a), 


Tol f] = (— 1)! T, [DF], where |a| =a, + a. 
This motivates the following definition. For T « 9’(X) set 
(D*T)[f]:=(—1)*!T[D%f] for every fe D(X). 


Since f, = f implies D*f, = D*f, the map D*T:B(Xx) — C is continuous, i.e., 
D°T € %'(X). This points out that for differentiable functions the derivative 
in the usual sense and in the sense of distributions is the same. 


24.5. Lemma. Suppose given an open subset X < C, a compact subset K < X 
and an open interval I < R. Suppose g: X x I +C is an infinitely (real) differ- 
entiable function with Supp(g) < K x I and T is a distribution on X. Then the 
function t+ T,[g(z, t)] is infinitely differentiable on I and satisfies 


4 Tate, = 7 [42 (*) 


The subscript z indicates that T operates on g(z, t) as a function of z while 
t is thought of as a parameter. Thus one may interchange the operation of 
applying a distribution to a function depending on a parameter and differen- 
tiation with respect to that parameter. 
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Proor. It suffices to prove (*), since repeated application of this result will 
show the infinite differentiability with respect to t. Since T is linear, 


g; Elale = lim 5, (Tate, + 4) ~ Tate 


= tim 7, tt ha OY) 
h-+0 h 


For fixed t € J and sufficiently small h ¢ R* let 


fale) =; (gle, t+) — az, 1) 
Then f, ¢ A(X) and 


og(-,t 
Sh = C ) ash—0. 
Hence, because T is continuous, 
t 
lim T[f,] = 7, |*ae } oO 
h>0 ot 


The next Lemma asserts that the operation of applying a distribution to a 
function depending on a parameter may be interchanged with integration 
with respect to that parameter. 


24.6. Lemma. Suppose X, Y are open subsets of C and Kc X, LC Y are 
compact subsets. Further suppose g: X x Y > C is an infinitely (real) differen- 
tiable function with Supp(g) < K x L. Then for any distribution T on X 


Al gle, ¢) dé in| =|f Tole, dg dn, C= E+ in. 


Proor. It follows from (24.5) that T,[g(z, ¢)] is infinitely differentiable with 
respect to ¢ = € + in. Thus the integral on the right hand side is well-defined. 
Suppose R c C is a rectangle with sides parallel to the axes which contains 
L. Then the function g(z, ¢) extends as zero to K x R. For every integer 
n > O partition R into n? subrectangles R,, , v = 1,...,n”, by subdividing the 
sides into n equal parts. Choose a point ¢,,, in each R,,. Let F be the area of 
R. Then the Riemann sums 


converge as n> 00 to the integral ff, g(z, ¢) dé dy. Since Supp(G,,) < K for 
each n, 


Giz [[o(-. 0) a dn asn— oo. 
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Thus from the continuity of T it follows that 


T, [| ale. 5) ae in| = lim T1G,] = |f Tle Ndé dn 


Y 


24.7. The Smoothing of Functions. Choose a function p € %(C) with the 
following properties: 


(i) Supp(p) c {z EC: |z| < 1}. 
(ii) p is invariant under rotations, ie. p(z) = p(|z|) for every z € C. 
(iii) [f_ p(x + iy) dx dy = 1. 


For ¢ >0andzeC set 


Then Supp(p,) < {z eC: |z| <e} and 


II pAx + iy) dx dy =1. 
Cc 


Denote by D(z, ¢) the open disk with center z and radius ¢ and by D(z, «) its 
closure. 
If U <C is an open set, then 


U® :={z € U: D(z, &) < U} 


is also open. 
Given a continuous function f:U—C, define a new function 
sm, f: U +C by 


(sm, f)(z)'= | plz — SC) dE dn, C= Et in 


Clearly sm, f¢ &(U), since one can differentiate under the integral. The 
function sm, f is called a smoothing of f. 


Remark, Naturally the definition depends on the choice of the function p. 


24.8. Lemma. Suppose U < C is open, fe &(U) and & > 0. 
(a) For every « € N? 
D*(sm, f) = sm,(D*f). 
(b) If z € U® and f is harmonic on D(z, €), then 
(sm, f)(z) =F (2). 
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PROOF 
(a) For z ¢ U™ translation of the integration variable gives 


(sm, f )(z = |} pO), (2 + ¢) dé dy. 


isi <e 


Thus 


D*(sm, f )(z) = |] p2) D*f (2 + £) dé dn 


cl <e 
= |f plz — QD¥(C) dé dy = sm,(D*f)(2) 


(b) If f is harmonic on D(z, €), then for every re (0, ¢[ it satisfies the 
Mean Value Principle (22.4) 


. Ne cies ie 
iO m5.) f(z + rel?) dO. 
Thus 
(sm, $(2)= [f pl) PE +) dé dn 
fs j<e 
= || p(r)f(zt rer dr do 
pete 
=| p,(r)r dr + 2nf (z)=f(2), 
since 


l= il pA(é + in) dé dyn = 22 | p,(r)r dr. Og 
“ lo 


24.9. Theorem (Weyl’s Lemma). Suppose U is an open set in C and T is a 
distribution on U with AT =0. Then T is a smooth function. 


In other words, if T: Z(U) > C isa linear functional such that T[Ag] = 0 
for every ~ € ZU), then there exists a function h € &(U) with Ah = 0 and 


T[f] = IP a h(z) f(z) dx dy for every fe ZU). 
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Proor. Suppose ¢ > 0 is arbitrary. For z ¢ U the function (+> p,(f — z) has 
compact support in U. Hence 


h(z) = T.[o.(¢ — 2)] 


is defined. By (24.5) the function z+ h(z) belongs to 6(U“). Obviously it is 
enough to prove that for every function fe Z(C) with Supp(f) < U one 
has 


TLS] = |] lz) f(2) dx ay. (1) 


The function sm, f has compact support in U and by (24.6) one has 


Msn, f= 7 |] ade — 218) a dy 


(2) 
= i h(z) f(z) dx dy. 


U®) 


By (13.3) there exists a function w € &(C) with Ay =f. The function yw is 
harmonic on V :=C\Supp(f). Thus by (24.8.b) 


y=sm,~ on V"), 
Hence ~ :=y — sm, has compact support in U and by (24.8.a) satisfies 
Ag = A(y — sm,) = Ay — sm, Ay = f — sm, f. 
Since AT = 0, one has T[Ag] = 0. Thus 
TLf] = T[sm, f+ Ag] = T[sm, /]. 
Combining this with (2) then yields (1). O 


24.10. Corollary. Suppose T is a distribution on the open set U <C with 
(6T/0z) = 0. Then T is a holomorphic function on U. 


ProoF. Since (¢T/0z) = 0, 


a/é 
ar =45-(5 7} =0. 


Thus T € &(U) by (24.9). Because (6T/dz) = 0, T is holomorphic. oO 


Remark. The proof given here for Weyl’s Lemma in the plane carries over 
almost word for word for harmonic functions on R”. But Weyl’s Lemma is 
only a special case of a general regularity theorem for elliptic differential 
operators on differentiable manifolds, cf. [35], [43]. 
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EXERCISES (§24) 


24.1. Let X be an open subset of C and T, € #’(X), v € N, a sequence of distributions 
in X. A sequence (T,),<:, is said to converge to a distribution T ¢ #’(X) if 


Ty] > T[g] for every g € F(X). 
Denote this by T, 4 T. Show that if T, pe T, then 
D°T, — D*T, 
op 


for every differential operator 
p 6\™(6\” 
(a5) (es) 


24.2. Let Y <C be open. A sequence of continuous functions f,: ¥Y > C is said to 
converge weakly to a continuous function f: Y > C if 


(| fig dx dy > {| fe dx dy for every yp € &(X). 
¥ ¥ 


Show that if all the f, are harmonic (resp. holomorphic) and converge weakly to 
f, then fis also harmonic (resp. holomorphic). 


§25. The Runge Approximation Theorem 


The classical Runge Approximation Theorem asserts that on a simply con- 
nected domain Y < C every holomorphic function can be approximated, 
uniformly on compact sets, by functions which are holomorphic on all of C 
(and thus by polynomials). This theorem was generalized by Behnke-Stein 
[51] to arbitrary non-compact Riemann surfaces X. In order to approximate 
all holomorphic functions on an open subset Y < X by functions holomor- 
phic on X, one has to replace the assumption that Y is simply connected by 
the assumption that no connected component of X\Y is compact. The proof 
we present is based on a functional analytic proof using Weyl’s Lemma which 
was first given by Malgrange [55]. 


25.1. Suppose X is a Riemann surface and Y < X is an open subset. We 
would like to introduce the structure of a Fréchet space on the vector space 
&(Y) of differentiable functions on Y. To do this, choose a countable family 
of compact sets K, < Y, j e J, with () K, = Y and such that each K; is 
contained in some coordinate neighborhood (Uj, z,). For j¢J and 
v = (v1, v2) € N* define a semi-norm p,,: &(Y) > Ry by 


Pi f) = sup |Dj f(a) |, 


aeK; 


—_ <a v1 0. v2 
= 5.) (=) 


where 
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is the appropriate differential operator relative to the coordinates 
z; =x, + iy;. These countably many semi-norms p,, define a topology on 
&(Y). A neighborhood basis of zero is given by finite intersections of sets of 
the form 


Wj. 8) ={fE SY): Pal f)< ee >0. 


Then convergence f, > f with respect to this topology means uniform con- 
vergence of the functions and all of their derivatives on every K;. With this 
topology &(Y) is a Fréchet space. One can easily check that this topology is 
independent of the choice of K, and (Uj, z;). On the vector subspace 
O(Y) < &(Y) the induced topology coincides with the topology of uniform 
convergence on compact subsets. For, in the case of holomorphic functions 
uniform convergence on compact subsets implies the uniform convergence 
on compact subsets of all the derivatives. Analogously one can introduce the 
structure of a Fréchet space on the vector space &° 1(Y) of (0, 1)-forms on Y 
with differentiable coefficients. An element w ¢ &°''(Y) may be written 
w =f, dz; on Uj, where fj € €(U; > Y). Set 


Py) = sup | Dj f(a)|- 


ac Kj 


Then the Fréchet structure is obtained as above from the semi-norms p,,. 


25.2. Lemma. Suppose Y is an open subset of a Riemann surface X. Then 
every continuous linear map T: &(Y)—>C has compact support, i.e., there 
exists a compact subset K < Y such that 


TLf]=0 for every fe &(Y) with Supp(f) < Y\K. 
An analogous result is also true for &° !(Y). 


Proor. Since T is continuous, there exists a neighborhood % of zero in &(Y) 
such that | 7[f]| <1 for every fe &. By the definition of the topology on 
&(Y) there exist elements j,, ..., jm € Js Vi; --+» Yn € N? and ¢ > 0, where the 
notation is the same as in (25.1), such that 


U(Pjyvy EO OL Djgvms &) SU. 


Let K:=K,, U+*: U K,_. We now show that if fe &(Y) with Supp(f) 
Y\K, then T[f] = 0. Namely for arbitrary 4 > 0, 


Pi, (AP) eS Pint ) =0. 
Thus Afe & and | T[Af]| < 1. But this implies | T[,f]| < 1/A for every 2 > 0 
and this is possible only if T[f] = 0. O 


25.3. Lemma. Suppose Z is an open subset of a Riemann surface X and 
S: €°+(X)—C is a continuous linear mapping with S[d"g]=0 for every 
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g € &(X) with Supp(g) € Z. Then there exists a holomorphic 1-forma € Q(X) 
such that 


S[a] = {I cA@ 


Z 


for every wm € &° '(X) with Supp(@) € Z. 


Proor. Suppose z: U->V <C is a chart on X which lies in Z. Identify U 
with V. For g € Z(U) denote by ¢ any 1-form in &* 1(X) which equals @ dz 
on U and zero on X\U. Then the mapping 


Sy: YU) >C, gp S[6] 


is a distribution on U which vanishes on all functions of the form 
yp = 6g/62,g € BU), ie., 0Sy/0Z = 0. Hence by Corollary (24.10) there exists 
a unique holomorphic function h € O(U) with 


S[o] = il h(z)o(z) dz Adz for every g € ZU). 


Setting oy ‘=h dz, we get 


S[o] = il Ty AW 


U 


for every w € &°''(U) with Supp(a) € U. 

Now if we carry out the same construction with respect to another chart 
z’: U' > V,, then we get a 1-form oy, € Q(U’) with the corresponding proper- 
ties. Hence 


{| oyrw=|fop aw 
U u 


for every w € &° 1(X) with Supp(w) € U m U’. This implies oy = oy on 
U o U’. Thus the cy piece together to give a 1-form ¢ € Q(Z) such that 


S[o] = i TAM (*) 


for every w ¢ &° 1(X) whose support is compact and lies in a chart inside Z. 
If o € &* 1(X) is an arbitrary 1-form with Supp(@) € Z, then using a parti- 
tion of unity one can write w = w, + ++: + @,, where each w; satisfies (*). 
Thus 


ae 


S[o] = ¥ slo = [[ oro, =|| TAQ. oO 


Sg Z 
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25.4. Theorem. Suppose Y is a relatively compact open Runge subset of a 
non-compact Riemann surface X. Then for every open subset Y’ with 
Yc Y' €X the image of the restriction map ©(Y') > @(Y) is dense, where the 
topology is uniform convergence on compact subsets. 


Proor. Denote by £: &(Y’) > &(Y) the restriction map. In order to prove 
that B(@(Y’)) is dense in @(Y) we can use the Hahn-Banach Theorem (c.f. 
Appendix B.9). It suffices to show the following. If T: &(Y) > C is a contin- 
uous linear functional with T | B(©(Y’)) = 0, then T| O(Y) = 0. 
To prove this, define a linear mapping 

S:€° (X)5C 
in the following way. By (14.16) given w € &° 1(X) there exists a function 
fe &(Y’) with d’f = w| Y’. Then set 

S[w]:= T[f | Y]. 
This definition is independent of the choice of the function f For, if 
d"g =w|Y’, then f— g € ©(Y’) and thus by assumption T[(f— g)| Y] =0. 
We will now show that S is also continuous. Consider the vector space 

V ={(, f) € €° (X) x &(Y’): d’f = o| Y'}. 


Since d”: &(Y’) + &° "(Y’) is continuous, V is a closed vector subspace of 
&° '(X) x &(Y’) and thus is a Fréchet space. Now the projection pr,: V > 
&°-"(X) is surjective and thus by the Theorem of Banach is open. Also the 
mapping f © pr): V > &(Y) is continuous. Since the diagram 


vy ++ 6(Y) 


6° 1(X) eu 8e 4 c 
is commutative by definition, § is continuous because T is. 
By Lemma (25.2) there exists a compact subset K < Y with 
(1) TLf] = 0 for every fe &(Y) with Supp(f) < Y\K 
and a compact subset L < X with 
(2) S[@] = 0 for every w € &° '(X) with Supp(@) <X\L. 


If g ¢ &(X) is a function with Supp(g) € X\K, then S[d’g] = T[g| Y] =0. 
Thus by Lemma (25.3) there exists a holomorphic 1-form ¢ € Q(X\K) such 
that 


S[w] = [[eaw 


X\K 
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for every w € &° 1(X) with Supp(w) € X\K. Because of (2) it must be the 
case that ¢|X\(K U L) =0. Every connected component of X\4(K) is not 
relatively compact and hence meets X\(K U L). Thus by the Identity 
Theorem o| X\4(K) = 9, ice. 


(3) S[w] = 0 for every w € &° 1(X) with Supp(m) € X\4(K). 


Now suppose fe @(Y). We have to show T[f]=0. Since Y is Runge, 
4(K) < Y. Hence there is a function g € &(X) with f= g in a neighborhood 
of 4(K) and Supp(g) € Y. Then T[f] = T[g| Y] by (1) and T[g| Y] = S[d’g] 
by the definition of S. Since g is holomorphic on a neighborhood of 4(K), 
one has Supp(d’g) € X\4(K) and thus S[d”g] =0 by (3). Collecting these 
statements together we have T[ f] = 0 for every fe @(Y). oO 


25.5. The Runge Approximation Theorem. Suppose X is a non-compact 
Riemann surface and Y is an open subset whose complement contains no com- 
pact connected component. Then every holomorphic function on Y can be 
approximated uniformly on every compact subset of Y by holomorphic func- 
tions on X. 


Proor. It suffices to consider the case when Y is relatively compact in X. 
Suppose fe @(Y), a compact subset K < Y and e > 0 are given. By (23.9) 
there exists an exhaustion Y, € Y, €-:: of X by Runge domains with 
Yo = Y € Y,. By Theorem (25.4) there is a holomorphic function f, € @(Y,) 
with 


lft —fllk < 27's, 


where || |x denotes the supremum norm on K. 
Now using Theorem (25.4) and induction one gets a sequence of functions 
S, € O(Y,) with 


|e -Sn-1 


For every ne N the sequence (/,),., converges uniformly on Y,. Hence 

there exists a function F € @(X), holomorphic on all of X, which on each Y, 

is the limit of the sequence (f,),.,,. Thus, by construction, ||F —f\||x <. 
O 


Yn-2< 2 "€ for every n > 2. 


25.6. Theorem. Suppose X is a non-compact Riemann surface. Then given a 
1-form w € &° *(X) there exists a function f € &(X) with d’f = o. 


Proor. For every relatively compact open subset Y € X there exists by 
(14.16) a function g € &(Y) with d"g = w| Y. Now the proof is similar to the 
proof of Theorem (13.2), namely one uses an exhaustion process. 
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Suppose Y) € Y, € Y,; €-+: is an exhaustion of X by Runge domains 
(23.9). By induction on n we will construct functions f,¢¢(Y,) such that 


(i) df, =|Y,, 

(i) neem lees 2" 
To begin choose any function fo € &(Yo) which is a solution of the differen- 
tial equation d"fy = w| Y). Now suppose fo, ..., f, have been constructed. 
There exists g,,,¢6(Y,+1) with d’g,,;=@|Y¥,4, On ¥, one has 


d"gn,+, =4'f, and thus g,,,— J, is holomorphic on Y,. By the Runge 
Approximation Theorem there exists h « @(¥,,,) such that 


@n+1 — Sn) — Ally,-. <2. 
Set fr+1=9n+1 —h. Then d@’fia1. = 4'Gn41 = @|Yi41 and 


Lier ley ee 
As in the proof of (13.2) it now follows that the functions f, converge toa 
solution f € &(X) of the differential equation d’f= a. oO 


EXERCISES (§25) 


25.1. Let X be a Riemann surface and S: &?(X)— C a continuous linear functional 
such that S[d'd"g] =0 for every g e &(X). Prove that there is a harmonic 
function h € &(X) such that 


S[a] = i ho for every w € &?(X) with compact support. 
x 


25.2. Let Y < C be open. Given any g € &(Y) show that there exists anf ¢ &(Y) such 
that 


Af = g. 


§26. The Theorems of Mittag—Leffler and 
Weierstrass 


We now consider the problem of constructing meromorphic functions on 
non-compact Riemann surfaces having prescribed principal parts, resp. 
having zeros and poles of given orders. These are analogues of the Theorems 
of Mittag-Leffler and Weierstrass in the complex plane. For compact 
Riemann surfaces the comparable problems were looked at in sections 18 
and 20. While in the compact case there are particular conditions which are 
necessary in order for a solution to exist (Theorems 18.2 and 20.7), it turns 
out that in the non-compact case the analogues of the Theorems of Mittag— 
Leffler and Weierstrass hold without any restriction. 
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26.1. Theorem. Suppose X is a non-compact Riemann surface. Then 


H‘(X, ©) =0. 


Proor. By the Dolbeault Theorem (15.14) one has H1(X, 0)= 
&°'(X)/d"E(X). But by Theorem (25.6) &°1(X)=d’&(X) and thus 
H1(X, ©) =0. gO 


Remark. Theorem (26.1) is a special case of Theorem B of Cartan—-Serre 
which is valid on arbitrary n-dimensional Stein manifolds, c.f. [32], [34]. 


26.2. We now recall the notion of a Mittag-Leffler distribution, c.f. (18.1). 
Suppose U = (U;);-; is an open covering of a Riemann surface X. A family 
= (f,);-, of meromorphic functions f; ¢ (Uj) is called a Mittag-Leffler 
distribution if the differences f; — f; are holomorphic on U; 4 Uj, i.e., the 
functions have the same principal parts. By a solution of 4 one means a 
global meromorphic function f ¢ .@(X) such that for each i € I the differ- 
ence f—/f; is holomorphic on U;. The family of differences f,,:=f; — 
f,€O(U;- U;,) defines a cocycle (f,j)eZ'(U, @). We proved in (18.1) that 
has a solution precisely if this cocycle is a coboundary, ie. 
(f,j)¢ B'(U, ©). Thus by Theorem (26.1) we have the following. 


26.3. Theorem. On a non-compact Riemann surface every Mittag-Leffler dis- 
tribution has a solution. 


We now turn to the analogue of the Weierstrass Product Theorem. Given 
a divisor D: X > Z on a Riemann surface X one would like to find a mero- 
morphic function f ¢ .@*(X) which has the same zeros and poles, counting 
multiplicities, as D, i.e., (f) = D, c.f. definitions (16.1) and (16.2). Recall that 
the notion of a weak solution was defined in (20.1). 


26.4. Lemma. Every divisor D on a non-compact Riemann surface X has a 
weak solution. 


PROOF 

(a) Choose a sequence K,, Kz, ... of compact subsets of X with the 
following properties: 

(i) K; = A(K;) for every j > 1, 

(ii) Kj; © Kj4, for every j > 1, 

(iii) Ujs1 Kj =X. 
This is possible by (23.6). 

(b) We claim that given ay e X\K; and a divisor Ap with Ao(ao) = 1 and 
Ao(x) = 0 for x # ao, then there exists a weak solution g of Ag with 
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In order to prove the claim, note that since K; = 4(K,), the point ap lies in 
a connected component U of X\K;, which is not relatively compact. Hence 
there exists a point a, ¢ U\K,,, and acurve cy in U with initial point a, and 
end point ay. By Lemma (20.5) there is a weak solution @p of the divisor 6c 
with go|K, = 1. Repeating the construction gives a sequence of points 
a, € X\Kj;,,,v € N, curves c, in X\K;,, from a,,, toa, and weak solutions 
gy, of the divisors 6c, with g,|K,,, = 1. Then dc, = A, — A, , where A, is 
the divisor which takes the value 1 at a, and is zero otherwise. Thus the 
product @)@,; °°*:: gy, is a weak solution of the divisor Ag — A,, 1. The 
infinite product 


e=T[] 9, 
v=0 


converges, since on any compact subset of X there are only finitely many 
factors which are not identically 1. Now 9 is the desired weak solution of the 
divisor Ay. 

(c) Now suppose D is an arbitrary divisor on X. For ve N set 


= {D(x), if x € K,,1\K,, 
Die) \9 ifx ¢ K,.1\K,, 
where Ky ‘= @. Then 


D=¥ D,. 


Since D, is non-zero only at a finite number of points, by (b) there is a weak 
solution y, of the divisor D, with y,|K, = 1. The product 


w=, 
v=0 
is thus a weak solution of D. oO 


26.5. Theorem. On a non-compact Riemann surface X every divisor 
D € Div(X) is the divisor of a meromorphic function f € M*(X). 


Proor. Since the problem has a solution locally, there exists an open cover- 
ing U = (U,);., of X and meromorphic functions f, « .@*(U,) such that the 
divisor of f; coincides with D on U;. We may assume that ail the U; are 
simply connected. On the intersection U; > U;, the functions f; and f; have 
the same zeros and poles, Le., 

t € O*(U; 0 U,) for every i,j € I. 
Now suppose y is a weak solution of D. This exists by (26.4). Then y = w; f; 
on U;, where the function yw; ¢ é(U;) has no zeros. Since U; is simply 
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connected, there exists a function », « &(U;) with w; = e, ie, w = e%'f; on 
U;. Then on U; 4 U; one has 
Qj- Bi Si * * 
ev! '=e O*(U; 0 Uj) (*) 
Si 
and thus 9;;'=9,; — 9; € G(U; 7 U;). Since 9;; + Oy, = O, ON any triple 
intersection, the family @,; is a cocycle (y,j)eZ'(U, ©). Because 
H'(X, ©) =0, this cocycle splits. Thus there exist holomorphic functions 
g, € C(U,) with 


j= %j)- OM =9;-9 ONU, OU; 
for every i, j € I. From (*) one gets e%~% = f;/f;, ie, 
eff, = ef, on U; 0 Uj. 
Hence there exists a global meromorphic function fe .@*(X) with f = ef; 


on U; for every ie I. Since f and f; define the same divisor on U;, one has 


(f) =D. O 


26.6. Corollary. On every non-compact Riemann surface X there is a holomor- 
phic 1-form w € Q(X) which never vanishes. 


Proor. Suppose g is a non-constant meromorphic function on X and 
fe M*(X) is a function with divisor — (dg). Then w :=f dg is a holomorphic 
1-form on X which has no zeros. im 


26.7. Theorem. Suppose X is a non-compact Riemann surface and (a,), ¢. is a 
sequence of distinct points on X which has no point of accumulation. Then 
given arbitrary complex numbers c,éC there exists a holomorphic function 
fEO(X) with f(a,) = c, for every vEN. 


Proor. By Theorem (26.5) there is a function he @(X) which has a zero of 
order 1 at each a, and is otherwise non-zero. For ic N let 


U, := X\U {a,}. 
Then U :=(U;,);. 4 is an open covering of X. Define g;¢.@(U;) by g;‘=¢;/h. 
For i #j 
U,;0 U,; = X\{a,: veN}. 


Thus 1/h is holomorphic on U;7> U,. Hence (g,)e C°(U, .@) is a Mittag- 
Leffler distribution on X which by (26.3) has a solution ge.#@(X). Let 
f =gh. On U; one has 


f=gh=gh +t (9g —gi)h =e; + (9g — gh. 
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Since g — g; is holomorphic on U; and h(a;) = 0, it follows that fe ©(X) and 
f(a;) = ¢; for every ie N. 0 


26.8. Corollary. Every non-compact Riemann surface X is Stein, i.e. the fol- 
lowing hold: 


(i) Given any two points x, y € X, x # y, then there exists a holomorphic 


function f € O(X) with f(x) + f(y). 
(ii) Given a sequence (X,),¢., in X having no points of accumulation, then 
there exists a holomorphic function f € ©(X) with lim sup, ...|f(X,)| = ©. 


Remark. The Theorems of Mittag-Leffler and Weierstrass for non- 
compact Riemann surfaces were first proved by H. Florack [54] using the 
methods developed by Behnke-Stein [51]. The analogues of these problems 
in several complex variables (the first and second Cousin problems) played 
an important role in the development of the theory of Stein manifolds (cf. 
[53], [59], [61]). Also, the use of cohomology to solve these problems stems 
from that theory. 


EXERCISES (§26) 
26.1. Let X be a non-compact Riemann surface. Prove 
H4(X, Q) =0. 
[Hint: Using Corollary (26.6) show that Q= @.] 
26.2. Let X be a non-compact Riemann surface. 
(a) Given any w ¢ &(X) show that there exists fe &(X) with 
dd'f=oa. 
(b) Let # be the sheaf of harmonic functions on X. Show that 
H1(X, #) =0. 


26.3. Show that on a non-compact Riemann surface every meromorphic function is 
the quotient of two holomorphic functions. 


26.4. Let X be a non-compact Riemann surface and suppose f, g € (X) are holo- 
morphic functions which have no common zero. 


(a) Show that the following sequence of sheaves is exact 
0-0407450-0, 


a(w) =(Wg, — VS) 
B(P1, G2) = Gif + G29. 
(b) Show that there exist holomorphic functions ®, ¥ € ©(X) such that 
Of + Bg = 1. 


where 
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26.5. Let X be a non-compact Riemann surface and let 


W= YO, fie OX), 


be a finitely generated ideal in @(X). Prove that Y is a principal ideal. 
[Hint: Consider the divisor D on X defined by 


D(x) = min ord,(f;) 


and let fe @(X) be a holomorphic function with (f)=D. Verify that 
W = O(X)/] 


26.6. Let X be a non-compact Riemann surface and D a divisor on X. Prove 


(a) H'(X, Op) = 9, 
(b) H'(X, M) = 0. 


§27. The Riemann Mapping Theorem 


The Riemann Mapping Theorem asserts that any simply connected 
Riemann surface, which is not isomorphic either to P' or C, can be mapped 
biholomorphically onto the unit disk. This means that the universal cover- 
ing of an arbitrary Riemann surface is always isomorphic to one of three 
normal forms: the Riemann sphere, the complex plane or the unit disk. The 
Riemann Mapping Theorem was presented by Riemann in his dissertation 
in 1851, but not in its most general form and not with a completely accept- 
able proof. The first complete proofs were given by H. Poincaré and P. 
Koebe in the year 1907. 


27.1. For a Riemann surface X denote by Rhg(X ) = Q(X )/dO(X ) the “ holo- 
morphic” deRham group, cf. (15.15). If X is simply connected, then every 
holomorphic 1-form on X has a primitive (10.7) and thus Rhj(X) = 0. We 
will prove the Riemann Mapping Theorem for Riemann surfaces X satisfy- 
ing the seemingly more general condition Rhg(X) = 0. However, one con- 
sequence of this will be that Rhz(X) = 0 implies X is simply connected. 


27.2. Lemma. Suppose X is a Riemann surface with Rhj(X) = 0. Then 


(i) For every holomorphic function f: X + C* a logarithm and a square root 
of f exist, i.e., there exist functions g, h € O(X) such that e? = f and h? =f. 

(ii) Every harmonic function u: X > R is the real part of a holomorphic 
function f: X >C. 


PROOF 
(i) f~* dfis a holomorphic 1-form on X. Since Rhg(X) = 0, there exists a 
function g € ©(X) with dg = f~' df. By adding a constant to g if necessary, 
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we may assume that for some point a € X one has e% = f(a). Now 
d( fe~®) = (dfye* — fe-*f-* df =0 
and thus fe? is constantly equal to 1. Hence e? =f. 
Taking h :=e%/? one has h? = f. 
(ii) By Theorem (19.4) there is a holomorphic 1-form @ € Q(X) with 
du = Re(w). Since Q(X) = dO(X), one has du = Re(dg) for some g € O(X). 
Thus u = Re(g) + const. oO 


27.3. Theorem. Suppose X is a non-compact Riemann surface and Y € X is a 
domain with Rhi(Y) = 0. Suppose also that the boundary of Y is regular with 
respect to solving the Dirichlet problem. Then there exists a biholomorphic 
mapping of Y onto the unit disk D. 


Proor. Choose a point a e Y. By Weierstrass’ Theorem (26.5) there exists a 
holomorphic function g on X which has a zero of first order at a and does 
not vanish on X\a. By Theorem (22.17) there exists a function u: YR, 
continuous on Y and harmonic on Y, with 


u(y) = log|g(y)| for every y € dY. (*) 
By Lemma (27.2.ii) u is the real part of a holomorphic function h € @(Y). Set 
fr=e-"g € OY). 


Now we claim that f maps Y biholomorphically onto the unit disk D. 
First we will show f(Y) < D. For y € Y\a one has 


Fale ™l feof Se err. 


Hence the function | f | which is defined on Y can be continued to a contin- 
uous function g: Y + R which because of (*) is identically equal to 1 on @Y. 
Then the Maximum Principle implies | f(y)| <1 for every ye Y, ie. 
S(Y) cD. 

Now we will show that the mapping f: Y > D is proper. To do this, it 
suffices to show that for every r< 1 the preimage Y, of the disk {z eC: 
|z| <r} is compact in Y. But 


K=e¥:|fO)| <= {ve VY: ey) <4 


and thus Y, is a closed subset of the compact set Y and so is compact. 
Since f: Y > D is proper, each value is attained equally often (Theorem 

4.24). But the value zero is taken exactly once. Thus f: Y > D is bijective and 

hence biholomorphic. oO 


27.4. The general Riemann Mapping Theorem can be derived from 
Theorem (27.3) by using an exhaustion process. To do this we require a few 
additional tools. 
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Notation. For r € ]0, 00] let 
D(r):={z eC: |z| <r}. 
In particular D(1) = D is the unit disk and D(oo) = C is the complex plane. 


The following observation is a simple consequence of Cauchy’s Integral 
Formula. Suppose f: D(r) > D(r’) is a holomorphic mapping. Then 


~ 


|f'O)| < 


Sie} 


27.5. Lemma. Suppose G < C is a domain such that C\G has interior points 
and suppose Wo € G. Then the set 


{fe OD): f(D) <G and f(0) = wo} 


is a compact subset of ((D) with respect to the topology of uniform convergence 
on compact subsets. 


Proor. Suppose a is an interior point of C\G. Then the mapping 
z= 1/(z — a) takes the domain G biholomorphically onto a subdomain of 
some disk D(r) with r< oo. Hence the result follows from Montel’s 
Theorem. o 


27.6. Theorem. The set ¥ of all schlicht (= injective) holomorphic functions 
f:D-C with f (0) =0 and f'(0) = 1 is compact in @(D). 


PROOF 

(a) Suppose (f,),¢+, 18 a sequence of functions in . It suffices to show 
that there is a subsequence which converges to a function fe /. 

Denote by r, the maximum radius such that D(r,) < f,(D). Then r, < 1 
‘since the inverse ¢g, of f, maps D(r,) into D and hence 1 = g;,(0) < 1/r,. 
Choose a point a, € OD(r,) with a, ¢f,(D) and set g, =f, /a,. Then 


D-g,(D) and 1 ¢ g,(D). 


(b) Since g,(D) is homeomorphic to D and thus is simply connected, there 
exists a holomorphic function w:g,(D)>C* with y(0)=i and 
w(z)? =z—1 for every z € g,(D). Set h, = > g,. Thus hy = g, — 1. 

We claim that w ¢h,(D) implies —w ¢ h,(D). For, otherwise we would 
have w =h,(z,) and —w =h,(z,) for z,, z, € D. But then w? = (—w)? im- 
plies g,(z,) = g,(Z2) and since g, is injective, z,; = z,. Hence w= —w and 
thus w=h,(z)=0. However this implies g,(z,)=1, which is a 
contradiction. 

(c) Because Dg,(D), one has U:=(D)ch,(D). Thus (—U) oa 

h,(D) = @. By Lemma (27.5) the sequence (h,) has a convergent sub- 
sequence. Since f, = a,(1 +h?) and |a,| <1 for every n, the sequence (f,) 
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also has a convergent subsequence (f,,,) which converges to some function 
f: DC. Clearly, f(0) = 0 and f’(0) = 1, so fis not constant. 

(d) The remaining point is to show that fis schlicht. If this were not the 
case, then there would exist an a € C such that f — a would have at least two 
zeros in D. Then one could find an r <1 such that f—a has, counting 
multiplicities, at least k > 2 zeros in D(r) and does not vanish on 6D(r). Then 
a | bi (z) dz 
2ni I(z)-a 


jz|=r 


Thus every function sufficiently close to f also takes the value a k times, 
contradicting the fact that every f,, is schlicht. oO 


27.7. Lemma. Suppose R & ]0, 00] and Y is a proper subdomain of D(R) with 
0 € Y and Rho(Y) = 0. Then there exists an r < R and a holomorphic map 
f: Y > D(r) with f (0) = 0 and f'(0) = 1. 


Proor. First consider the case R < 00. Without loss of generality we may 
assume R = | and thus Y c D. By assumption there is a point ae D\Y. 
Define a biholomorphic map ~: D > D by 


zZ—a 


(2): 


Then 0¢ @(Y) and thus by Lemma (27.2) there exists g ¢ @(Y) with 
g°’ = | Y. Clearly g(Y) < D. Set 


| =az’ 


z—b 


W(z) ares where b =g(0). 


The mapping h:=w « g: YD satisfies h(O) = 0 and 


7:=h'(0) = ¥'(b)g') = v'(b) a “I =r + 


_1+ [bP 
= ap? 


since b* = —a. Thus |y| > 1. Now letting r:=1/|)| and f:=h/), the map 
J: Y > D(r) has the desired properties. 
The case R = 00 is handled similarly. oO 


27.8. Lemma. Suppose X is a non-compact Riemann surface with Rhi(X ) = 0 
and Y — X is a Runge domain. Then Rhj(Y) = 0 as well. 


Proor. Suppose @ € Q(Y) is an arbitrary holomorphic 1-form on Y. We 
have to show that @ has a primitive. By Corollary (26.6) choose a holomor- 
phic 1-form @, on X which has no zeros. Then w = fiw for some f€ ©(Y). 
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By the Runge Approximation Theorem there exists a sequence f, € @(X), 
neéN, which converges uniformly on compact subsets in Y to f Hence for 
every closed curve o in Y the integrals f, f,«o converge to |, w. Since every 
1-form f,@o has a primitive on X, |, f,@o = 0. Thus |, w = 0. Since all the 
periods of w vanish, by Theorem (10.15) w has a primitive. oO 


27.9. The Riemann Mapping Theorem. Suppose X is a Riemann surface with 
Rhi(X)=0. Then X can be mapped biholomorphically onto either the 
Riemann sphere P1, the complex plane C or else the unit disk D. 


Remark. As was pointed out in (27.1), the assumption Rhj(X ) = 0 holds 
whenever X is simply connected. Since P’, C and D are simply connected, 
the Riemann Mapping Theorem shows that the converse also holds. 


PROOF 

(a) If X is compact, then every holomorphic function on X is constant 
and so d@(X) = 0. Hence Rhg(X) = 0 implies Q(X) = 0, i.e., X has genus 0. 
By Corollary (16.13) X is biholomorphic to P’. 

(b) Now assume X is non-compact. By Theorem (23.9) there exists an 
exhaustion Yo € Y; € Y, €--: of X by Runge domains Y, whose boundaries 
are regular with respect to solving the Dirichlet problem. By Lemma (27.8) 
Rh;(Y,) = 0 for every n. Thus by Theorem (27.3) every Y, is biholomorphic 
to the unit disk. Choose a point ae Y and a coordinate neighborhood 
(U, z) of a. Then there exists a real number r, > 0 and a biholomorphic 
mapping 

ui Ya > D(a) 
with 
dn 


fa) =O and ae. (a) = 1. 


c) Nowr, <r,+; for every n. To see this note that the mapping 
n n+1 y 


h=frer fn’: Dlr) > Dr +1) 
satisfies h(0) = 0 and h’(0) = 1 and thus by the Remark in (27.4) one has 
1=h'(0) <1r,41/T,. Let 
R= lim r, € ]0, oo]. 
We will now show that X is mapped biholomorphically onto D(R). 

(d) We claim that there exists a subsequence (f,,),<», of the sequence 
(f.)n e+ Such that for every m the sequence (f,,| Y,,)k>m Converges uniformly 
on compact subsets of Y,,. The mapping z++f9 ‘(roz) maps D biholo- 
morphically onto Yo. Set 


an(2) = LUeroz)), 2&0. 
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Then g,:D—C is a schlicht holomorphic function with g,(0)=0 and 
g,(0) = 1. Hence by Theorem (27.6) there is a subsequence (f,,,,),<-, of the 
sequence (f,), which converges uniformly on compact subsets of Y). By the 
same reasoning there is a subsequence (f,,,) of this sequence which con- 
verges uniformly on compact subsets of Y,. Repeating this process we get for 
each m a subsequence (f,,,) of the previous subsequence which converges 
uniformly on compact subsets of Y,,. Set fi,'=fn,,- Then the sequence 
(fnJke:, has the desired property. 

Suppose fe ((X) is the limit of the sequence (f,,,), ie. fis that holomor- 
phic function on X which coincides on every Y,, with the limit of the se- 
quence (f,,| YnJk>m- The mapping f: X — C is injective and satisfies 

df 
f(a)=0 and -s (a) =1. 

(e) Finally we claim f maps X biholomorphically onto D(R). Since it is 
obvious that f(X) < D(R), it suffices to show f: X > D(R) is surjective. Sup- 
pose the contrary. Then by Lemma (27.7) there exists an r < R and a holo- 
morphic mapping g: f(X)—> D(r) with g(0) = 0 and g’(0) = 1. Choose n so 
large that r, > r. Then the mapping 


h:=g ofofrt: D(r,) > D(r) 


satisfies h(0) = 0 and h’(0) = 1. Since r < r,, this is not possible. This contra- 
diction shows that f: X > D(R) is surjective and thus the proof of the 
Riemann Mapping Theorem is complete. Oo 


27.10. Suppose X is a Riemann surface and _X is its universal covering. Since 
X is simply connected, we may apply the Riemann Mapping Theorem to it. 
It is standard to call X elliptic, parabolic or hyperbolic depending on whether 
its universal covering is isomorphic to P+, C or D. 

Suppose G = Deck(X/X) is the group of covering transformations of the 
universal covering. Every o € G is an automorphism of X, ie., a biholomor- 
phic mapping of X onto itself. Also the group G acts without fixed points 
and discretely on X, ie., 


(i) If o € G\{id\, then ox # x for every x € X. 
(ii) For every x e X the orbit 


Gx '={ax:0€G} 
is a discrete subset of X. 


Property (i) follows since each covering transformation is uniquely 
determined once one knows the image of any point. Property (ii) holds since 
the covering p: X + X is Galois and thus Gx = p 1(p(x)). 

The Riemann surface X may be thought of as the quotient of X modulo 
G, 1.e., two points of X are identified if one can be transformed into the other 
by some element of G. Thus every hyperbolic Riemann surface is a quotient 
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of the unit disk D modulo a group of automorphisms of D acting without 
fixed points and discretely. 


27.11. Lemma 
(a) Every automorphism of P' has a fixed point. 
(b) Suppose G is a group of automorphisms of C which acts discretely and 
without fixed points. Then G is one of the following: 
(i) G = {id}. 
(ii) G consists of all translations of the form 


Zrezt+ny, ne Z, 


where y is a fixed non-zero complex number. 
(iii) G consists of all translations of the form 


Zhez+ny, + myo, nmeZz 


where y, and y, are two fixed complex numbers linearly independent over R. 


PROOF 
(a) As is well known, the automorphisms of P’ are linear fractional 
transformations of the form 


az+b 
> 3 
cz+d 


ad — bc #0. 


Every such transformation has at least one fixed point. 
(b) The automorphisms of C are affine linear mappings of the form 


zreraz +b, ae Ct, beC. 


If a # 1, then this transformation has a fixed point. Thus the group G con- 
sists only of translations z+» z + b. Let T be the orbit of zero under G. Then 
T is a discrete additive subgroup of C and G consists of all translations 
zHez+b, where be T. Let V<C be the smallest real vector subspace 
containing I. Depending on whether dimg V is 0, | or 2 one has case (i), (ii) 
or (iii). This follows from Theorem (21.1). | 


27.12. Theorem 

(a) The Riemann sphere P' is elliptic. 

(b) The complex plane C, the punctured plane C* and all tori C/T are 
parabolic. 

(c) Every other Riemann surface is hyperbolic. 


Thus, in particular, a compact Riemann surface is elliptic, parabolic or 
hyperbolic depending on whether its genus is zero, one or greater than one. 
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Remark. Compact Riemann surfaces of genus one are also called elliptic 
curves. As this is easily confused with the above terminology, P' is seldom 
called an elliptic Riemann surface. 


ProorF. The assertions (a) and (b) are clear. One only has to show that if X is 
not hyperbolic, then it is isomorphic to one of the surfaces listed in (a) or (b). 


Case 1. The universal covering of X is isomorphic to P!. Then Lemma 
(27.11.a) implies X itself is isomorphic to P?. 

Case 2. The universal covering of X is isomorphic to C. Then the group 
G of covering transformations is, by (27.11.b), either (i), (ii) or (iii). In case (i) 
X is isomorphic to C and in case (ii) to C*, for then the covering is isomor- 
phic to 


2ni 
C-C*, zt exp aga : 
Finally in case (iii) X is a torus. O 


A simple consequence is the so-called Little Theorem of Picard. 


27.13. Theorem. Suppose f: C >C is a non-constant holomorphic function. 
Then f takes every value c € C with at most one exception. 


Proor. Suppose f did not take two distinct values a, b € C. By Theorem 
(27.12) the Riemann surface X -=C\{a, b} is hyperbolic. Hence the mapping 
f:C +X can be lifted to a mapping f: C > ¥, where X is the universal 
covering of X. Since X is isomorphic to the unit disk, it follows from Liou- 
ville’s Theorem that f and thus also f are constant. Contradiction! O 


EXERCISES (§27) 


27.1. Let X be a Riemann surface and 
f X¥ > C\O, 1, veN, 


be a sequence of holomorphic functions which do not take the values 0 and 1. 
Suppose there exists a point x9 € X such that (f,(xo)), ¢ y converges to a point 
ce C\{0, 1}. Prove that there exists a subsequence (f,,),.<. which converges 
uniformly on every compact subset of X to a holomorphic function 


ff X >C\0, 1}. 


[Hint: Let ¥ + X and D + C\{O, 1} be the universal coverings (D is isomorphic 
to the unit disk). Consider suitable liftings 7,: ¥ > D of the f, and use the 
classical theorem of Montel.] 
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27.2. Prove the “Big Theorem of Picard:” Let 
U:={2eC:0< |z| <r}, where r > 0, 
and 
f;U-C 


a holomorphic function having an essential singularity at the origin. Then f 
attains every value c e C with at most one exception. 
[Hint: Consider the sequence of functions 


feUsd; fleprres) 
and use Ex. 27.1.] 


§28. Functions with Prescribed Summands of 
Automorphy 


In §10 we saw that the integration of differential forms on a Riemann surface 
X gives rise to additively automorphic functions whose summands of auto- 
morphy determine a “period homomorphism” ,(X)— C. Behnke-Stein 
[51] proved that conversely given any homomorphism z,(X)— C on anon- 
compact Riemann surface X there always exists a holomorphic 1-form 
having these periods. In this section we prove the Theorem of Behnke-Stein. 
At the same time we investigate arbitrary functions having non-constant 
summands of automorphy. 


28.1. Cohomology of Groups. Suppose G is a group whose operation is 
written multiplicatively and A is a G-module, i.e., an additive abelian group 
together with a mapping 


GxA-A, (a, a)reroa 
satisfying the following: 


(i) c(a + b) = ca + ob, 
(ii) o(ta) = (ot)a, 
(iii) ea = a, 


for every a, t € G and a, b € A. The identity of G is denoted by «. A mapping 
GA, ord, 
is called a crossed homomorphism if 
a,,=4,+0a, for every 0,1 €G. 


If G operates trivially on A, ie. ca =a for every o € G, then a crossed 
homomorphism is nothing but a group homomorphism in the usual sense. 
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The set of all crossed homomorphisms G — A has the natural structure of an 

additive group and will be denoted by Z'(G, A). Special crossed homo- 

morphisms are obtained in the following way. Suppose f¢ A is fixed and 
a,'=f—of for every o € G. 

Then 


a,,=f—of=f—of+ of—of=(f—of)+ o(f—tf) 
=a, + 0a,. 


Crossed homomorphisms which arise in this way are called coboundaries. 
They form a subgroup of Z1(G, A) which will be denoted by B1(G, A). The 
quotient 


H4(G, A) = Z(G, A)/B\(G, A) 


is called the 1st cohomology group of G with coefficients in the G-module A. 


28.2. Summands of Automorphy. Suppose p: Y — X is an unbranched holo- 
morphic covering mapping between Riemann surfaces and G := Deck(Y/X) 
is its group of covering transformations. Then ((Y) is a G-module, if one 
defines of € O(Y) by of =f a”! for anya € Gand fe O(Y). The differences 


a,=f—ofeO(Y), ce, 


are called the summands of automorphy of f. By (28.1) the summands of 
automorphy of f define a crossed homomorphism 


G> OY), oma,. 


If the covering is Galois (Definition 5.5) and all the summands of auto- 
morphy of a function f € @(Y) are zero, then the function flies in the subring 
p*O(X) < O(Y) and thus may be identified with a function on X. 

One can do the same thing for the meromorphic functions ./(Y) and the 
differentiable functions &(Y). 


28.3. Galois Coverings. The notation will be the same as in (28.2). Assume 
p: Y +X is Galois. Every point x e X has a connected open neighborhood 
U such that 


p'U)= UU, 
AEA 
where the V, are disjoint open subsets of Y and the mappings p|V, > U are 
homeomorphisms. Now we construct a homeomorphism 
g:p \(U)>UxG, 


where G has the discrete topology, in the following way. Choose an index 
4o€ A. Then for every AeA there is precisely one o €G such that 
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o(V,,)=V,. For ye V, set v(y)=(p(y), ¢). This maps V; homeomor- 
phically onto U x {oc} and implies that g is a homeomorphism. The map- 
ping ¢ is fiber-preserving, ie., the diagram 


U)—*+ UxG 


oN / 


is commutative. Moreover g is compatible with the action of G, i.¢., e(y) = 
(x, ¢) implies g(ty) = (x, tc) for every t € G. We will call such a fiber- 
preserving homeomorphism 


g:p (U)>+UxG 
which is compatible with the action of G a G-chart of the Galois covering 


p: Y > X. A G-chart has a decomposition g =(p, 7), where n: p"'(U) > G 
is a mapping such that 


n(ty) = ty(y) for every yep ‘(U) andteG. 


28.4. Theorem. Suppose X and Y are non-compact Riemann. surfaces, 
p: Y>X is a_ holomorphic unbranched Galois covering map and 
G = Deck(Y/X) is its group of covering transformations. Then given any 
crossed homomorphism 


GY), or a,, 


there exists a holomorphic function f ¢ @(Y) having summands of automorphy 
a 


a 


Remark. Theorem (28.4) asserts that H'(G, @(¥)) = 0. This is also true for 
arbitrary Stein manifolds (Stein [62], Serre [59]). 


PROOF 
(a) Choose an open covering U = (U;);-; of X and G-charts 


gi = (p. ni): p- *(U;) > U; x G. 
Now on ¥,:=p~ '(U;) define functions f;: Y, > C by 
SAY) =Anuy(y) for every ye ¥;. 


Clearly f; is holomorphic on Y;. 
(b) We now claim that f; — of, = a, on Y, for every o € G. For ye Y; one 
has by definition 


(of; v) =fo~ LY) = Ague—1y (FY) = 4o-snuy(F “Y)- 
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The relation a,, = a, + oa, with t:-=a 'y,(y) implies 
a,{y) = a,(y) — a(o- y) 
= Any) — a,- IF *y) = fi(y) -_ (of;)(y). 


Thus the functions f/, have the desired automorphic behavior on Y,. 

(c) By (b) the differences g,,:=f, —f, ¢ ©(¥, 0 Y;) are invariant under 
covering transformations and thus may be considered as elements 
giz € C(U; m Uj). Obviously gi; + gj, = Gi, ON any triple intersection and 
thus the family (g;;) is a cocycle in Z'(U, @). Because H'(X, ©) = 0, this 
cocycle splits. Hence there exist elements g; € @(U;) with 


Gig = Gi — Gj on U0 U;. 


Consider the g; as functions on Y, which are invariant under covering trans- 
formations. Then the functions 


F=f - 9. € OY) 
also satisfy f; — of; = a, for every o € G. On any intersection ¥; mY, one has 
Fi-Fp=h-Sj- (9: - 9)) = 9: — Gi — 9)) = 0. 


Hence the f; piece together to give a global function f € @(Y) with f — of = a, 
for every EG. O 


28.5. Theorem. Suppose X and Y are Riemann surfaces, p: ¥Y > X is a holo- 
morphic unbranched Galois covering map and G = Deck(Y/X) is its group of 
covering transformations. Then given any crossed homomorphism 


G-&(Y), Or>a,, 


there exists a differentiable function f € &(Y) having summands of automorphy 
ag. 


o 


PRooF. This is proved in the same way as Theorem (28.4), except the sheaf @ 
is replaced by the sheaf &. This is possible since H'(X, &) =0 for every 
Riemann surface, regardless of whether it is compact or not (Theorem 12.6). 


O 


28.6. Theorem (Behnke-Stein). Suppose X is a non-compact Riemann surface 
and 


m,(X)>C, or a,, 
is a group homomorphism. Then there exists a holomorphic 1-form w € Q(X) 
with 


| w=a, for everyae n,(X). 
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Proor. For the universal covering p: ¥ + X one has Deck(X/X) = 7,(X). 
By Theorem (28.4) there exists a holomorphic function F € @(X) having the 
constant summands of automorphy a,. Then by Theorem (10.13) the differ- 
ential dF can be considered as a 1-form on X and it has the periods a,. 
Of 


28.7. Theorem. Suppose X is a compact Riemann surface and 
m(X)>C, or a,, 
is a group homomorphism. Then there is a unique harmonic 1-form 


w € Harm!(X) with 


[ w=a, for every a € 1,(X). 


Proor. Similar to (28.6) it follows from Theorem (28.5) that there exists a 
closed 1-form @ € &(X) with 


| @®=a, for every a € 7,(X). 


o 
“a 


By Theorem (19.12) there exists a harmonic 1-form w ¢ Harm’(X) and a 
function fe &(X) with 


o=w-tdf. 


Clearly @ and w have the same periods. The uniqueness follows from (19.8). 
O 


EXERCISES (§28) 
28.1. Let X be a Riemann surface. Prove 
H}(X, C) = Hom(z,(X), C). 
28.2. Let X be a non-compact Riemann surface and let 
Rhi(X) = Q(X)/dO(X) 
be the “holomorphic” deRham group. Prove 
H1(X, C) = Rhg(X). 


28.3. Let g: C +C bea holomorphic function. Prove that there exists a holomorphic 
function f: C > C such that 


f(z + 1)=f(z)+9(z) for every z eC. 


[Hint: Consider the Galois covering ex: C + C*, ex(z) = e?™”, and construct 
suitable summands of automorphy 


Z-0(C)] 
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§29. Line and Vector Bundles 


In the consideration of many problems of analysis on manifolds the follow- 
ing situation arises. To every point x of the manifold X there is associated a 
vector space E, which depends in some continuous (or if X is a Riemann 
surface, holomorphic) way on x. This leads to the notion of a vector bundle 
on X, which we now make precise. 


29.1. Definition. Suppose E and X are topological spaces and p: E> X isa 
continuous mapping. Further suppose that every fiber E,.:=p~ '(x) has the 
structure of an n-dimensional vector space over C. Then p: E > X, or simply 
E, is called a vector bundle of rank n on X if every point a € X has an open 
neighborhood U such that there exists a homeomorphism h of Ey =p” ‘(U) 
onto U x C" with the following properties: 


(i) h is fiber-preserving, i.e., the following diagram 


Pic py eer 


is commutative. 


(ii) For every x € U the mapping h| E, is a vector space isomorphism of 
E,, onto {x} x C"=C". 
The mapping h: Ey > U x C"is called a local trivialization or linear chart of 


E over U. If U = (U;,);-; is an open covering of X and h;: Ey, + U; x C” are 
local trivializations, then the family of all the h; is called an atlas of E. 


29.2. Definition. A vector bundle of rank n is called trivial if there exists a 
global linear trivialization h: E> X x C". 

Thus a vector bundle is always locally trivial. For local considerations 
the notion of a vector bundle tells us nothing which is new. It only plays a 
role when one is dealing with global problems. 


29.3. Definition. A line bundle is a vector bundle of rank one. 


29.4. Theorem. Suppose E > X is a vector bundle of rank n on the topological 
space X and h;: Ey, U; x C”, ie I, is an atlas of E. Then there are unique 
continuous mappings 


such that the mappings 
Qi =h, © hj 4: (Uz Uj) x C" > (U; A U,) x C" 
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satisfy 
pix, t) = (x, gi(x)t) for every (x, t)e (U; A U;) x C". 
On U; 0 U; 0 U, one has the “ cocycle relation” 
Dif Dik = Gik- 


Notation. The mappings g;; are called the transition functions and the 
family (g;;) is the cocycle associated to the atlas (h,). 


Proor. The mapping 
gy = ho hy ':(U; 0 U;) x C*° > (Un U;) x C" 


is a fiber-preserving homeomorphism which, restricted to every fiber, is an 
isomorphism of vector spaces. Hence for every x € U; ~ U, there exists a 
matrix g;(x)¢GL(n, C) with 

pix, 0) = (x, gi(X)0). 
Since ¢;; is a homeomorphism, the correspondence x+> g; (x) is continuous. 


The relation g;;9jx = gi, follows from the corresponding one for the map- 
PINgS (jj;- QO 


29.5. Definition. Suppose X is a Riemann surface, E > X is a vector bundle 
of rank n on X and 


W = {h;: Ey, > U,;x Cie T} 


is an atlas of E. The atlas Y is said to be holomorphic if the associated 
transition functions 


giz: U; A Uj > GL(a, C) 


are holomorphic. 

Two atlases Yt and Y' of E are called holomorphically compatible if 
YU W’ is a holomorphic atlas. One can easily check that holomorphic 
compatibility of atlases is an equivalence relation. An equivalence class of 
holomorphically compatible atlases is called a holomorphic linear structure. 

A holomorphic vector bundle on a Riemann surface X is a vector bundle 
E- X together with a holomorphic linear structure. A holomorphic vector 
bundle E > X is called holomorphically trivial if its holomorphic linear struc- 
ture contains an atlas consisting of the single chart E> X x C”. 


29.6. Cocycles. Suppose X is a Riemann surface. For U open in X let 
GL(n, @(U)) denote the group of all invertible n x n-matrices with 
coefficients in @(U). For V < U one has the natural restriction mapping 
GL(n, ©(U)) > GL(n, ©(V)). This defines a sheaf GL(n, ©) of groups on X 
which for n > 2 is not abelian. If U = (U;);.; is an open covering of X, let 


29 Line and Vector Bundles 221 


Z}(U, GL(n, ©)) denote the set of all 1-cocycles with values in GL(n, @) with 
respect to U, ie., all families (g;;); ;., with 


gig € GL(n, O(U; 0 U5) 
and 
GijDixk = Gix ON U,;0 U;O Uy 


for every i, j, keJ. Note that for n >2 the set Z'(U, GL(n, @)) is not a 
group with respect to component-wise multiplication. 

If 21 is a holomorphic atlas of a vector bundle on X, then the family of 
transition functions of Y is a cocycle with values in GL(n, @). Conversely 
given such a cocycle one can construct a holomorphic vector bundle. We 
now prove this. 


29.7. Theorem. Suppose X is a Riemann surface, U = (U,)je; is an open 
covering of X and (g;;)¢Z'(U, GL(n, @)). Then there exists a holomorphic 
vector bundle p: E— X of rank n and a holomorphic atlas 


{hy: Ey, 2 U; x C", ie TD} 


of E, whose transition functions are the given g;;. 


Proor. Let 
E'=() U;x C" x {ff} oX x C" x1. 
tel 
Give E’ the topology induced from X x C” x I, where I has the discrete 
topology. On E’ introduce the following equivalence relation: 


(x, tL i)~ (x,t fleex =x’ andt=g,(x)r’. 


Because of the cocycle relation g;; gj, = gix, It is easy to check that this really 
is an equivalence relation. Let E:= E’/ ~ , together with the quotient topo- 
logy, and let x: E’ > E be the canonical quotient map. Since the equivalence 
relation is compatible with the projection FE’ > X, the induced mapping 
p: EX is continuous. The fibers p~?(x) have a natural structure of an 
n-dimensional vector space over C. As well 


Ey,= p*(U;) = K(U; x C” x {i}) 


and «|U; x C" x {i} Ey, is a homeomorphism. Local trivializations 
h;: Ey, U; x C” can now be defined as the inverses of these home- 
omorphisms followed by the identifications U; x C" x {i}= U; x C". By 
construction the transition functions of the atlas (h;) are the given g,;, 1 


29.8. Definition. Suppose p: E > X is a vector bundle on a topological space 
X and U isa subset of X. A section of E over U is a continuous mapping 
f: U-E with p f= idy. 
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The condition p ° f= idy means that f assigns to each x € U an element 
f(x) € E,. If hj: Ey, U; x C" is a local trivialization of E then one can 
associate to the section f'a unique continuous function f;: U; 7 U > C" such 
that 


hi(f (x)) = (x, fi(x)) for every x e U; 7 U. 


The function /; is called a representation of the section f with respect to the 
local trivialization h,. 


29.9. Definition. Suppose p: E > X is a holomorphic vector bundle of rank n 
on the Riemann surface X and {h;: Ey, U; x C", ie I} is an atlas of the 
holomorphic linear structure on E. A section f: U > E over an open subset 
U c X is said to be holomorphic if its representation f; with respect to every 
local trivialization h; is a holomorphic mapping f;: U; 7 U > C”. Of course 
f, 1s to be understood as an n-tuple of holomorphic functions U; 7 U >C. 

Clearly the definition is independent of the choice of atlas. The set of all 
holomorphic sections of E over U has the natural structure of a vector space, 
which we denote by @,(U). With the natural restriction mappings one gets 
the sheaf @, of holomorphic sections of E. 

Suppose (g,;)¢Z'(U, GL(n, ©)) is the cocycle associated to the atlas 
{hy: Ey, + U; x C", ie I}. The representations f;: U; 7 U > C" of a section 
fe ©,(U) satisfy the relation 


fix) = gi(x) f(x) for every x e U; a ;U; 7 U. (*) 
Hence @,(U) is isomorphic to the vector space of all families (/;);.;, with 
Si € OU; [a Uy, 


which satisfy (*). Note ©,(U;) is isomorphic to (U;,)". If E is holomor- 
phically trivial, then the sheaf @, is isomorphic to ©”. 

We now give two important examples of holomorphic line bundles on 
Riemann surfaces. 


29.10. The Holomorphic Cotangent Bundle. Suppose X is a Riemann surface 
and (U;, z;), i € I, is a covering by coordinate neighborhoods. On U; 7 U; 
the function g;;‘=dz,/dz; is holomorphic and does not vanish. Thus the 
family (g,;) defines a cocycle in Z'(U, ©*) with respect to the covering 
u=(U;);.,. Let T*(X) be the line bundle associated to the cocycle (g;)). 
T*(X) is called the holomorphic cotangent bundle or canonical line bundle of 
X. The sheaf of holomorphic sections of T*(X) is isomorphic to the sheaf Q 
of holomorphic 1-forms on X. This isomorphism can be described as fol- 
lows. Suppose w € Q(U). Then on U; 4 U one may write w =f; dz; with 
f,€ OCU; A U)/). On U; A U; 7 U one has f; = fj dz;/dz; = g;; f;. Thus the 
family (f;) defines a holomorphic section of T*(X) over U. Conversely every 
family (f;) of holomorphic functions f, ¢ @(U; 4 U) with f; = gi; f; on 
U; 0 U; 0 U gives rise to a 1-form w € Q(U) with w = f, dz; on U; 2 U. 
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29.11. The Line Bundle of a Divisor. Suppose D is a divisor on the Riemann 
surface X. To D we can associate a holomorphic line bundle Ep such that the 
sheaf of holomorphic sections of Ep is isomorphic to the sheaf ©, of mero- 
morphic multiples of —D (cf. 16.4). There exists an open covering 
U = (U;);-; of X and meromorphic functions py; ¢ .@(U;) with (W;) = D on 
U;. Then 

wv 


Gy = € OF(U, 4 Uj), 
Wj 
since y; and ,; have the same zeros and poles on U; 0 U,;. The family g;; 
forms a cocycle (9:j)€Z'(U, O*). Let Ep be the holomorphic line bundle 
corresponding to this cocycle (cf. Theorem (29.7)). 

Suppose U is openin X and f €@,(U), ie. (f) => — Don U. Then there are 
holomorphic functions f; € @(U; © U) such that f= f;/;on U; 7 U. Hence 
on any intersection U; 7 U; > U one has 

fi_ Si = 

ean and thus f; = gj; fj. 
Hence the family (f;) defines a holomorphic section of Ey over U. Con- 
versely any holomorphic section of Ep over U is given by a family (f;) of 
holomorphic functions f, € O(U; 0 U) with f, = 9i; Jj. Then f;/W; =f; /p;on 
U; 0 U; U. Thus there is a meromorphic function fe.@(U) with 
f=fi/p;, on U; > U for every i € I. Therefore fe ©,(U). 

We will now prove several facts about cohomology with values in the 
sheaf of holomorphic sections of vector bundles, which are analogous to 
what we did in §14 for the sheaf ©. For the sake of variety we will use 
different methods this time. 


29.12. Lemma. Suppose X is a Riemann surface, E is a holomorphic vector 
bundle on X and Y is a relatively compact open subset of X. Then for every 
open subset YoY the restriction mapping H'(Y, O,)— H*(Yp, O;) is 
surjective. 


Proor. There are finitely many open sets U; c X, i= 1,..., r, which are 
biholomorphic to open sets in C, with Y = U, U ++: u U, and for which 
there exist holomorphic linear charts h;: Ey, U; x C". For every open 
subset V < U; one then has 


H+(V, O) = H'(V, OY =0, 
cf. Theorem (26.1). Set 


Clearly it suffices to show that the mappings 
AY(Y,, Or) a H'(Y¥,-4, Or) 
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for k = 1,..., r are surjective. Fix k and let 

Vie=U,0 ¥-, fori=l,....47 

Vie=V, fori#k and Vi:=U,. 
Then 8 = (V),<;<, is a Leray covering of %-, and 8’ = (Vj), <i<, is a 
Leray covering of ¥. Hence Z'(B, O,)=Z'(B', Og), since 
V0 V;= Vin Vj for every i#j. Thus H1(8’, C,) 2 H'(B, Cg) is surjec- 
tive. g 


29.13. Theorem. Suppose Y is a relatively compact open subset of a Riemann 
surface X and E is a holomorphic vector bundle on X. Then H*(Y, (g) is finite 
dimensional. 


Proor. There is an open set Y’ with Y € Y’ € X and open sets V; € U;,i = 1, 
..., r, in X with the following properties: 
G) UierW=¥, Ula U=Y. 
(ii) Every U; is biholomorphic to an open subset of C. 
(iii) On every U; there is a holomorphic linear chart h;: Ey, U; x C”. 


Now U = (U;,) and 8 = (V,) are Leray coverings of Y’ resp. Y for the 
sheaf O,. By Lemma (29.12) it follows that the restriction mapping 
H'(U, Oz) + H4(B, G,) is surjective. This implies that the mapping 

eg: C°(B, Og) x Z1(U, Of) > Z1(B, Cz) 


(n, S)H> 5(n) + BEE) 
is surjective, where B: Z1(U, (,) > Z'(B, Cz) is the restriction map. One 
can make the spaces Z'(U, (,), Z'(B, Cr) and C°(B, @,) into Fréchet 
spaces in the following way. First ©,(U;0 Uj) = O(U; > U;)" with the top- 
ology of uniform convergence on compact subsets is a Fréchet space. Thus 
so is C1(QU, Oz) = []i, ; Ge(Ui o U;) with the product topology. It is easy to 
see that Z(U, @,) is a closed subspace of C*(U, @,). Thus it is likewise a 
Fréchet space. The topologies on Z1(8, @z) and C°(%, @,) are defined 
similarly. With respect to these topologies the mappings 6: C(B, Og) > 
Z1(B, @,) and B: Z\(U, ©) > Z'(B, Cg) are continuous. Then Montel’s 
Theorem implies that f is even compact. Hence 

Ww: C°(B, Op) x Z*(U, Og) > Z'(B, Ce) 


(n, ¢)+ B(n) 
is also compact. By the Theorem of L. Schwartz (cf. Appendix B.11) the 
mapping 
yg — w: CB, Og) x Z'(U, Og) > Z"(B, Ox) 
(1, ¢)r> on 
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as the difference of a surjective and a compact continuous linear operator 
between Fréchet spaces, has a finite codimensional image. However the 
image of g —y is the vector space B'(%, ©;) of all coboundaries in 
Z'(B, Og). Thus H*(Y, O;) = H'(B, Oz) is finite dimensional. gO 


29.14. Corollary. Suppose E is a holomorphic vector bundle on a compact 
Riemann surface X. Then H*(X, ©,) is finite dimensional. 


29.15. Meromorphic Sections. Suppose E is a holomorphic vector bundle of 
rank n on the Riemann surface X. Let U c X be an open set over which a 
holomorphic linear chart h: Ey > U x C” exists and let a be a point of U.A 
section f € O,(U\{a}) can be represented with respect to this chart by an 
n-tuple of holomorphic functions (f;, ..., f,) € O(U\{a})". The point a is 
called a pole of order m off, if all the f; have either a pole of order < mor else 
a removable singularity at a and at least one f; does have a pole of order mat 
a. This definition is independent of the choice of linear chart at a. 

By a meromorphic section of E over an open subset Y c X one means a 
holomorphic section f € @,(Y’) over an open subset Y’ < Y such that the 
following hold: 


(i) Y\Y’ is a discrete subset of Y. 
(ii) f has a pole at every ae Y\Y’. 


Similar to Theorem (14.12) one can now prove the following. 


29.16. Theorem. Suppose E is a holomorphic vector bundle on a Riemann 
surface X and ¥ is a relatively compact open subset of X. Then given any 
ae Y there exists a meromorphic section of E over Y which has a pole at a and 
is holomorphic on Y\{a}. 


29.17. Corollary. Every holomorphic vector bundle on a compact Riemann 
surface has a global meromorphic section which does not vanish identically. 


29.18. Line Bundles and Divisors. Suppose E is a holomorphic line bundle on 
a Riemann surface X and w is a global meromorphic section of E, which 
does not vanish identically. Then the divisor D of wy is well-defined. For 
ae X let D(a) be the order of y at a with respect to a holomorphic linear 
chart of E on some neighborhood of a. This order is independent of the 
chart. Now we claim that the sheaf 0, of holomorphic sections of E is 
isomorphic to the sheaf ©, of meromorphic multiples of —D. For, if 
fe M(U) with (f) > —D on U, then fil is a holomorphic section of E over 
U. Conversely for every section g € ©,(U) the quotient f= @/y is a well- 
defined meromorphic function in .@(U) with (f) > —D on U. 
This may be considered in some sense to be the converse of (29.11). 
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We are now in the position to interpret the Picard group of a compact 
Riemann surface as a cohomology group. Recall (cf. 21.6) that the Picard 
group of a compact Riemann surface X is defined as 


Pic(X) = Div(X )/Div,(X). 


29.19, Theorem. Let X be a compact Riemann surface. Then there is a natural 
isomorphism of groups 


H1(X, O*) > Pic(X). 


PROOF 

(a) Define a map a: H'(X, @*)—Pic(X) as follows. Suppose 
€ € H}(X, *) is represented by a cocycle (g;;) ¢ Z'(U, O*) for some open 
covering U = (U;);.,; of X. By Theorem (29.7) there is a line bundle E> X 
associated to this cocycle. Then FE has a non-trivial meromorphic section f 
by Corollary (29.17). This section is given by a family of meromorphic 
functions f,; € .@(U;), i =I, satisfying 


fi= Gif; on U, nm Uj. 


Since f does not vanish identically, we even have f; ¢ .@*(U,) for every i € I. 
Let D be the divisor of f, ie., 


D(x) = ord,(f;) if x € U;. 
Clearly this does not depend on the choice of i with x « U;. Now define 
a(é):=D mod Div,(X). 


In order that « be well-defined, this definition must be independent of the 
various choices made. For example, let 


Gij =fi/f; =fiff;. 


where f;, fe “*(U;). Then f/f; =f,/f; on U; Uj. Hence the f/f; piece 
together to define a global meromorphic function g ¢ .@*(X). If D and D 
are the divisors of f= (f,);-, and f= (f));., respectively, we have 


and thus D and D differ only by a principal divisor. We leave it to the reader 
to show that «(é) is also independent of the choice of cocycle (g;;) represent- 
ing é. It is easy to see that & is a group homomorphism. 

(b) The surjectivity of « follows from (29.11). To prove the injectivity, we 
have to show that if 


G5 = Sl; fre M*(Uj) 
and the divisor of (f;);-7 is principal, then the cocycle (g;;) lies in B'(U, *). 
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Indeed, let p ¢ .@*(X) be a meromorphic function having the same divisor 
as the family (f;);.,. Then 


Gi <4 E o*(U;) 


and gj; = g;/g;. Hence (g;;)¢ B'(U, O*). | 


EXERCISES (§29) 


29.1. 


29.2. 


Let X be a Riemann surface and 2: E— X be a holomorphic vector bundle of 
rank n on X. A holomorphic subbundle F c E of rank k is a subset such that 
the following holds. For every xe X there exists a holomorphic local 
trivialization 


h:Ey>Ux€",  Ey=n7*(U), 
of E with x e U such that 
h(Fy) = U x (C* x 0) 
where Fy = Ey - F. 
(a) Let f: X + E be a holomorphic section of E which never vanishes. For 
x é€X define F, =C - f(x) < E,. Show that 
Fes U F,cE 


xeXx 
is a holomorphic subbundle of E of rank 1. 
(b) Let f be a meromorphic section of E over X. Show that there exists a 


unique subbundle F c E of rank 1 such that f is a meromorphic section 
of F. 


Let L + X bea line bundle on a compact Riemann surface X. The degree of L is 
defined as deg(L) :=deg(D), where D is the divisor of a meromorphic section s 
of L over X. 


(a) Show that deg L is well-defined, i., it is independent of the choice of the 
meromorphic section s. 
(b) On P? let U = (U;, U2) be the covering given by 


U,={zeC: |z|<itel Uz={zeP’: |z|>l-e, O<e<1. 


Let L be the holomorphic line bundle on P? defined by some given transition 
function 


Ji2: U, ia) U,-C*. 


Prove that 


1 9'12(z) 
deg L:=—— dz. 
8 Qui i 912(z) 


[Hint: First consider the special case g12(z) = z*.] 


228 3 Non-compact Riemann Surfaces 


§30. The Triviality of Vector Bundles 


In this section we show that every holomorphic vector bundle on a non- 
compact Riemann surface is trivial. This will be used in the next section to 
solve the Riemann—Hilbert problem. 


30.1. Theorem. Suppose E is a holomorphic vector bundle of rank n on a 
Riemann surface X. Let U =(U;);-; be an open covering of X, h;: Ey,> 
U; x C", ie I, be a holomorphic atlas for E and (g;;)¢ Z'(U, GL(n, ©)) be the 
corresponding cocycle of transition functions. Then the following are 
equivalent: 


(i) E is holomorphically trivial. 
(ii) There exist n global holomorphic sections F,..., F, of E such that for 
each point x € X the vectors F ;(x), ..., F,(x) € E, are linearly independent. 
(iii) The cocycle (gj,;) splits, ie. there exists a  cochain 
(gE C°(U, GL(n, ©)) with 


95 = 9:19; > OnU;, OU; for every i, jel. 


PROOF 

(i) => (ii). Since E is holomorphically trivial, the holomorphic linear struc- 
ture of E contains a chart h: E> X x C". Let e,,..., e, be the standard unit 
vectors of C". Define sections F,, v= 1, ..., n, of E by 


h(F ,(x)) = (x, e,) for every x € X. 


Then the F, are holomorphic and linearly independent in every fiber. 
(ii) => (iii). Any section F, may be represented relative to any chart h; as 
an n-tuple of holomorphic functions fi, ¢ O(U;), w= 1, ..., n. Let g; be the 


matrix (fi,):<y,y<n» Phen g; € GL(n, O(U;)), since F,, ..., F, are linearly 


uv 
independent in each fiber. Moreover on U; - Uj one has 


Gi = Gij9j and thus gi; = 9:9; a 


ie., the cocycle (g,;) splits. 

(iii) => (i). Using the charts h;: Ey, + U; x C" we will construct a linear 
chart h: E- X x C" which is holomorphically compatible with all the h,. 

Suppose ve Ey, and h,(v) =:(x, t). Then set h(v):=(x, 97 't). This 
definition is independent of the choice of chart. For, suppose v € Ey, as well 
and h,(v) =:(x, ¢’). Then t = gt! = 9,9; ‘t and thus g; *¢ = gj; ‘t’. Finally it 
follows directly from the definition of h that {h: E> X x C"} is holomor- 
phically compatible with the atlas consisting of all the h;. oO 


30.2. Lemma. Suppose X is a non-compact Riemann surface and E is a holo- 
morphic vector bundle on X. If E has a non-trivial global meromorphic section, 
then E also has a global holomorphic section which has no zeros. 
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Proor. Suppose f is a non-trivial meromorphic section of E over X and 
Ac X is the discrete subset consisting of its zeros and poles. Suppose a € A 
and h: Ey > U x C" is a holomorphic linear chart of E on an open neigh- 
borhood U of a. Relative to the chart h we may represent f as (fi, ..., fh) 
€.&(U)". Let k(a) be the minimum of the orders of the functions f, at the 
point a. By Weierstrass’ Theorem (26.5) there exists a meromorphic function 
~ € .M(X) which at each point a € A has order —k(a) and is holomorphic 
and non-zero on X\A. Then F := gf is a holomorphic section of E which has 
no zeros. oO 


30.3. Theorem. Every holomorphic line bundle E on a non-compact Riemann 
surface X is holomorphically trivial. 


Proor. Suppose @ # Yo € Y; € Y, €::: is a sequence of relatively compact 
Runge domains in X with |) ¥, = X. By Theorem (29.16) over every Y, 
there is a meromorphic section. Thus by (30.2) there is also a holomorphic 
section which does not vanish. Hence E is trivial over each ¥, by Theorem 
(30.1). It then follows from the Runge Approximation Theorem that every 
holomorphic section of E over Y, can be approximated uniformly on com- 
pact subsets by holomorphic sections of E over Y,,,. Let fo € Og(Yo) be a 
section which is not zero at some point a € Y). One can now construct a 
sequence f,¢ @,(Y,), v > 1, such that lim,.,, f(a) #0 and such that for 
each v € N the sequence (f,,| Y,), >, converges in ©,(Y,). Then the limit of the 
sequence (f,) is a section fe ©,(X) which does not vanish identically. As 
above this implies that E is trivial over X. 0 


30.4. Theorem. Every holomorphic vector bundle E on a non-compact Riemann 
surface X is holomorphically trivial. 


Proor. The theorem will be proved by induction on n, the rank of E. 
Theorem (30.3) is the case n = 1. Now assume the result has been proved for 
all bundles of rank n — 1 and suppose E is a bundle of rank n. 

(a) First we assume that there exists a section F,, € ©,(X ) which does not 
vanish anywhere. Since E is locally trivial, there exists an open covering 
U = (U;,);-, of X with the property that for every i € J there are sections F}, 

.., Fi_, € O,(U;) such that Fi(x), ..., Fi_,(x), F,(x) are linearly indepen- 
dent for every x ¢ U;. On any intersection U; ~ U, these systems are related 
to each other in the following way: 


(r)=(o “fe, 


where F' denotes the column vector with entries Fi, ..., F',_ ,, the matrix G¥ is 
an element of GL(n — 1, ©(U;- Uj)) and a‘! is a column vector with n — 1 
tows having coefficients in ©(U;- U,). Then GYG*=G* on 
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U; 7 U; m7 U,. Hence by the induction hypothesis there exist matrices 
G' e GL(n — 1, O(U;)) with 


GI=G(G)"' on U, A U;. 
Setting F' = (G')"'F' and using (1) gives 


Fi 1 bY (Fi 
(-) 7 ( ) (7) a 
for some b! € O(U; AU; *. On U; A U; A Uy one has the relation 


bY + bi* = bi. Since H1(U, ©) = 0, one can thus find holomorphic column 
vectors b' € O(U;)""' having (n — 1) rows with 


b¥=bi-b) on U;, 0 U;. 
Set Fi = Fi — biF,. Then it follows from (2) that 


F F/ 
(-)=(-,). oun Us 
Hence the F' piece together to form a global (n — 1)-tuple (F,, ..., F,—1) 
€0,(X)""*. By construction F,(x),..., F,(x) are linearly independent for 
every xe X. Thus E is holomorphically trivial. 

(b) We still have to show that E has a holomorphic section which does 
not vanish. By Theorem (29.16) and Lemma (30.2) this is the case over any 
relatively compact domain Y < X. Thus by (a) one has that E is trivial over 
Y. As in the proof of (30.3) one can now construct with the help of the Runge 
Approximation Theorem a non-trivial holomorphic section of E over X. By 
Lemma (30.2) then E also has a nowhere vanishing holomorphic section. 
This completes the proof of the theorem. oO 


30.5. Corollary. Suppose X is a non-compact Riemann surface. Then 
H}(X, GL(n, ©)) = 0. 
In particular, H'(X, ©*) =0. . 
Proor. Now H'(X, GL(n, @))=0 means that for every open covering 


U = (U,) of X every cocycle (g,;)¢Z'(U, GL(n, ©)) splits. But this is equi- 
valent to the triviality of holomorphic vector bundles on X. D 


EXERCISES (§30) 

30.1. Show that on any Riemann surface X (compact or not) one has 
H3(X, .M*) =0. 
[Hint: Use the exact cohomology sequence of Ex. 16.4.] 


30.2. Let X be a Riemann surface. For U c X open, let SL(n, @(U)) be the group of 
all n x n-matrices of determinant 1 with coefficients in @(U). Together with the 
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natural restriction maps this defines a sheaf SL(n, @) on X. Prove that on a 
non-compact Riemann surface X 


H4(X, SL(n, ©)) = 0, 


ie. for every cocycle (g;))¢Z'(U, SL(n, ©)) there exists a cochain 
(9;) € C°(U, SL(n, @)) such that 


9 = 9:9; * on Uz; 27 U;. 


§31. The Riemann-Hilbert Problem 


In §11 we saw that the automorphic behavior of a fundamental system of 
solutions of a linear differential equation on a Riemann surface X gives rise 
to a homomorphism T: z,(X)— GL(n, C). This homomorphism associates 
to each o € 2,(X) the factor of automorphy T, by which the fundamental 
system is multiplied when it is analytically continued along o. Conversely 
one may ask if given any homomorphism T: 2,(X) > GL(n, C), there exists 
a linear differential equation on X such that the automorphic behavior of a 
fundamental system of solutions is exactly given by the homomorphism T. 
This is called the Riemann—Hilbert problem. In this section we present the 
solution of the Riemann-Hilbert problem on non-compact Riemann sur- 
faces using the method of H. RGhrl [57]. 


31.1. Factors of Automorphy. Suppose p: YX is a holomorphic un- 
branched covering mapping between Riemann surfaces and G := Deck(Y/X ) 
is its group of covering transformations. A holomorphic mapping ®: Y > 
GL(n, C) is called multiplicatively automorphic with constant factors of 
automorphy T, ¢ GL(n, C), o € G, if 


oD =OT, foreveryaeG. 


In this case one can easily show that the correspondence at T, is a group 
homomorphism G > GL(n, C), cf. (11.6). The following theorem is analo- 
gous to Theorem (28.4). 


31.2. Theorem. Suppose X and Y are non-compact Riemann surfaces, 
p: Y>X is a_ holomorphic unbranched Galois covering map and 
G:=Deck(Y/X) is its group of covering transformations. Then given any 
homomorphism 


T:G>GL(n,C) a T,, 


there exists a holomorphic mapping ®: Y > GL(n, C) with the factors of auto- 
morphy T,, i.e., oD = OT, for everya eG. 
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PROOF 
(a) There exist an open covering U = (U;);., of X and G-charts 
gi = (p, ni): p- *(U;) + U; x G, 
cf. (28.3). Now define on Y,; := p ‘(U,) functions V;: Y, ~ GL(n, C) by 
Hy) =, 


nyy-1 for every ye Y;. 


Since W; is locally constant, in particular it is holomorphic. 
(b) Suppose ye Y, and o € G. Then 
oW(y) = Bo” 'Y) = Tye-t 9-1 = Tg t0 
= Tho iT, = Yi(y)T, . 
Thus the functions ‘Y; exhibit the desired automorphic behavior on Y,. 

(c) By (b) the products F,;:=P;¥7' ¢ GL(n, O(Y, 7 Y;)) are invariant 
under covering transformations. Thus they may be considered as elements 
F,,;eGL(n, ©(U;> U,)) and so define a cocycle (F;,;)e Z'(U, GL(n, ©)). 
Since H1(X, GL(n, ©)) =0 by (30.5), this cocycle is a coboundary. Thus 
there exist elements F;e GL(n, ©(U;)) with 

F,,=F,F;' on U, oo U;. 


Now consider the F; as elements of GL(n, @(Y;)) which are invariant under 
covering transformations and set 


®;, := F; '¥, « GL(n, O(Y)). 
Then o®, = F; 'o'; = F; '¥;T, = ©; T, for every ¢ € G. On any intersec- 
tion ¥; 0 Y;, 
O'O, = WRF IY, = 8 'F Y= 8 8, Y= 1, 
ie, ©,=@,;. Thus the ®, piece together to give a global function 
® « GL(n, O(Y)) with o@ = OT, for every c € G. O 


31.3. Corollary. Suppose X is a non-compact Riemann surface and 
T: 1,(X)>GL(n,C), = a  T,, 


is a group homomorphism. Then there exists a matrix A € M(n x n, Q(X )) and 
a fundamental system of solutions of the differential equation dw = Aw on the 
universal covering of X which has the T, as factors of automorphy. 


Proor. By (11.6) one only has to apply Theorem (31.2) to the universal 
covering p: X + X of X. oO 


31.4. Suppose X is a non-compact Riemann surface, S < X is a closed 
discrete subset and X’:= X\S. Then, in particular, one can apply Corollary 
(31.3) to X’. But we would like to sharpen the result of the corollary so that 
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the resulting differential equation has at most regular singular points at all 
the points a € S. In order to be able to carry over the definition in (11.12) to 
this general case, we first prove the following lemma. 


Lemma. Using the same notation as above, suppose p: Y > X’ is the universal 
covering of X'. Further suppose (U, z) is a coordinate neighborhood of a point 
a é 8S with the following properties: 


(i) z(U) < C is the unit disk and z(a) = 0. 
(ii) U AS = {a}. 


Suppose Z is any connected component of p‘(U\a). Then p| Z > U\a is the 
universal covering of U\a. 


Proor. By Weierstrass’ Theorem (26.5) there exists a holomorphic function 
f € ©(X) which has a zero of first order at a but is otherwise non-zero. Then 
w:=dfif is a holomorphic 1-form on X’. Let y be the positively oriented 
curve in U corresponding to |z| = 3. Then 


@o=| ~~ =2ni. 
jo=[4 


Now the mapping p|Z— U\a is a covering map. Thus we may apply 
Theorem (5.10) to it. If p| Z + U\a were not the universal covering, then this 
mapping would be isomorphic to the covering 


D* > D*, ze zk 


for some positive integer k, where D* denotes the punctured unit disk. But 
then there would exist k liftings y,,..., y, of y whose product c = y, -'- y, isa 
closed curve. This implies 


I p*o = PD | pre = P Jo = 2kni. 


But on the other hand Jf, p*w = 0, since a primitive for p*w exists on Y. This 
contradiction proves that p|Z— U\a must be the universal covering. [ 


Now, using the same notation, suppose dw= Aw, where Ae 
M(n x n, Q(X’), is a linear differential equation on X’ and ®e GL(n, O(Y)) 
is a fundamental system of solutions. Then the differential equation is said to 
have a regular singular point at a € S if for every connected component Z of 
p ‘(U\a) the function ®| Z satisfies the condition given in (11.12). 


31.5. Theorem. Suppose X is a non-compact Riemann surface, S is a closed 
discrete subset of X and X' ‘= X\S. Further suppose a homomorphism 


T: 2,(X') > GL(n, C), or T,, 
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is given. Then there exists a differential equation dw = Aw, where 
Ae M(n x n, Q(X’)), which has a regular singular point at every a € S, and a 
fundamental system of solutions ® e GL(n, O(Y)) of dw = Aw on the universal 
covering p: Y > X' of X’ with the factors of automorphy T,. 


Proor. Suppose S = {a;: i e I}. For every i choose a coordinate neighbor- 
hood (U;, z;) of a; satisfying conditions (i) and (ii) of Lemma (31.4). We may 
assume O¢ J. Let J:=J u {0} and set Ug:=X'. Then U:=(U,);., is an 
open covering of X. For i # j one has U; 1 U; ¢ X’. Further let Yo = Y and 
Y,:=p~1(U;, \a;) for every i ¢ I. 

By Theorem (31.2) there exists a function Wy € GL(n, (Y)) such that 
oY, = Po T, for every o € 2,(X’). For every i € I there exist, by Theorem 
(11.10), elements ‘¥; ¢ GL(n, ©(Y,)) which have regular singular points and 
display the same automorphic behavior as Yo | Y,. Hence for i, j € I, i #j, 


Fj =¥, V7 * e GL(n, O(Y, 7 Y;)) 
is invariant under covering transformations and thus may be considered as 
an element F,;¢ GL(n, @(U; > U;)). For every jeJ, let 
F,,:= 1 € GL(n, O(U;)). Then 
(F,)€Z'(U, GL(n, ©)) 

is a cocycle. Because H'(X, GL(n, ()) = 0, this cocycle is a coboundary. 
Thus there exist F; ¢ GL(n, ©(U;)) such that 

F,,=F FF F* on U; 7 U; 
Now, for every j € J, define 

®, =F; '¥; e GL(n, O(Y,)). 
As in (31.2) the ®, piece together to form a global function ® e GL(n, @(Y)) 
which satisfies o@ = OT, for every ¢ € 2,(X). On U; \a; one has ® = F; '¥;. 
Since ; has regular singular points and F; ! is holomorphic on all of U,, it 
follows that ® also has regular singular points. As well ® is a fundamental 
system of solutions of the differential equation dw = Aw, where 
A:=d®- @~' may be considered as an element A € M(n x n, Q(X’)), since 


it is invariant under covering transformations. This completes the proof of 
the theorem. Oo 


EXERCISES (§31) 


31.1. Let X and Ybe non-compact Riemann surfaces, p: Y > X be an unbranched 
holomorphic Galois covering and G = Deck(Y/X). Let 


a: G > GL(n, O(Y)), aha, 
be a crossed homomorphism, i.e. a map satisfying 


4g, = 4,(ca,) for every o, t EG. 
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Prove that there exists a holomorphic matrix ®: Y > GL(n, C) such that 
a, = ®(o@)"' for every ceG. 


31.2. Let g: C + GL(n, C) be a holomorphic invertible matrix. Show that there exists 
a holomorphic matrix f: C > GL(n, C) such that 


f(z + 1) =f(z)g(z) for every zeC. 


[Hint: Consider the Galois covering ex: C > C*, ex(z):= e?2, and apply Ex. 
31.1] 


Appendix 


A. Partitions of Unity 


Partitions of unity are an important tool in the study of differentiable mani- 
folds and have been used throughout this book. As an aid to the reader we 
now gather together some of the main facts concerning them. Proofs may be 
found in the literature, e.g., [40], [43], [45] or [48]. 


A.1. By the support Supp(f) of a real or complex valued function f on a 
topological space X is meant the closure of the set {x e X: f(x) #0}. 

The standard example of a C® function, ie. an infinitely differentiable 
function, g: R" > R, whose support is the closed ball of radius « > 0, is given 
by 


exp| — : for ||x|| <é 
g(x) 7= ee lll 


0 for ||x|| > e. 


Here ||x|| = (|x, |? +--+: + |x,|?)!/? denotes the euclidean norm on R". This 
function can now be used to construct all the other C® functions which we 
will need. 


A.2. An n-dimensional manifold is a Hausdorff topological space X with the 
property that every point a e X has an open neighborhood homeomorphic 
to an open subset of R". A homeomorphism g: U — V of an open set U c X 
onto an open set V c R" is called a chart on X. Two charts ;: U; > V,, 
i= 1, 2, are said to be differentiably compatible if the mapping 


P2° gy": g(U, a) U,)> 9,(U, A U2) 
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and its inverse are both infinitely differentiable. Now one can define differen- 
tiable manifolds in an analogous way to Riemann surfaces (cf. §1), but replac- 
ing biholomorphic compatibility by differentiable compatibility. In 
particular Riemann surfaces are special 2-dimensional differentiable 
manifolds. 

On a differentiable manifold one has the notion of a differentiable func- 
tion, i.e., a function which is C® with respect to every chart. 


A.3. Definition. Suppose X is a differentiable manifold and U = (U;)je; is 
an open covering of X. Then by a differentiable partition of unity subordinate 
to U one means a family (g;);-; of differentiable functions g;; X > R with 
the following properties: 


(i)O0<g;<1 foreveryiel. 
(ii) Supp(g;) < U; for every ie I. 
(iii) The family of supports Supp(g;), i € I, is locally finite, i.e., every point 
aeé X has a neighborhood V such that 


V o Supp(g;) # @ for only finitely many i € J. 
(iv) Nier gal. 


(Because of (iii) the sum in (iv) is well-defined.) 


A.4. Theorem. Suppose X is a differentiable manifold which has a countable 
topology. Then for every open covering U of X there exists a differentiable 
partition of unity subordinate to U. 


A.5. Corollary. Suppose X is a differentiable manifold, K is a compact subset 
of X and U is an open neighborhood of K. Then there exists a differentiable 
function f: X > R such that Supp(f) € U and f|K = 1. 


Proor. We may assume that X has a countable topology. Otherwise, just 
replace X by some relatively compact open neighborhood of K. Now sup- 
pose U, isa relatively compact open neighborhood of K which is contained 
in U and let U,:=X\K. There exists a differentiable partition of unity 
(91, gz) subordinate to the covering U =(U,, U2). Then f :=g, is the 
desired function. oO 


B. Topological Vector Spaces 


We now present the notions and facts from functional analysis which we 
have used. Further details and the proofs may be found, for example, in [44], 
[47]. 
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B.1. By a vector space we will always means a vector space over the field of 
complex numbers. A topological vector space is a vector space E, together 
with a topology, such that the operations of addition 


Ex E-E, (x, y)hOx+y, 
and scalar multiplication 
Cx E-E£, (A, x)F Ax, 


are continuous maps. In particular, for every a € E, the translation E> E, 
xXt+a + x, is a homeomorphism. Thus the topology of E is determined once 
one knows what a neighborhood basis of zero is. For, if B is a neighbor- 
hood basis of zero, then the translated sets a + U, U € &, forma neighbor- 
hood basis of a. 


B.2. Semi-norms. By a semi-norm on a vector space E is meant a mapping 
p: E—R with the following properties: 


(i) p(x + y)< p(x) + p(y) for all x, ye E 
(ii) p(Ax) = |A|p(x) for allAeC, xe E. 


From (i) and (ii) it follows that p(x) > 0 for every x € E. If, in fact, p(x) =0 
only for x = 0, then p is called a norm. 

A family p;, i €¢ I, of semi-norms on a vector space E induces a topology 
on E. For i,, ..., i, € I, € > 0, the sets of the form 


U(Di,s «-+s Pigs €)={x € E: max(p;,(x), ..., pi,(x)) < e} 


are a neighborhood basis of zero. Note that this topology is Hausdorff 
precisely if p,(x) = 0 for every i ¢ I implies x = 0. 

A topological vector space is said to be locally convex if its topology can 
be induced in the above way by a family of semi-norms. 


B.3. Fréchet Spaces. A sequence (x, ),<. of elements in a topological vector 
space is called a Cauchy sequence if for every neighborhood U of zero there 
exists an Ng € N such that 


Xn —Xm EU for every n, m> no. 
A topological vector space E is called a Fréchet space if the following hold: 


(i) The topology of E is Hausdorff and can be defined by a countable 
family of semi-norms. 
(ii) E is complete, i.e., every Cauchy sequence in E is convergent. 


A Fréchet space E is metrizable. For, suppose p,, n € N, is a family of 
semi-norms which defines the topology on E. If for x, y € E one sets 


de y) a ae ay 
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then d: E x E- Risa metric on E which induces the same topology as the 
semi-norms p,,n & N. 

A closed vector subspace F < E of a Fréchet space is also a Fréchet space. 
If E;, i € I, is a countable family of Fréchet spaces, then |];., E; with the 
product topology is also a Fréchet space. 


B.4. A typical example of a Fréchet space is the vector space (°(X) of holo- 
morphic functions on an open set X <C with the topology of uniform 
convergence on compact subsets. This topology is induced by the semi- 
norms px, where 
Px(f) = sup | f(x)], 
xeK 

as K runs through the compact subsets of X. This topology is also defined by 
countably many semi-norms px,, where K,, néN, is any sequence of com- 
pact subsets of X with | ),., K, = X. 


B.5. Banach Spaces, Hilbert Spaces. A complete normed vector space is 
called a Banach space. Thus a Banach space is a Fréchet space whose 
topology is defined by a single norm. This is usually denoted || |. 

A Hilbert space E is a Banach space whose norm is derived from a scalar 
product 


ie., |[x|] = / <x, x>. 
If A is a vector subspace of a Hilbert space E, then its orthogonal 
complement 


{, 2 Ex EoC, 


At :={ye E: <y,x> =0 for every x € A} 
is a closed vector subspace of E. If A itself is closed, then E = A @ A?. 


B.6. Theorem of Banach. Suppose E and F are Fréchet spaces and f: E = F is 
a continuous linear surjective mapping. Then f is open. 


B.7. Corollary. Suppose E and F are Banach spaces and f: E > F is a contin- 
uous linear surjective mapping. Then there exists a constant C > 0 such that 
for every y € F there is an x € E with 


f(x) =y and ||x|| < C\ly|. 


Proor. Let U := {x € E: ||x|| < 1}. Since by the Theorem of Banach fis open, 
there exists an ¢ > 0 such that 


f(U) > V={y € F: |ly|| < e. 


Let C :=2/e. Now suppose y ¢€ F is given. If y = 0, choose x = 0. Otherwise, 
A:=|ly|| > 0. The element y, :=(1/AC)y lies in V and thus there exists x, € U 
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with f(x,) = y,. Then for x :=ACx,, one has f(x) = y and 
[|x|] = AC [x1 || s AC = Clly|. O 


B.8. Hahn—Banach Theorem. Suppose E is a locally convex topological vector 
space, Ey < E is a vector subspace and @y: Ey >C is a continuous linear 
functional. Then there exists a continuous linear functional p: E > C such that 
P| Eo = Qo- 


B.9. Corollary. Suppose E is a locally convex topological vector space and 
AcBCE are vector subspaces. If every continuous linear functional 
gy: EC such that p| A =0 satisfies p|B = 0, then A is dense in B. 


Proor. Suppose A is not dense in B. Then there exists by € B such that 
by d A. Let Ep'=A@Cbpy and define a linear functional go: Ey > C by 
Qo(a + Abo) =A for ae A, A€C. It is easy to check that @p is continuous. 
By the Hahn—Banach Theorem @p extends to a continuous linear functional 
gy: E>C. Then g| A = 0, but g|B #0, which is a contradiction. im 


B.10. Compact Mappings. A linear mapping w: E > F between two topolo- 
gical vector spaces E and F is called compact or completely continuous, if 
there exists a neighborhood U of zero in E such that p(U) is relatively 
compact in F. In particular, a compact linear mapping is continuous. 


Example. Suppose X is an open subset of C and Y € X is a relatively 
compact open subset of X. Then the restriction mapping 
B: O(X)> OY), fe flY, 


is compact. One sees this as follows. Since Y is compact in_X, it follows that 


u=(fe O(X): sup | f(x)| <1 


is a neighborhood of zero in @(X). By Montel’s Theorem the set 


M=|ge O(Y): sup |g(y)| < | 
yeY 
is compact in ©(Y). The claim now follows since B(U) < M. 


B.11. Theorem of L. Schwartz. Suppose E and F are Fréchet spaces and 9, 
Ww: E— F are continuous linear mappings such that @ is surjective and w is 
compact. Then the image of the mapping g — w: E — F has finite codimension 
in F. 


For the proof see [60]. 
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